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Abstract - The paper introduces the 5-dimensional ball metric space, an advanced extension of metric spaces, b-metric spaces,
S-metric spaces, and B4-metric spaces. It develops unique fixed-point theorems for self-mappings on complete 5-dimensional
ball metric spaces under specific contractive conditions, accompanied by illustrative applications and examples where
applicable.
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1. Introduction

The Banach contraction mapping principle is a very useful theorem. It is a very popular tool for solving problems in many
mathematical analysis branches. Banach fixed point theorem has many applications in and beyond mathematics. Banach fixed
point theorem has been generalized and extended by many authors in various ways. In 2023, Sarma et al. [1] introduced the Ba-
metric space, which emerged as a natural extension of the S-metric space initially proposed by Sedghi et al. [3]. These spaces
have spurred significant interest and exploration within the mathematical community, establishing fixed-point theorems in
Adewale and Iluno [4] and Van et al. [5]. Rao et al. [2] introduced 4-dimensional ball metric spaces. This paper introduces 5-
dimensional ball metric spaces, which are natural extensions of metric spaces, b-metric spaces, S-metric spaces, B4-metric
spaces and 4-dimension ball metric spaces. We establish unique fixed-point theorems on 5-dimensional ball metric space with
their applications and supporting examples.

2. Results
Firstly, we define 5-dimensional ball metric space with examples. It is further followed by proving and using a few
lemmas in the main theorem.

Definition 2.1. Let $ be a non- empty set and Bs: $° — R+ satisfy the following conditions: for all p1, p2, ps, P4, Ps, o € $.

1. Bs(p1, P2, P3, Pa, ps) = 0 if and only if p1= pr= ps= ps= ps

2. Bs(p1, p2, p3, P4, Ps) < Bs(p1, P, p1, p1, @) + Bs(pz, p2, p2, p2,a) + Bs(ps, ps, ps, p3, @) + Bs(pa, pa, pa, pa, @) +

Bs(ps, ps, ps, s, o).
We then define Bs as a 5-dimensional ball metric on $ and the pair (3$, Bs) is a 5-dimensional ball metric space.
Example 2.2. Suppose, $ =N U {0} and define B,: $° — R* U {0} by
Bo(po 2 o Pods) = 0, if Piz Po=o=Po=Ps = P2+ PrPs+ P+ P, otherwise, where p. p. ps. p..ps€ $.
Then ($, Bs) is a 5- dimensional ball metric space.
Example 2.3. Suppose, $ = N U {0} and define B;: $* — R* U {0} by
Bo(pu 2. s Pes) = 0, if Pi= Po= Pa=Po=Ps= Pr+ Po+Ps+ Pt s, Otherwise, where p. p. ps popse $.,

Then ($, Bs) is a 5- dimensional ball metric space.
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Example 2.4. Suppose, $ =N U {0}, 1> 0 and define Bs: $°> — R* U {0} by
Bo(po 2 o Po.ps) = 0, if pi= po=po=p.=ps = A, otherwise, where p. p. ps. p.ps€ $.

Then ($, B5) is a 5- dimensional ball metric space.

Definition 2.5. 1. A sequence {p.} in $ converges to p if B:(popo oo p) — 0, as n— oo,
i.e. given g > 0, there exists n, € N such that for all n > n,, By(p. p» o p-P) < €, we denote this by lim,.. p, = p or lim,_..

Bu(pe. oo p) = 0.

2. A sequence {p.} in $ Cauchy sequence if B(p.pnPrPnpn) — 0, as n, m— oo,
i.e. given € > 0, there exists n, € N such that for all n, m > no, Bs(ps. p» o Po.pn) <.

3. A 5-dimensional ball metric space ($, Bs) is called complete if every Cauchy sequence in $ is convergent.
We now state a few lemmas we use in further development.

