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Abstract - A graph & = (/; £) having a number of vertices as p and a number of edges as g can be called a Heinz — Quarter

Mean graph if the vertices x € V can be labeled with distinct labels Ax) from 1, 2,3, ... ... ,q + 1.Here, each edge is labeled
4 4

with f(e=u2)= V@) f ) (\/Zf(u)h/f(V))J or [x/f(u)f(v) (‘/Zf(u)h/f(V))

, then the resulting edge labels are distinct. Here, fis called

Heinz — Quarter mean labeling of G. In this section, we investigate the Heinz Quarter Mean Labeling of some special
named graphs.

Keywords - Heinz Quarter Mean, Zagreb indices, Grotzch, Bidiakis, Fritch, etc.

1. Introduction

Graph labeling is an assignment of integers to the vertices or edges or both, subject to certain conditions. Graph labeling is
one of the most interesting problems in graph theory, and they serve as useful models for a broad range of applications such as
coding theory, X-ray crystallography, circuit designs, etc. Graph labeling was first introduced in the late 1960s and has been
motivated by practical problems. In the intervening years variety of graph labeling techniques have been studied, and the subject
is growing exponentially. For more details, one may refer to the survey article (1) by J. A. Gallian. The graceful labeling methods
were introduced by Rosa in 1967. Terms and notations not defined here are used in the sense of Harary. In Bhatia introduced

f(u)yf(V)l'y;rf(u)l‘yf(V)y foro<y< %

the Heinz mean f(u, v; y) =

In 2003, Somasundaram and Ponraj [2] introduced the notion of mean labellings of graphs. S.S.Sandhya and S. Latha
introduced a new labeling pattern namely Heinz Quarter mean labeling of Graph. In this paper, we investigate the Heinz Quarter
Mean Labeling of Grotzch, Bidiakis, Fritch,etc.

2. Main Results

Definition 2.1. A graph G = (V, E) having the number of vertices as p and number of edges as g can be called as Heinz Quarter

Mean graph if the vertices x € V can be labeled with distinct labels f(x) from 1, 2,3, ... ... ,q + 1 andeachedge e = uv
4 4

is labeled with f(e = uv) = VIaf @) (‘/Zf(u)h/f(v))J or [\/f(u)f(v) (\/Zf(u)h/f(v))

, then the resulting edge labels are distinct.
Here, f is called Heinz Quarter, mean labeling of G. This Graph is said to be the Heinz Quarter Mean Graph.

Definition 2.2. Grotzch Graph is a Triangle free graph with 11 vertices and 20 edges having chromatic number 4 and
crossing number 5 and named by German mathematician Hebert Grotzch.

Definition 2.3. Bidiakis Cube is a cubic Hamiltonian, triangle-free,polyhedral, planar Graph with 12 vertices and 18
edges.

Definition 2.4. David’s Star Graph is a graph with 12 vertices and 18 edges in which 6 vertices have degree 4, and all the
other vertices have degree 2.

Definition 2.5. Fritch Graph is a Planar graph with 9 vertices and 21 edges that tangles the Kempe Chain in the
Kempe Algorithm.
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Definition 2.6. The Herschel graph is a Bipartite undirected graph with 11 vertices and 16 edges.

Theorem 2.7. Grotzch Graph is a Heinz Quarter Mean graph.

Proof. Let G be a Grotzch graph with 11 vertices and 20 edges. Let us label the vertices of G. vy, v,,...,v;; and
edge set is {v,V,, V1 V3, Vo Uy, V3Vs, UyVs, V1 Uy, V1 Vg, UgVy, Vg Vs, Va Vg, VoVUs, Vs Vg, V3V1g, V19Vss
V4V7, VgV11, V7V11, VgV11, VoV11, V1oV11 @S Shown in the figure.

Vi

%

Fig. 2.1 Grotzch graph

Let the vertex set of G be V=V, UV, UV U...UV, WhereV; = {vi,v,vi, .., v, /1 <i<n}

A function defined by f: V (G) — {1,2,3, ... ... ,q + 1} by
f(vi)=21i—-71<i<n fwi)=21i-3;1<i<n
f(vi)=21i—-81<i<n fw)=21i-61<i<n
f(vi)=21i;1<i<n fwi)=21i-91<i<n
f(vi)=21i—181<i<n f(vi)=21i—-161<i<n
f(wd) =21i—-21<i<n f(vi)=21i—-151<i<n

f(vi)=21i—-20;1<i<n
From the Heinz Quarter mean labeling pattern, the edge labels are all distinct. Hence, G is a Heinz Quarter mean Graph.

Example 2.8. The labeling pattern of the Grotzch graph is shown in Fgure 2.2
14

15 18 21
Fig. 2.2 Grotzch graph

39



S. Latha & S.S. Sandhya/ IIMTT, 70(4), 38-44, 2024

Theorem 2.9. Bidiakis Cube graph is a Heinz Quarter Mean graph.

