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Abstract - Fractional calculus broadens the scope of conventional calculus by introducing derivatives and integrals of non-

whole number orders. This mathematical field expands the ideas of differentiation and integration beyond integer values, offering 

versatile methods for describing intricate processes across diverse scientific and engineering disciplines. The abstract explores 

the fundamental definitions, properties, and applications of fractional operators, including the Riemann-Liouville, Holmgren, 

and Grünwald-Letnikov approaches given by different mathematicians like the Mellin transform which have established 

connections, while a few of them explored the relationships of the Hankel transform. In this survey, ideas from Kiryakov. V was 

taken especially related to a more unusual instance of kernels that were special functions like the Gauss and generalized 

hypergeometric functions, including arbitrary G- and H-functions, kernels and to create a theory of the associated GFC with 

several applications. Additionally, five more authors brought attention to their respective contributions in this area. In this 

survey, the Riemann-Liouville fractional integral is simplified to the Weyl integral,  and a brief study is done on the 

hypergeometric functions of one and more variables, such as the generalized hypergeometric function contributed by a few 

mathematicians.    

Keywords - Gamma-function, Fractional-order differentiation and integration, Riemann-Liouville fractional integrals, Weyl 

integrals, Saigo operators. 

1. Introduction  
Mathematics is well renowned for the apparent multiplicity of thick and tools required to learn about the subject matter in 

special functions theory [1]. Because of their importance in mathematical analysis, functional analysis, geometry, physics, and 

other applications, some mathematical functions have names and notations devised for them. These functions are known as 

fractional operators. [2]. It could be Euler who first discussed several common fractional operators in 1720. He defined the 

Gamma function as a continuation of the factorial and handled the Bessel and elliptic functions. Thus, ideas such as the 

incomplete Gamma- and Beta-functions, the Error functions, the Airy, Whittaker, and others, as well as Special Functions of 

Mathematical Physics” or “Named Functions”, were published. Other ideas included the Bessel and cylindrical functions, the 

Gauss, Kummer, Tricomi, confluent and generalized hypergeometric functions, and the classical orthogonal polynomials (such 

as Laguerre, Jacobi, Gegenbauer, Legendre, Tchebisheff, Hermite, etc.) [3]. In this survey, we simply briefly mention a few of 

them. The potency of the special functions is completely unknown to 2 out of 40 mathematicians. A paper with a Bessel function 

or Legendre polynomial instantly goes on to the following article. Hopefully, these lectures will demonstrate the value of 

hypergeometric functions. There are very few known facts about them, but this few knowledge can be quite helpful in a variety 

of circumstances. In a study done by Mathai and Habould [24], however, the discussion of fractional integrals and derivatives 

indicates a growing area of interest where more research could be conducted to apply these concepts to complex systems in 

various scientific domains. This paper, however, discusses the various works done in fractional integration by various authors 

and paves the way for improvement in the research.   

2. Literature Review  
How fractional calculus was created? 

In a study conducted by Hilfer. R [27], he thoroughly researched the initial value of Fractional Calculus and found its values 

for 𝑡 → 0While the fractional initial value problem is well defined and the solution finite at all times, its values for t → 0 are 

divergent. Gutierrez(et al.) concluded that fractional calculus is the area of mathematics in which arbitrary order integrals and 

derivatives are studied and used in various applications. With the development of the classical ones came the notion of fractional 

http://www.internationaljournalssrg.org/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Blessy Jayaron Jose / IJMTT, 70(11), 38-44, 2024 

 

39 

operators. [4]. Fractional calculus has a plethora of applications these days. It is safe to say that fractional calculus techniques 

and tools are employed in almost all modern engineering and research (David et al.). Applications for this include, but are not 

limited to, rheology, viscoelasticity, acoustics, optics, chemical and statistical physics, robotics, control theory, electrical and 

mechanical engineering, bioengineering, etc. [5].  

As a matter of fact, real-world occurrences are generally described by fractional order systems. Because these new fractional-

order models are often more accurate than integer-order ones, the fractional-order model has more degrees of freedom than the 

corresponding classical one—FC applications have mainly been successful. Research by Ding and colleagues[6] found that 

fractional operators effectively model widespread and non-localized effects common in technical systems and natural 

phenomena. This is because fractional operators consider the entire historical context of the studied activity. As a result, fractional 

calculus provides excellent methods for describing how materials and processes retain information from past states and exhibit 

hereditary traits. 