Lemma 2.6. Let ($, B:) is a 5-dimensional ball metric space. Then, Bs(p: p: p. P-p:) = Bs(p:p-.p-p-p.), forall p.p.¢ $.
Lemma 2.7. p.— p if and only if B«(p.p.p.p.p-) — -0, as n — .

Lemma 2.8. If p.— p. and p.— p.implies p.= p..

Lemma 2.9. If p.— p implies {p.} is a Cauchy Sequence.

Lemma 2.10. Let $#¢ and Bs: $s — R+ U {0} ba a 5- dimensional ball metric space on $. Then, Bs(a, B, B, B, B) < Bs(a, 8, 5,
87 6) +4 B5(6: Ba B: B: B)a fOI' all a, Ba 6 € $

Proof. Let ($, Bs) is a 5- dimensional ball metric space. Replacing p. by a, p. p:p:ps by p and o by & in definition 2.1 (2), we
get
B5(“\B7B3B16) S B5(a’a9a9a’-6) + Bs(B,ﬁ,BB,S) + B5(B7ﬁ’BB’6) + B5(BSB’BB?6) + B5(B’Bsﬁ9ﬁ"8)'

BS(U*B’ Ba Ba B)S B5(0"9 a, a, a, 8) +4 BS(B’ B’ BIBD 8)

B5(avB’Baﬁ’B) < B5(0'9 Sa 69 8: 8) + 4 BS(&B,B;B,B) ( by lemma 26)

Therefore

Therefore

Now, we state and prove our main theorem on 5-dimensional ball metric spaces.

Theorem 2.11. Let ($, B:) be a complete 5-dimensional ball metric space and H: $ — $ is a mapping. Let 0 <K < Y% is such
that for all p. p. ps p.ps€ $.
Bs(Hp: Hp- Hp: Hp: Hp:) < k Bs(ps.po s p: ). (2.1.1)

Then, H has a unique fixed point.

Proof. For, p. p.€ $, from 3.1.1, taking p.= p:=p.= ps, We have Bs(Hp. Hp. Hp. Hp. Hp:) < k Bu(p.. P - p-. p:). Let po € $.
Define the sequence {p.} by p.. = H"p,, forn=1,2,3, ...

Then, p.. = Hp..
Bs(pr. . Do Do Prt) = Bo(Hpos Hpoz HPoz Hpoz Hpo) < K Bo(pos. P Prs o ). (2.1.2)
Let
S, = Bo(po. o Po. o Prs) We have S, <k S.. <k S..
Therefore,

S, <k"S, forallneN. ... (2.1.3)

This shows that S, — 0, as n — . Suppose, m >n.
By using Definition 2.1, for pu. Pee Poss. . . Po WE have Bs( o o Pov. P Pr)
< Bo(po o Do o Prer) + B o P P o) + Bo( P P P P Prs) + Bs(Pos P P P Pres) + Be( P P P P Prvs)
= Bo(pr. o P Do Prs) + 4 Be(Por. P o P Prs)

52



Yaqi An & Jianguo Tan/ IJMTT, 70(11), 51-55, 2024

<SS, + 4 Bo( P Pov. Poo. P Pr)
< S, + 4 Soi + 42 By (oo P Pov.Pov. Pivz)
<S.+4 S, + 4 S + 4 Bo(Po P Pov. P Povs)
<S,+4S.,+4S.,+4S.,+4S.,+ .. +4 S, (lemma 2.10) ... (2.1.4)

From 2.1.3 and 2.1.4, we have
Bo(po. P P P Pr) <So + 4K Sps + A2k S, + 4o ke Sio + 4o ke Syt L. 4rr ke S,y
<S.(I+4k+dk +dk+dike+ ... 4nom ko)
=S, (1/ 1- 4k) ('since 4k < 1, by hypothesis)
<k S, (1/1- 4k) — 0, as n — oo, since k < 1/4.
Hence, {p.} is a Cauchy sequence.
Since $ is complete, there exists p* € $ such that

p—p .. (2.15)

Now,
Bs(p-: Hp, Hp', Hp  Hp?)
= B(Hp.Hp', Hp', Hp', Hp)
<k Bs(pop', o, o, p) — 0, as n —o (by 2.1.5)
Therefore, p..— Hp

Therefore, Hp= p- (by lemma 2.7)
Therefore, p- is a fixed point of H.

