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Abstract - The goal of this paper is to find a subspace in the Cliiford algebra in which every non-zero element has an invertible
element. The paper begins with some basic knowledge in the classical Clifford algebra, then shows that not all non-zero elements
are invertible through some specific examples. The construction of the invertible subspace is presented in the third part of the
paper.
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1. Introduction

We start the paper by remind readers the definition of Clifford algebras introduced by F. Brackx, R. Delanghe & F.
Sommen[29], where the elements in the Clifford algebra can be considered an extension of complex numbers in classical complex
analysis. Here, a Clifford number has many imaginary parts instead of just one imaginary unit like in complex numbers. By
constructing the structure of the Clifford number it is expected to solve problems that are difficult to solve in classical complex
analysis. With the addition of the number of equations, functions and variables, there are many new difficulties appear, one
suggested an alternative extension: to contructed the theory of hyper-complex numbers and hyper-complex functions. Started by
Moisil (see [11]) in 1931, this theory has been growing steadily and has many important applications using the results of
Moisil[11-14], Theodorescu [6,7,8], Angelescu. A[9], Nef [14], Sobrero [15], Fueter[16,17], Iftimie[1,2], Delanghe[3,4,5],
Goldschmidt [18-20], Gilbert [21,22], Colton [23,24], Sommen[25], Neldelcu Coroi M.[13], Tutschke. W. [26,27].

In the classical complex analysis, every non-zero element has an inverse. However, this will no longer be true for elements
in the Clifford algebra due to the non-commutative nature of this algebra. The goal of this paper is to find a subspace in the
Cliiford algebra in which every non-zero element has an invertible element. The paper begins with some basic knowledge in the
classical Clifford algebra, then shows that not all non-zero elements are invertible through some specific examples. The
construction of the invertible subspace is presented in the third part of the paper. Finally, there is a summary with some possible
directions for further research in this subspace.

2. Clifford Algebras

Let ey, ey, ..., €, be standard basis of the Euclidean space R™ and let e, be unit element satisfying

epe; = eieg =e;i=1,..,1n,
eiej + ejei = O,Vl ¢], (21)
ef =—1j=1,.,n

Consider the 2™- dimensional real linear space, denoted by A,, with the basis

{eA = ep,€n, - €h,, A=(hy,..,h,)EPN,1<h; < <h,< n}
where PN = {0,1,2, ...,n,12,13, ...,1n,123,...,12 ...n } and ey = €.
Let A, B be two sets, a product on A,, is defined by

€sp = (—1)n((AnB)\S)- (—1)PAPeypp, (22)

where S stands for the set {1,2, ..., s}, n(4) = # A is cardinality of 4,
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PAB) = ) p(A),p(A)) =H i € 4>}
jEB
and AAB = (A\B) U (B\A).
Example 2.1. Consider e, = e,eseq, €5 = e,e5ege,, We have
ANB ={5},Card(ANB) =1,
p(4,B)=2+1+1=4,
AAB = {2,4,8,9,10}.
Thus

€s6p = (_1)1(_1)432343999910-

(2.3)

It is not difficult to check that, by this structure 4, is a linear, associate, but non-commutative algebra over R™**. It is called
the universal Clifford algebral...]. For the unit element vector e,, Sometime we denote by 1, and we see that dim A,, = 2".

Each element a € A,, can presented by

a= ZaAeA,aAE]R,

A

and so, the multiplication for two elements in A,, as follows: suppose a = Y. ase,,b = Y.gageg. Then

ab = Z Z aAbB e €p.
A B

This multiplication is combinedly, distributary for addition with unit element e, but not commutatatively.
Example 2.2. Suppose a = e; + e,eses, b = 2e,e,, ¢ = e, — 3e,. Calculate for a(b + ¢), ab + ac?
We have

b+ c=2e,e,+ e, —3ey,

a(b +c¢) = (e, + eyezes)(2e,e, + €, — 3eq)
= 2e,e,e, + e, + 3ey + 2eze,65 — ezes + 3e,e,e56s.

ab = 2eje,e, + 2eze €5,
ac = eje, + 3ey, — ezes + 3e e ez¢es.