In a study conducted by SØRENSEN (1999) [7], research on Niels Henrik Abel’s theory of equations was done in which the 

distinction of submitting the initial application was made,  which he did in 1823. Abel applied fractional calculus techniques to 

resolve an integral equation from formulating the tautochrone problem. In a letter written on September 30, 1695, L’Hôpital 

inquired about a particular notation Leibnitz had employed in his works to represent the nth derivative of a linear function . 

𝑓(𝑥) = 𝑥,
𝐷𝑛𝑥

𝐷𝑥𝑛
 [8].What will happen if 𝑛 =

1

2
? was the query L’Hopital’s put to Leibnitz. Leibnitz’s response was an apparent 

paradox from which sometimes insightful conclusions may be made [9]. As a result, fractional calculus was born on that day, 

making it appropriate to celebrate its birthday. Numerous well-known mathematicians, including Fourier, Euler, and Laplace, 

contributed to fractional calculus’s development [10]. Many mathematicians introduced the concept of fractional calculus, 

covering fractional-order differentiation and integration, and developed their symbolic representations for these operations. Most 

fractional calculus mathematical theory was established in the 20th century. The Riemann-Liouville [27]and Grunwald-Letnikov 

definitions are the most renowned in fractional calculus, though they remain relatively unknown outside the field. Caputo [28] 

modified the traditional Riemann-Liouville fractional derivative to enable solving fractional equations using integer-order initial 

conditions. Later, in 1996. Kolowankar [29] modified the Riemann-Liouville fractional derivative approach to study fractal 

functions that are not differentiable at any point. 

This groundbreaking work originated in the 19th century, involving contributions from numerous eminent mathematicians. 

A chronological list of mathematicians who contributed to the field in the 19th century were Euler, Laplace (1812), Fourier 

(1822), Abel (1823-1826), Liouville (1832-1873), Riemann (1847), Holmgren (1865-67), Grunwald (1867-1872), and Letnikov 

(1868-1872).  However, an effort has recently been made to characterize fractional derivatives as localized operations directly 

connected to fractal science concepts [12]. Perhaps the calculus of the twenty-first century is fractional calculus. In this paper, 

fractional integral operators have been identified, and a brief discussion on  GAUSS HYPERGEOMETRIC FUNCTION is 

included in a study conducted by Kiryakova. V [34], the research proposes a unified way to understand and work with Special 

Functions of Fractional Calculus (SFs of FC). These functions are increasingly important because they help solve fractional order 

differential/integral equations in many fields like physics, engineering, biology, economics, etc.  

3. Methodology  
The methodology involves a brief survey of fractional operators  

3.1. Fractional Integral Operators 

Fractional integration is usually generalized as an integration that is repeated several times. Studies in this area concentrate 

on the integral variables and the Srivastava and Daou functions. The integral  

𝑅0,𝑦
𝜀 𝑓 = 𝐷0 𝑦

−𝜀𝑓(𝑥) =
1

𝛤(𝜀)
∫ (𝑦 − 𝑡)𝜀−1𝑓(𝑡)𝑑𝑡
𝑥

0

. . . . . . . . . . (1.2.1) 

=
𝑦𝜀

𝛤(𝜀)
∫ (1 − 𝑣)𝜀−1𝑓(𝑥𝑣)𝑑𝑣
1

0
, 𝑅(𝜀) > 0. . . . . . . . . (1.2.2) is called the Riemann-Liouville fractional integral of order 𝜀. The 

fractional (1.2.1) is convergent for a wide class of functions 𝑓(𝑡), if 𝑅(𝜀) > 0. The upper limit 𝑦 may be real and complex; in 

the latter case, the integration path is the segment 𝑡 = 𝑦𝑟, 0 ≤ 𝑟 ≤ 1. The integral 

𝑊𝑦,∞
𝜀 𝑓 = 𝑊𝑦 ∞

−𝜀𝑓(𝑥) =
1

𝛤(𝜀)
∫ (𝑡 − 𝑦)𝜀−1𝑓(𝑡)𝑑𝑡

∞

𝑥

. . . .1.2.3 
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is called the Weyl fractional integral of degree 𝜀. 