Uniqueness of fixed point

Suppose, p+is a fixed point of H.

Then’ BS(J_Lp*,J_Lp”’ J_Lp" yJ_Irp" ’J_Lpn) S k BS(gpx‘:p“, ‘pn "p" "p").
Therefore, BS(‘p*‘p”, <p" “p" "p") S k BS(‘p*"p"’ ‘p" "pn "p,x).
Therfore, B«(pp~, p~,p~.p7) =0.

Therefore, p~ = p-. ( by Definition 2.1)

Thus, H has aunique fixed point.

3. Discussion of Results and its Applications
In this section, we obtain applications of the Theorem 2.11.

Theorem 3.1. Let ( $, B:) be a complete 5-dimensional ball metric space and H: $ — $ is a mapping. Let 0 < K< 1/17 is
such that for all p. p. p: p.pse $.
Bs(Hp: Hp: Hp Hp:-Hp:)< K { Bs(p: Hp: Hp. Hp.Hp: ) + Bs(p. Hp Hp Hp-Hp: ) + Bs(p: Hp: Hp: Hp:Hp: ) + B(p. Hp. Hp.
Hp:Hp:) + Bs(ps Hps Hps HpsHps )} .. (3.1.1)

Then, H has a unique fixed point.

Proof. For, p.p.e$, from 3.1.1 , taking p.= p.=p.=ps We have B{(Hp: Hp. Hp. Hp-Hp:) < k { Bs(p: Hp: Hp. Hp:-Hp: )
+ 4By(p. Hp. Hp. Hp-Hp: ) }-

Let Let po € § . Define the sequence {p.} by p..=Hwp,forn=0,1,2,3,...

We have
Bs(pn o o PoPrr ) < K Bo(Pos Pos Pos Proafpn ) + Bs(pn-lvpn-lvcpn-l‘:pl-n-upn) ) * Be(Prs P Pos P ) + Bo(Pra Pos Prs Prosn ) + Bo(Po oo
Do ).
So that, Bo(ps oo Do ) < 4KI1-K Bo(Prs Prs P Prns P )-
Since, 4k/1-k < ¥, by Theorem 2.11, the result follows.
Write S, = Bu(po o PoPopen ), We have S, < kS, <k2 S,..
Therefore, S, <k-S,, for all n & N, we have for all n,m ¢ N with n # m, p.# pn.
By repeated use of (2) in Definition 2.1,
Bu( v Pov. PovP)
< Bs(po o o PoPrr) + Be( P o Prdrs) + Bo(Prno P PoPrr) + Bo( PP P P Pres) + Bo( PP P o i)
= Bu(po o o P Prr) + 4 Bo(Prnior P P Do)
< S, + 4 Bo(padnPor.Pro o)
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< S, + 4 Soi + 42 Bo(Pun P Pov.Povz)
<SS +4 S+ 4 S, + 45 B P PrPris) <So+4 So +42S,, +4 Sy +44S.+ .. 4 Sy
We have,
By(popo P, Py P ) <So+ 4K Sui+42ke S, + ke Sue + 4o ks Spy L 4 ke Sy
<S,(1+4k +4k +4ks + deke + .. 4roarkmns )
= S, (1/1- 4k) (since 4k <1, by hypothesis)
<k S, (1/1- 4k) — 0,as n — oo, since k < 1/4.
Hence,{ p.} is a Cauchy sequence.
Since $ is complete, there exists p- ¢ $ such that p.— p*
Now,
B«(p-Hp, Hp Hp Hp) = B(Hp-Hp, Hp' Hp  Hp) <k Bi(p.p, p.p.p) — 0,a8n >0
Therefore, p..— Hp
Therefore, Hp* = p*.
Therefore, p- is a fixed point of H.

