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Abstract - In this paper, after presenting the concept of the strong φ-metric space, we establish some properties for complete 

spaces, dense or bounded subsets, and even uniformly continuous functions defined in such spaces. Our results boost 

(generalize) plenty of pre-existing results in the literature.  
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1. Introduction  
The idea of strong φ-metric was first presented in, inspired by a huge supply of generalizations about the metric function 

like in [1,2,3,4]. Also, building properties about the strong φ-metric space has been a goal for the authors since then. [5, 6] In 

this article, we try to list some properties and definitions of the strong φ-metric space in the completeness framework and hope 

to extend our work in fixed point theory. 

Firstly, we introduce some basic definitions of our new metric space. 

Definition1.1. [1] The function 𝑑𝑠: 𝑋 × 𝑋 → ℝ ≥ 0, is called a strong φ-metric and satisfies the following conditions: 

a) 𝑑𝑠(𝑥, 𝑦) = 0 ⟺ 𝑥 = 𝑦; 

b) 𝑑𝑠(𝑥, 𝑦) = 𝑑𝑠(𝑦, 𝑥); 

c) 𝑑𝑠(𝑥, 𝑧) ≤ 𝐾𝑑𝑠(𝑥, 𝑦) + 𝑑𝑠(𝑦, 𝑧) + 𝜑(𝑥, 𝑦, 𝑧), ∀𝑥, 𝑦, 𝑧 ∈ 𝑋, and 𝐾 ≥ 1, with 𝜑: 𝑋 × 𝑋 × 𝑋 → ℝ ≥ 0 a function fulfilling: 

i) 𝜑(𝑥, 𝑦, 𝑧) = 0 if 𝑥 = 𝑧 or 𝑦 = 𝑧; 

ii) 𝜑(𝑥, 𝑦, 𝑧) = 𝜑(𝑦, 𝑥, 𝑧); 

iii) ∀𝜀 > 0, ∃𝛿 > 0 such that 𝜑(𝑥, 𝑦, 𝑧) < 𝜀, whenever 𝑑𝑠(𝑥, 𝑦) < 𝛿 or 𝑑𝑠(𝑦, 𝑧) < 𝛿, ∀𝑥, 𝑦, 𝑧 ∈ 𝑋. The ordered pair 

(𝑋, 𝑑𝑠) is called a strong φ-metric space. 

Definition 1.2. Let (𝑋, 𝑑𝑠) be a strong φ-metric space. A sequence (𝑥𝑛) in X is called a Cauchy sequence if, for any 𝜀 > 0, 

there is an  𝑁 ∈ ℕ such that 𝑑𝑠(𝑥𝑚 , 𝑥𝑛) < 𝜀 for any 𝑚 > 𝑁, 𝑛 > 𝑁. 

Definition 1.3. A strong φ-metric space (𝑋, 𝑑𝑠) is said to be complete if every Cauchy sequence in X converges to a point in X.  

Definition 1.4. Let (𝑋, 𝑑𝑠) be a strong φ-metric space and A, a nonempty subset of it. The diameter of A is defined as below: 

𝑑𝑖𝑎𝑚(𝐴) = 𝑠𝑢𝑝{𝑑𝑠(𝑥, 𝑦)|𝑥, 𝑦 ∈ 𝐴}. 

We say that A is bounded if diam(A) is finite. 

Definition 1.5. Let f be a function from a strong φ-metric space (𝑋, 𝑑𝑠) into a strong φ-metric (𝑌, 𝑝𝑠). Then the function f is 

uniformly continuous if, for a given 𝜀 > 0, there ∃𝛿 > 0 such that for any 𝑥, 𝑦 ∈ 𝑋, 𝑑𝑠(𝑥, 𝑦) < 𝛿 implies 𝑝(𝑓(𝑥), 𝑓(𝑦)) < 𝜀. 
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Definition 1.6. Let f be a function from a strong φ-metric space (𝑋, 𝑑𝑠) into a strong φ-metric (𝑌, 𝑝𝑠). The function f is said to 

be an isometry if 𝑑𝑠(𝑎, 𝑏) = 𝑝(𝑓(𝑎), 𝑓(𝑏)) for any 𝑎, 𝑏 ∈ 𝑋. 

Definition 1.7. Completion of a strong φ-metric space (𝑋, 𝑑𝑠) is a pair consisting of a completely strong φ-metric space 

(𝑋′, 𝑑′𝑠) and an isometry 𝜓: 𝑋 → 𝑋′  such that 𝜓[𝑋] is dense in 𝑋′. 

2. Main Results  
This paper aims to introduce a new couple of these intermediate properties in the context of the strong φ-metric space.  

Theorem 2.1. In a strong φ-metric space, any convergent sequence is a Cauchy sequence. 