In a  1949 study, Reiz [ 30]extended fractional integral concepts to functions with multiple complex variables. In 1950, 

Baker and Copson [31] then used this work to tackle partial differential equations. Subsequently, numerous scientists have 

investigated how fractional integration operators relate to other types of integral transforms. During the 1940s, Doetsch and 

Widder[32] separately explored how fractional integrals relate to the Laplace transform. Kober (1940, 1941)[13] examined the 

connection between fractional integrals and the Mellin transform, while Erdélyi[14] and Kober (1940)[13] focused on their link 

to the Hankel transform. Zygmund (1959) [15]and Herrera (1952)[16]incorporated fractional integrals into Fourier series theory. 

In the early 1970s, Bora, Kalla, and Saxena [17], followed by Bora and Saxena [18], investigated the relationships between 

Riemann-Liouville fractional integrals, Weyl integrals (1917)[19], and other mathematical concepts. 

The operators are characterized through the following equations : 

𝑅𝜂,𝜀
𝑚 [𝑓(𝑦)] =

𝑚𝑦𝑚(𝜂+𝜀)

𝛤(𝜀)
∫ (𝑦𝑚 − 𝑡𝑚)𝜀−1𝑡𝑚(𝜀+1)−1𝑓(𝑡)𝑑𝑡, 𝜀 > 0
𝑦

0

. . . . . . . . . . (1.2.5) 

=
𝑦1−𝑛(𝜂+𝜀−1)

𝛤(1 + 𝜂)

𝑑

𝑑𝑥
∫ (𝑥𝑝 − 𝑡𝑝)𝜂𝑡𝑝(𝜀+1)−1𝑓(𝑡)𝑑𝑡, −1 < 𝜂 < 0
𝑦

0

. . . . . . . . . (1.2.6) 

And  

𝐾𝜎,𝜂
𝑛 [𝑓(𝑦)] =

𝑝𝑦𝑝𝜎

𝛤(𝜂)
∫ (𝑡𝑝 − 𝑥𝑝)𝜂−1𝑡𝑛(1−𝜂−𝜎)−1𝑓(𝑡)𝑑𝑡, 𝜂 > 0

∞

𝑥
. . . . . . . (1.2.7) 

=
𝑥𝑚(𝛿−1)+1

𝛤(1+𝜂)

𝑑

𝑑𝑥
∫ (𝑡𝑚 − 𝑥𝑚)𝜂𝑡𝑚(1−𝜂−𝛿)−1𝑓(𝑡)𝑑𝑡, −1 < 𝜂 < 0

∞

𝑥
. . . . . . . (1.2.8) ….continue 

Provided that  

𝑞 ≤ 1, 𝑞−1 + 𝑟−1 = 1, 𝑝 = 0, 𝑅𝑒( 𝜂) > −𝑟−1, 𝑅𝑒( 𝜎) > −𝑞−1, 

𝑓(𝑥) ∈ 𝐿𝑞(0,∞). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1.2.9) 

Conditions (1.2.9) guarantee that both 𝑅[𝑓(𝑦)] and 𝐾[𝑓(𝑦)] exist and also that both belong to 𝐿𝑞(0,∞) 

Operations (1.2.5) and (1.2.7) are present for positive values , while operations (1.2.6) and (1.2.8) are present for negative 

values 𝜂. Saigo and Maeda [1996] [20] proposed that generalized fractional integration operators of arbitrary order can be 

expressed using a kernel that includes the Appell function 𝐹3 in the given kernel.  

, ', , ',
0, yI f
    

=
𝑥−𝜀

𝛤(𝛾)
∫ (𝑦 − 𝑡)𝛾−1𝑡−𝜀′𝐹3(𝜀, 𝜀′, 𝜂, 𝜂′; 𝛾; 1 −

𝑡

𝑦
, 1 −

𝑦

𝑡
)𝑓(𝑡)𝑑𝑡,

𝑦

0

 

k

k

dx

d
= 𝐼0,𝑥

𝜀,𝜀′,𝜂+𝑘,𝜂′,𝛾+𝑘
𝑓, 𝑅𝑒( 𝛾) ≤ 0; 𝑘 = [−𝑅𝑒( 𝛾)] + 1.

 

And 

𝐽𝑦,∞
𝜂,𝜂′′,𝜀,𝜀′,𝛾

𝑓 = 
𝑥−𝜀′

𝛤(𝛾)
∫ (𝑡 − 𝑦)𝛾−1𝑡−𝜀𝐹3(𝜀, 𝜀′, 𝜂, 𝜂′; 𝛾; 1 −

𝑦

𝑡
, 1 −

𝑡

𝑦
)𝑓(𝑡)𝑑𝑡,

∞

𝑦
 

𝑅𝑒( 𝛾) > 0; ………………………….(1.2.12) 

k

k
k

dx

d
)1(−= 𝐽𝑦,∞

𝜂,𝜂′′,𝜀,𝜀′+𝑘,𝛾+𝑘
𝑓, 𝑅𝑒( 𝛾) ≤ 0; 𝑘 = [−𝑅𝑒( 𝛾)] + 1.