A conjugate element of e, = ey, ey, ... e, can be presented by
ey = (=1D'ey, ...ex, ek,
this mean
ey = (—1)t(t+1)/ZeA.
In specical case, we have
ey = e,
e = —e,
eé = €y,
e ey = €,
ey = ey,

€ g = e_Be_A.
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In deed, for instance, we will prove that &,e, = e,. If ¢4 = ey, ey, ... ek, €4 = (—1)’ey, ..., ek, then

e_AeA = ((_1)tekt ...ekzekl)(eklekz ...ekt)
= (_1)tekt ...ekz(eklekl)ekz ekt
= (_1)t+lekt (ekzekz) ...ekt

— (_1)t+(t_1)(ektekt)
— (_1)t+teo
= 80.

From the conjugate element of e, we can define a conjugate of factor a = )., ase, by

a= ZaAe_A. (2.6)

A

An inverse element of element a € A,, denoted by a™*, which satisfies the following:

al.a=e,

a.a’l=e,.

In the case n = 2 (i.e A,, = C (complex numbers)), forany z € C,z =+ 0, there exist the inverse element as form

zZ

We will show that, when dim A,, = 4, (n = 3, A, is Quaternion algrbra H), one has the same result, that means, for any
a € H, a # 0, there exist the inverse element as form

al?’
In deed, suppose a = agey + ae; + aze, + azes, e; = ejey, |lal? = a2 + a? + a3 + a3 > 0. We have &; = eje; = &,8; =
(—62)(—61) = 6261 = _63. ThUS

a= Ap€y — aA1e1 — Ayey; — az€e3

= () (300

i=0
3

= Z aizel-e_i + Z al-aj(eie_j + eje_i)

i=0 i<j

and

2
ai e

N

i=0
= |al*e,.

And so aa = |a|?e,, therefore

On the other hand

21



Dao Viet Cuong & Doan Thanh Son/ IIMTT, 70(5), 19-27, 2024

3

= Z aizél-ei + Z ajai(éjei + e_iej)

i=0 j<i
3
= dte
i=0
= |al?e,.
Thus
a
—=.a = €.
|lal? °
To sum up
a_ @
lal?

However, the problem becomes more difficult in order dim A,, > 4. The following proposition shows that, there exist a
element which different from zero, such that, it has no inverse element.

Proposition 2.1. If a,b € A,, such that a # 0,b # 0 and a.b = 0, then neither a nor b has no inverse element.
Proof. Suppose otherwise, i.e. there exist the inverse element a™* of a. Then
allab)=0= (ala)b=0< b =0,
This is contrary to the assumption. Similarly, if there exist b=* of b then we also have
(ab)b ' =0 a=0.

The proposition is proved.
Example 2.3. Consider a = e, — e;e,e3,b = e, + e;e,e5, We have

a.b

(eo — e1e2€3) (e + e1e5€3)

eo + ejee3 — eje,e3 — e1e,e3(e1e3€3)
ey + eyeze,e3

=ey— ey

=0.

Thus, neither a nor b has no inverse element. Therefore, if dim A, > 4, then there exist a element which different from zero,
such that, it has no inverse element.

3. Invertible Subspaces
The goal of this section is introduce a subspace of A,, (dim A,, > 4), in which, this subspace is invertible (i.e. for any
element in this subspace which different from zero has inverse element).