Proof. Suppose that (𝐱𝐧) is a sequence that converges to x. For an 𝛆 > 𝟎 then there is an 𝐍 ∈ ℕ such that:  

𝒅𝒔(𝒙𝒏, 𝒙) <
𝜺

𝟑
, 𝒅𝒔(𝒙𝒎, 𝒙) <

𝜺

𝟑𝑲
 and 𝝋(𝒙𝒎, 𝒙𝒏, 𝒙) <

𝜺

𝟑
  for all 𝒏 ≥ 𝑵 

Let  𝒎,𝒏 ∈ ℕ such that  𝒏 ≥ 𝑵 and  𝒎 ≥ 𝑵. Then:  

𝑑𝑠(𝑥𝑚, 𝑥𝑛) ≤ 𝐾𝑑𝑠(𝑥𝑚, 𝑥) + 𝑑𝑠(𝑥𝑛 , 𝑥) + 𝜑(𝑥𝑚 , 𝑥𝑛 , 𝑥) < 𝐾
𝜀

3𝐾
+

𝜀

3
+

𝜀

3
= 𝜀. 

Hence (𝑥𝑛) is a Cauchy sequence.  

Theorem 2.2. A closed subset of a complete strong φ-metric space is a complete subspace. 

Proof. Let S, be a closed subspace of a completely strong φ-metric space X. Let (𝑥𝑛) be a Cauchy sequence in S. Then (𝑥𝑛) is 

a Cauchy sequence in X, and hence, it must converge to a point x in X. But then 𝑥 ∈ 𝑆̅ = 𝑆. Thus, S is complete. 

Theorem 2.3. A complete subspace of a strong φ-metric space is a closed subset. 

Proof. Let S, be a complete subspace of a strong φ-metric space X. Let 𝑥 ∈ 𝑆̅. Then, there is a sequence (𝑥𝑛) in S, which 

converges to 𝑥 ∈ 𝑋. Hence (𝑥𝑛) is a Cauchy sequence in S. Since S is complete, (𝑥𝑛) must convergent to some point 𝑦 ∈ 𝑆. By 

the uniqueness of the limit, we must have 𝑥 = 𝑦 ∈ 𝑆. Hence 𝑆̅ = 𝑆, so S is closed. 

Theorem 2.4. A uniformly continuous function maps Cauchy sequences into Cauchy sequences.  

Proof. Let 𝑓: (𝑋, 𝑑𝑠) → (𝑌, 𝑝𝑠) be a uniformly continuous function on strong φ-metric space. Let (𝑥𝑛) be a Cauchy sequence in 

X. To see that (𝑓(𝑥𝑛)) is a Cauchy sequence, let 𝜀 > 0. Then there is a 𝛿 > 0 such that:  

∀𝑥, 𝑦 ∈ 𝑋, 𝑑𝑠(𝑥, 𝑦) < 𝛿 ⇒ 𝑝𝑠(𝑓(𝑥), 𝑓(𝑦)) < 𝜀. 

Thus, there exists an 𝑁 ∈ ℕ such that 𝑑𝑠(𝑥𝑚 , 𝑥𝑛) < 𝛿 for any 𝑚, 𝑛 ≥ 𝑁. It follows that 𝑝𝑠(𝑓(𝑥𝑚), 𝑓(𝑥𝑛)) < 𝜀 for any 

𝑚, 𝑛 ≥ 𝑁. Hence (𝑓(𝑥𝑚)) is a Cauchy sequence in Y.  

Theorem 2.5. Let 𝑓: (𝑋, 𝑑𝑠) → (𝑌, 𝑝𝑠) be an isometry. Then, it is injective and uniformly continuous. Furthermore, its inverse 

𝑓−1: (𝑓[𝑋], 𝑝𝑠) → (𝑋, 𝑑𝑠) is also an isometry. 

Theorem 2.6. Let A be a dense subset of a strong φ-metric space (𝑋, 𝑑𝑠). Let f be a uniformly continuous function (isometry) 

from A to a strong φ-metric (𝑌, 𝑝𝑠). Then, there is a unique uniformly continuous function (isometry) 𝑔:𝑋 → 𝑌, which extends 

f. 

Proof. Let (𝑋, 𝑑𝑠) be a strong φ-metric space and (𝑌, 𝑝𝑠) a complete strong φ-metric space. Let A be a dense subset of X, and 

let f be a uniformly continuous 𝑓: 𝐴 → 𝑌.  

• Define a function 𝑔: 𝑋 → 𝑌.  
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For each 𝑥 ∈ 𝑋 = 𝐴̅, there is a sequence (𝑥𝑛) in A, which converges to x. Then (𝑥𝑛) is a Cauchy sequence in X. Thus 

(𝑓(𝑥𝑛)) is a Cauchy sequence in Y. Since Y is complete, (𝑓(𝑥𝑛)) is a convergent sequence. Define: 

𝑔(𝑥) = lim
𝑛→∝

𝑓(𝑥𝑛) 

for any  𝑥 ∈ 𝑋, where (𝑥𝑛) is a sequence in A that converges to x.  

• The function 𝑔 is well-defined, independent of the choice of (𝑥𝑛). 