 …(1.2.13) 
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For 𝜀′ = 0 , When certain conditions are met, the operators described earlier can be reduced to the Saigo operators [1978] 

[21], which are defined as: 

𝐼0,𝑦
𝜀,𝜂,𝜛

𝑓 =
𝑥−𝜀−𝜂

𝛤(𝜀)
∫ (𝑥 − 𝑡)𝜀−12𝐹1(𝜀 + 𝜂,−𝜛; 𝜀; 1 −

𝑡

𝑦
)

𝑥

0

𝑓(𝑡)𝑑𝑡,

 𝑅𝑒( 𝜀) > 0. . . . . . . . . . . . . (1.2.14)
 

=  
, ,

0, ,
k

k k k

yk

d
I f

dy

  + − −
𝑅𝑒( 𝜀) ≤ 0; 𝑘 = [𝑅𝑒( − 𝜀′)] + 1.

 …….(1.2.15) 

𝐽𝑧,∞
𝜂,𝜀,𝜔

𝑓 =
1

𝛤(𝜂)
∫ (𝑡 − 𝑦)𝜂−1𝑡−𝜂−𝜀2𝐹1(𝜂 + 𝜀, −𝛼′; 𝜂; 1 −

𝑦

𝑡
)

∞

𝑥

𝑓(𝑡)𝑑𝑡, 

𝑅𝑒( 𝜀) > 0; . . . . . . . . . (1.2.16)
 

=    
, ,

,( 1) ,
k

k k k

k

d
J f

dx

  + −

− 𝑅𝑒( 𝜀) ≤ 0; 𝑘 = [𝑅𝑒( − 𝜀)] + 1. . . . . . . . . (1.2.17)
 

For specific parameter values, when 𝛼 = −𝛽 , equations (1.2.14) and (1.2.15) simplify to the Riemann-Liouville and Weyl 

fractional operators, respectively, as shown:  

𝑅0,𝑥
𝜀 𝑓 = 𝐼0,𝑦

𝜀,−𝜀,𝜔𝑓 =
1

𝛤(𝜀)
∫ (𝑦 − 𝑡)𝜀−1𝑓(𝑡)𝑑𝑡
𝑥

0

……………(1.2.18) 

and 

𝑊𝑦,∞
𝜀 𝑓 = 𝐽𝑦,∞

𝜀,−𝜇,𝜔
𝑓 =

1

𝛤(𝜀)
∫ (𝑡 − 𝑦)𝜀−1𝑓(𝑡)𝑑𝑡

∞

𝑥
 

When 𝛼 = 0, (1.2.16) and (1.2.17) reduce to Erdélyi - Kober operators as given below: 

𝐸0,𝑦
𝜀,𝜔𝑓 = 𝐼0,𝑥

𝜀,0,𝜔𝑓 =
𝑥−𝜀−𝜔

𝛤(𝜀)
∫ (𝑦 − 𝑡)𝜀−1𝑡𝜔𝑓(𝑡)𝑑𝑡
𝑥

0

. . . . . . . . . (1.2.20)

 

and 

𝐾𝑦,∞
𝜀,𝜔𝑓 = 𝐽𝑦,∞

𝜀,0,𝜔𝑓 =
𝑥𝜔

𝛤(𝜀)
∫ (𝑡 − 𝑥)𝜀−1𝑡−𝜀−𝜔𝑓(𝑡)𝑑𝑡

∞

𝑥

. . . . . . . . (1.2.21)

 

3.2. Fractional Integration Operators Involving the Gauss Hypergeometric Function 

Fractional integration operators given by Erdélyi and Kober were generalized by Saxena [22] in the year 1967 in the 

following form: 

𝐼[𝑓(𝑥)] = 𝐼[𝜂, 𝜀, 𝛾, 𝑝: 𝑓(𝑥)] =
𝑦−𝛾−1

𝛤(1−𝜂)
∫ 2𝐹1(𝜂, 𝜀 + 𝑦; 𝜀;