Uniqueness of Fixed Point
Suppose, p- is a fixed point of H. Then,
B:(Hp",Hp~, Hp~ .Hp~ .Hp~) < k{B«(p'Hp-H p .Hp' .Hp)+ B(pHp~H p~ .Hp~ ,Hp~)+ Bs(p~HpH p~ ,Hp~ Hp~)+
Bs(p~Hp~H p~ Hp~ Hp)+ B(p-Hp"H p~ Hp~ Hp")}
< K{Bo(p - op 0+ B(p p, pop7 )+ Bo(p o, pp7 D7) B p, P07+ B pr, p LD L 07)}

Therefore, Bs(‘p‘.‘p**, :pﬂ “p« ,‘p,«) S k BS(GP*‘P”, Cp‘* ,GP“ ,‘pM)I

Therfore, B«(pp~, p~,p~.p7) =0.

Therefore, p- =p-

Thus, H has a unique fixed point.

Theorem 3.2. Let ( $, Bs) be a complete 5-dimensional ball metric space and H: $ — $ is a mapping. Suppose, the real
numbers d,, d., d;, d., ds, such that
0<d.<1/4, 0<d.<1/5,0<d:<1/5, 0<d<1/5 0<ds<1/5.

Write A =max { dl, dz/l' dz, da/l' d3 ,d4/1' d4 ,ds/l' ds}

Assume that for all p. p. ps p.pse $, Bs(Hp: Hp. Hps Hp. Hps)
< M5 { Bs(‘p“pz “pa“p«‘ps) + 4 MSBs(pl,pl,pl,plﬁpl ) (321)

Then , H has a unique fixed point.

Proof. From 3.2.1, taking For, p.p.€$, p.= p:=p.=ps we have B{(Hp. Hp. Hp- Hp-Hp:) <A5 { Bo(p. p:pop.p.) + 4 N5
Bs(p. p: p. p:Hp: )}

Let Let po £ $ . Define the sequence {p.} by p..=Hwp, forn=0,1, 2, 3,

Then, Bs(),pm Do) = Bs(Hpo Hpos Hpor Hpea Hpo: ) < M5 { Bs(Po Pos Pt PrniPo ) + 4N 5Bo(Po Pt Pot PorrPos ) = A Bo(Po o
Pt PrnrPn)-

Write S, = Bu(po oo oo ), We have S, < kS, <k2 S...
Therefore, S, <k-S,, forall n ¢ N, we have for all n,m ¢ N with n # m, p.# pn.
By repeated use of (2) in Definition 2.1,
Bs(prPo P P Pr)
< Bo(po o o PoPrr) + Bo( P o Podrs) + Bo(Pro P PoPrr) + Bo( P P P Poss) + B PP P oo Por)
= Bu(po o o PoPrr) + 4 Bo(Prno P P Povs)
<SS, + 4 Bs(popo o Prdrs) < So+ 4 Sey + 42 Bo(Poor P Pov.Povz)
<S.,+4S..+4S.; + 4 By(Pur Pr. PrPres)
<S, +4S..+4S., +4B(PupPrpPrPruprs) <S +4S.+4S, +4 S, +4S.+.. 4w S,

We have,
Bs(Poo PP ) <Sia+ 4 KkS+ 4 ke S, +43ks S, + 4eke S+ L. 4ror ke S
<S,(1+4k +4k +4ks + deke + .. 4roarkmns )
= S, (1/1-4k) (since 4k <1, by hypothesis)
<k S, (1/1- 4k) — 0,as n — oo, since k < 1/4.