Let (𝑥𝑛) and (𝑦𝑛) be any sequence in A which converges to 𝑥 ∈ 𝐴̅ = 𝑋. Then the sequence (𝑥1, 𝑦1, 𝑥2, 𝑦2, … , 𝑥𝑛 , 𝑦𝑛, … ) 
must converge to x. Hence, the sequence (𝑓(𝑥1), 𝑓(𝑦1), 𝑓(𝑥2), 𝑓(𝑦2), … , 𝑓(𝑥𝑛), 𝑓(𝑦𝑛), … )converges to some point 𝑧 ∈ 𝑌. 

Since (𝑓(𝑥1), 𝑓(𝑥2), … ) and (𝑓(𝑦1), 𝑓(𝑦2), … ) are its subsequences, they must also converge to z. Hence 𝑧 = 𝑔(𝑥) does not 

depend on the choice of the sequences.  

• The function 𝑔 is an extension of 𝑓. 

Let 𝑎 ∈ 𝐴 and let 𝑎𝑛= a for each 𝑛 ∈ ℕ. Then (𝑎𝑛)is a sequence in A which converges to a.  

Hence 𝑔(𝑎) = lim
𝑛→∞

𝑓(𝑎𝑛) = 𝑓(𝑎). This shows that 𝑔 is an extension of 𝑓.  

• The function 𝑔 is uniformly continuous on X. 

Let 𝜀 > 0 then there is a 𝛿 > 0 such that: 

∀𝑎, 𝑏 ∈ 𝐴, 𝑑𝑠(𝑎, 𝑏) < 𝛿 ⇒ 𝑝𝑠(𝑓(𝑎), 𝑓(𝑏)) <
𝜀

3
. 

Let 𝑥, 𝑦 ∈ 𝑋 be such that 𝑑𝑠(𝑥, 𝑦) < 𝛿. Then, there are sequences (𝑥𝑛) → 𝑥 and (𝑦𝑛) → 𝑦. Hence 𝑓(𝑥𝑛) → 𝑔(𝑥) and 

𝑓(𝑦𝑛) → 𝑔(𝑦). Choose 𝑁 ∈ ℕ such that: 

𝑑𝑠(𝑥𝑁 , 𝑥) <
𝛿−2𝑑𝑠(𝑥,𝑦)

4𝐾
  and  𝑑𝑠(𝑦𝑁 , 𝑦) <

𝛿−2𝑑𝑠(𝑥,𝑦)

4𝐾
  with 𝜑(𝑥𝑁 , 𝑥, 𝑦) <

𝛿

4
  and  𝜑(𝑥, 𝑦, 𝑥𝑁) <

𝛿

4
. 

Also, 

𝑝𝑠(𝑓(𝑥𝑁), 𝑔(𝑥)) <
𝜀

2𝐾
 and 𝑝𝑠(𝑓(𝑦𝑁), 𝑔(𝑦)) <

𝜀

2𝐾
. 

Then: 

𝑑𝑠(𝑥𝑁 , 𝑦𝑁) ≤ 𝐾𝑑𝑠(𝑥𝑁 , 𝑥) + 𝑑𝑠(𝑦𝑁 , 𝑦) + 𝜑(𝑥𝑁 , 𝑥, 𝑦) + 𝜑(𝑥𝑁 , 𝑥, 𝑦) <
𝛿

2
+
𝛿

4
+
𝛿

4
= 𝛿 

This leads to: 𝑝𝑠(𝑓(𝑥𝑁), 𝑓(𝑦𝑁)) <
𝜀

3
, by the uniform continuity of 𝑓 on A. 

Hence,  

𝑝𝑠(𝑔(𝑥), 𝑔(𝑦)) ≤ 𝐾𝑝𝑠(𝑔(𝑥), 𝑓(𝑥𝑁)) + 𝑝𝑠(𝑓(𝑥𝑁), 𝑓(𝑦𝑁)) + 𝐾𝑝𝑠(𝑓(𝑦𝑁), 𝑔(𝑦)) + 𝜑(𝑔(𝑥), 𝑓(𝑥𝑁), 𝑓(𝑦𝑁)) +

𝜑(𝑓(𝑥𝑁), 𝑓(𝑦𝑁), 𝑔(𝑦)) ≤ 𝐾
𝜀

2𝐾
+

𝜀

3
+ 𝐾

𝜀

2𝐾
+

𝜀

3
+

𝜀

3
= 𝜀. 

With 𝜑(𝑔(𝑥), 𝑓(𝑥𝑁), 𝑓(𝑦𝑁)) <
𝜀

3
 and 𝜑(𝑓(𝑥𝑁), 𝑓(𝑦𝑁), 𝑔(𝑦)) <

𝜀

3
.  This shows that 𝑔 is uniformly continuous on X. 

• The function 𝑔 is unique. 

Let 𝑔 and ℎ be (uniformly) continuous functions on X, which extends f on a dense subset A. To see that 𝑔 = ℎ, let 𝑥 ∈ 𝑋. 

Then, there is a sequence (𝑥𝑛) in A, which converges to x. By continuity of 𝑔 and ℎ,  

𝑔(𝑥) = lim
𝑛→∞

𝑔(𝑥𝑛) = lim
𝑛→∞

ℎ(𝑥𝑛) = ℎ(𝑥). 

Hence 𝑔 = ℎ.  
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