𝑡

𝑦
)

𝑥

0
𝑡𝛾𝑓(𝑡)𝑑𝑡

 ……………(1.3.1) 

𝑅[𝑓(𝑥)] = 𝐼[𝜂, 𝜀, 𝜎, 𝑝: 𝑓(𝑥)] =
𝑦𝛿

𝛤(1−𝛽)
∫ 2𝐹1(𝜂, 𝜀 + 𝑝; 𝜀;

𝑦

𝑡
)

∞

𝑥
𝑡−𝜎−1𝑓(𝑡)𝑑𝑡

 …………………….(1.3.2) 

where 𝐹(𝜂, 𝜀; 𝛾; 𝑦) denotes the ordinary hypergeometric function and 𝜂, 𝜀, 𝛾 are complex parameters, the operators in (1.3.1) 

and (1.3.2) exist, provided that 

𝑓(𝑦) ∈ 𝐿𝑞(0,∞) ,   𝑅𝑒( 1 − 𝜂) > 𝑝, 𝑅𝑒( 𝛾) > −
1

𝑟
, 𝑅𝑒( 𝛿) > −

1

𝑞
;
1

𝑞
+

1

𝑟
= 1, 

B  ≠  0,−1,−2, . . . , 𝑞 ≥ 1, 𝑝 ∈ℕ0 

Kalla and Saxena [23] further developed the concept with the operators defined in equations (1.3.1) and (1.3.2) by 

introducing more generalized versions through integral equations in their work published in 1969 and 1979. 

𝐼[𝑓(𝑦)] = 𝐼[𝜂, 𝜀, 𝛾; 𝑝, 𝜈, 𝜔, 𝑏; 𝑓(𝑦)] 
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=
𝜈𝑦−𝜔−1

𝛤(1−𝜂)
∫ 2𝐹1(𝜂, 𝜀 + 𝑝; 𝛾; 𝑏

𝑡𝜈

𝑦𝜈
)

𝑥

0
𝑡𝜔𝑓(𝑡)𝑑𝑡         (1.3.3) 

and 

𝑅[𝑓(𝑥)] = 𝐼[𝜂, 𝜀, 𝛾; 𝑝, 𝜈, 𝛿, 𝑏; 𝑓(𝑦)] 

=
𝜈𝑦𝜎

𝛤(1−𝜂)
∫ 2𝐹1(𝜂, 𝜀 + 𝑝; 𝛾;

𝑏𝑦𝜈

𝑡𝜈
)

∞

𝑥
𝑡−𝜎−1𝑓(𝑡)𝑑𝑡     (1.3.4) 

The operators defined in equations (1.3.3) and (1.3.4) are valid under the following constraints: 

(i)  1 < 𝑞, 𝑟 < ∞,
1

𝑞
+

1

𝑟
= 1, 𝜈 > 0, |𝑎𝑟𝑔( 1 − 𝑏)| < 𝜋 

(ii)   𝑅𝑒( 𝜂) > 0, 𝑅𝑒(𝜔) > −
1

𝑞
, 𝑅𝑒( 𝜎) > −

1

𝑝
, 𝑅𝑒( 1 + 𝛾 − 𝜂 − 𝜀 − 𝑝) > 0, 

        𝑝 ∈ℕ0,   𝛾 ≠  0,−1,−2, . . . ; 

(iii)  𝑓(𝑥) ∈ 𝐿𝑞(0,∞) 

However, the final requirement guarantees the existence and confirms their membership. Additionally, Kalla and Saxena’s 

1969 work establishes specific characteristics related to the Mellin transforms of these operators. 

4. Discussion 
A thorough study has been done on the survey, which would then delve into generalized fractional integration that extends 

classical integral operators to fractional orders. Key topics, however, included Riemann-Liouville fractional integrals. 

5. Improvements 
The survey might conclude by touching on recent advancements in the field, such as: 

1. New classes of special functions related to fractional calculus 

2. Extensions of classical fractional operators 

3. Numerical methods for evaluating generalized fractional integrals 

4. Emerging applications in areas like anomalous diffusion, viscoelasticity, and control theory. 

6. Conclusion  
This paper has presented an extensive review of the principal operators within the domain of generalized fractional 

integration, elucidating their fundamental definitions, characteristics, and practical uses. Since its emergence, the area of 

generalized fractional integration has exhibited significant expansion and diversification, extending the foundational concepts of 

traditional fractional calculus. 
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