54



Yaqi An & Jianguo Tan/ IJMTT, 70(11), 51-55, 2024

Hence,{ p.} is a Cauchy sequence.
Since $ is complete, there exists p* & $ such that p.— p*
Now,

Bs(p-JAp:, Hp  Hp  Hp) = B{(Hp-Hp', Hp Hp Hp) <kBo(pop, p .p .p) — 0,as n >0

Therefore, p..— Hp
Therefore, Hp = p.
Therefore, p- is a fixed point of H.

Uniqueness of fixed point

Suppose, p-is a fixed point of H.

Then,  B(Hp Hp~, Hp~ .Hp~ Hp~) < N5 Bupp~, p=.p~.p")+ 4M5B(p p~, p .p~ .p").p)-
Therefore' BS(Cp*‘Cp"’ :p" ’:p” ’:pn) S )\’ BS(Lpt“pn’ ‘p" "p" ’Lp").

Therfore, BJ(p p~, p~ .07 .p7) =0.

Therefore, p~ =p-

Thus, H has a unique fixed point.

3. Conclusion

This paper introduces the notion of the 5-dimensional ball metric spaces. We establish unique fixed-point theorems for
self-mapping on complete 5-dimensional ball metric spaces and illustrate their applications with supporting examples. This
work contributes to the understanding and applying 5-dimensional ball metric space in mathematical analysis and its allied
areas. The possibility of extending the results of this paper to n-dimensional ball metric spaces is under active investigation.

References

[1] K. K. M. Sarma, Ch. Srinivasa Rao, S. Ravi Kumar “B4-Metric Spaces and Contractions,” International Journal of Engineering
Research and Applications, vol. 13, no. 1, pp. 43-50, 2023. [Google Scholar] [Publisher Link]

[2] Ch. Srinivasa Rao, S. Ravi Kumar, and K. K. M. Sarma “Fixed Point Theorems on 4- Dimensional Ball Metric Spaces and Their
Applications,” Journal of Applied Science and Engineering, vol. 27, no. 11, pp. 3583-3588, 2024. [CrossRef] [Google Scholar]
[Publisher Link]

[3] Shaban Sedghi, Nabi Shobe, and Abdelkrim Aliouche, “A Generalization of Fixed Point Theorems In S- Metric Spaces,” Mathematical
Journal, vol. 64, no. 3, pp. 258-266, 2012. [Google Scholar] [Publisher Link]

[4] Olusola Kayode Adewale, and Christiana lluno, “Fixed Point Theorems on Rectangular S- Metric Spaces,” Scientific African, vol. 16,
2022. [CrossRef] [Google Scholar] [Publisher Link]

[5] Tran Van An, Nguyen Van Dung, and Vo Thi Le Hang, “A New Approach to Fixed Point Theorems on G- Metric Spaces,” Topology
and its Applications, vol. 160, no. 12, pp. 1486-1493, 2013. [CrossRef] [Google Scholar] [Publisher Link]

55


https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=B4-+metric+spaces+and+contractions&btnG=
https://www.ijera.com/pages/v13-no1.html
https://doi.org/10.6180/jase.202411_27(11).0014
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Fixed+point+theorems+on+4-+dimensional+ball+metric+spaces+and+their+Applications&btnG=
http://jase.tku.edu.tw/articles/jase-202411-27-11-0014
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=A+generalization+of+fixed+point+theorems+in+S-+metric+spaces&btnG=
https://www.emis.de/journals/MV/123/9.html
https://doi.org/10.1016/j.sciaf.2022.e01202
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Fixed+point+theorems+on+rectangular+S-+metric+spaces&btnG=
https://www.sciencedirect.com/science/article/pii/S2468227622001107?via%3Dihub
https://doi.org/10.1016/j.topol.2013.05.027
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=A+new+approach+to+fixed+point+theorems+on+G-+metric+spaces&btnG=
https://www.sciencedirect.com/science/article/pii/S0166864113002150?via%3Dihub