Proof. Let G be a Bidiakis Cube graph with 12 vertices and 18 edges.Let us label the vertices of G
as vy, v,,..., vy, and whose edge set
18{v1V, V1 V3, VoV, V3 Vs, V3V, V1 V7, V7 Vg, V7 V10, Vs Vs, V2 Vo, V1oV11, VsV10, Vo2,

V4V, VgV12, V7V10, VgV11, V11V12 } @S Shown in the figure.
Vi \%)

L

V3

Vs

Vv,
o .« Vo

A%

Vio \;“ Vi2
Fig. 2.3 Bidiakis cube graph

Let the vertex set of G be V=V, UV, UV, U ...UV, Where V; = {vi,vi,vi, ..., vi,/1 <i<n}

A function defined by f: V (G) — {1,2,3, ... ... ,q + 1} by

f(vi)=19i—14;1<i<n f(vi)=19i—-91<i<n
f(vi)=19i—18;1<i<n f(w)=19i—-16;1<i<n
f(vi)=19i—-11;1<i<n f(wl) =19i—13;1<i<n
f(wi)=19i-1;1<i<n f(vi)=19i—-3;1<i<n
f(w)=19i—-7;1<i<n f(vig)=19i—-2;1<i<n
flvl))=19i—-4;1<i<n fvi,)=19i—6;1<i<n

From the Heinz Quarter mean labeling pattern, the edge labels are all distinct.
Hence, G is a Heinz Quarter mean Graph.

Example 2.10. The labeling pattern of the Bidiakis graph is shown in thefigure

5 7 10
S s
I 3
17 4
3 6 %
9 8 6
11
18 = 17 e 10 I, i
\ ‘ 12
18 15 s
17 16 5w -

Fig. 2.4 Bidiakis cube graph
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Theorem 2.11. David’s Star graph is a Heinz Quarter Mean graph.
Proof. Let G be a David’s Star graph with 12 vertices and 18 edges.Let us label the vertices of G
as vy, vy, ..., v, and whose edge set is
{1V, V1 Vs, V304, V3Vs, V4 Vs, VsV, V3 V7, V7 V10, V2 Vs, V7 V11, VigV11, VeVs) VoVi2,
V4V, Vg Vg, VoV10, VgV, V19V12 } @S Shown in the figure.
Vi

V2
Fig. 2.5. David’s star graph

Let the vertex set of G be V=V, UV, UV, U ..UV, WhereV; = {v,vi,vi,...,vi,/1 <i<n}

A function defined by f: V (G ) — {1,2,3, ... ... ,q + 1} by
f(vi)=19i—19;1<i<n f(vi)=19i—13;1<i<n
f(i)=19i—-11;1<i<n f(vi)=19i—16;1<i<n
f(wl)=19i-51<i<n fvi)=19i—-81<i<n
f(wi)=19i-7;1<i<n f(wi)=19i—10;1<i<n
f(wd) =19i—61<i<n f(vip)=19i-3;1<i<n
f(vi)=19i—-1;1<i<n f(vi,))=19i;1<i<n

From the Heinz Quarter mean labeling pattern, the edge labels are all distinct.
Hence, G is a Heinz Quarter mean Graph.

Example 2.12. The labeling pattern of David’s Star graph is shown in thefigure

19
Fig. 2.6. David’s star graph
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Theorem 2.13. Fritch Graph is a Heinz Quarter Mean Graph.
Proof. Let G be a Fritch graph with 9 vertices and 21 edges.Let us label the vertices of G as vy, v,,..., V9 and whose edge
set is
{V1v4, V105, V204, V305, Uy Vs, VsV, V3V, V7 V10, V2V, V7 V11, V1oVi1s VeV, Vo V12,
V4Vs, Vg Vg, VoV10, VgV, V19V12 } @S Shown in the figure.
Vi

AN

WAV
\/

Vo
\p)

4 1V3

Fig. 2.7. Fritch graph

Let the vertex set of G be V=V, UV, UV, U...UV, WhereV; = {vi,vi,vi, .., vi/1 <i<n}
A function defined by f: V (G) — {1,2,3, ... ... ,q + 1} by

f(wi)=22i—-191<i<n
f(vi)=22i—12;1<i<n
f(vi)=22i;1<i<n

f(vl)=22i-21;1<i<n
f(vi)=22i—17;1<i<n
f(wi)=22i—11;1<i<n
f(vi)=22i-3;1<i<n
f(wi)=22i—-7;1<i<n
f(wd)=22i—21<i<n

From the Heinz Quarter mean labeling pattern, the edge labels are all distinct.

Hence, G is a Heinz Quarter mean Graph.

Example 2.14. The labeling pattern of the Fritch graph is shown in thefigure
3

Fig. 2.8 Fritch graph
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Theorem 2.15. Herschel Graph is a Heinz Quarter Mean Graph.
Proof. Let G be a Herschel graph with 11 vertices and 18 edges.

Let us label the vertices of G as vy, v,,...,v;; and whose edge set

iS {v1V,, V1Vg, VgV1q,, V1V3, U3Vg, VaVs, UsVg, Vg Vs, V3V7, V7 V1, Vs Vg, V2 Vs, VsV11,V10V11, V2 Vs, V3Vs,VgVq1+ @S ShOwnN in
the figure.

V4 Vg

Vi1

Fig. 2.9 Herschel graph

Let the vertex set of G be V=V, UV, UV, U...UuV, WhereV; = {v},v,vi,..,vi,/1 <i<n}
A function defined by f: V (G) — {1,2,3, ... ... ,q + 1} by

fw)=19i—12;1<i<n f(vi)=19i—13;1<i<n
f(wi)=19-61<i<n f(vi)=19i—-18;1<i<n
f(vi)=19i—-161<i<n f(wi)=19i—-51<i<n
f(w)=19i-1;1<i<n fwi)=19;1<i<n
f(vi) =19i—151<i<n f(viy)=19i-3;1<i<n

f(vi))=19i-91<i<n
From the Heinz Quarter mean labeling pattern, the edge labels are all distinct.
Hence, G is a Heinz Quarter mean Graph.

Example 2.16. The labeling pattern of the Herschel graph is shown in thefigure

10
Fig. 2.10 Herschel graph
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