3.1. In Special Case
It is easy to see that, the subspace generated by basis elements {e,, e;, €5, ..., e, } is invertible. Indeed, for any element a =

Yicoaie;, a=X7_,a;e;, we have
n n
aa = (Z a]-e'j> (Z aiei>

=0 i=0

2_ —_ _
aj eje]’ +Zajai(ejei +ei€j)
j<i

I
=

J

Il
o

2
4

€o

=

=0
= |al?e,.
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Thus

By the same way, we have

- (S ) (300

i=0 i=0

] =
= aizel-e_i +Zaiaj(eie_j +e]él)

i=0 i<j
n

=) ate
i=0
= |a|2€'0-

and so

Therefore

al®
3.2. In General Case

From basis element system {e,} of the Clifford algebras, we choice m vectors denoted by {eAl, €ayr e eAm} and these
generate a subspace denoted by C,,,. Then we have following theorem

Theorem 3.1. Suppose elements system {eAi}, i = 1,...,msatisfies following “canonical” condition

eAie_A]. + eAjéAi = 0,

3.1
i#ji,j=1,..,m 31)
Then the subspace C,, is invertible.
Proof. Firstly, we prove that, form condition (3.1), leads to
éAieA]. + éAjeAi = 0. (32)
To achieve this, multiplication (from the left-hand side) of (3.1) with &, we have
e_Ai(eAie_Aj) + e_Ai (eAje_Ai) = 0'
e_A]. + (e_AieA].)e_Ai = 0. (3.3)

After that, , multiplication (from the right-hand side) of (3.3) with e,,, we obtain

e_A.eA. + e_A.eA.(e_A.eA.) = 0,
j AL i 4j i 4

e_AjeAi + e_AieAj = 0.
Interchange i and j ech other in (3.3), we have (3.2).

Second, Leta € Gy, a = X2, ajeq,, @ =YL, a;€,, We have

m m

i=1
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m

— 205 5 5
= Z a; (eAjeAj) + Z a;ja; (eAjeAi + eAieAj)
j=1 j<i
m
— 2
DXE
j=1
= |al%e, .
Then
a
—.a = €.
lal? 0
Similarly
m m
i=1 j=1
m
— 2
= Z aiey €y, + Z a;a; (eA ey + eAjeAl)
i=1 i<j
m
X
i=1
= |a|ZeO ’
thus
a
a.——= = €p.
a2~ ™°
Therefore
_1 — a
lal?
To sum up, if a € C,,, a # 0 with “canonical” basis then a is invertible and a=* = —. The theorem is proved.

lal?’
In the following, we consider a particularly example about a invertible subspace C,,. Suppose dim A,, = 2™, we consider
system (3.1) as form

{eg, €1, .., €n, €165 ...} (3.4)

This basis elements generates a subspace, denoted by C,, .
Here we have a problem: How many n, such that, the system (3.4) is “canonical” system. To be short, we denote e, =
eje, ...e,. In order to find the values of n, we only calculate for the following conditions

eoe_A + eAe_O = 0, (3.5)
ele_A + eAe_l =0. (3,6)

Consider (3.5), we have

eoe_A + eAe_o = 0,

e_A + ey = 0,
nn+1)
(—1) 2 €, + ey = 0,
n(n+1)
-0z =-1,
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t= @ = odd number.
We have 4 situations:
e n=+4kthent = @ = even number (not satisfied),
e n=4k+1,thent = W‘Hlﬂ = odd number,
e n=4k+2,thent = (‘“"*Z)ZM = odd number,
e n=+4k+3,thent = W‘Hlﬂ = even number (not satisfied).

Therefore, one has n = 4k + 1 or n = 4k + 2 which satisfies condition (3.5).
Consider (3.6), we have

eie_A + eAe_i = 0,

& —ejey +e4(—e) =0,

& eiey +e4e; =0,

S ei(61¢2 e €j_1€;€i411 .. €n) + (e16; e €-1€{€141 . eye; =0,

© (—D'(erz - €i_1€41 ) + (D) (ejey ... 1141 ) =0,
= (D + (D)t =,

i+ n—i+1)isodd number

& nis even number.

Thus, we only have n = 4k + 2 is satisfied.

To sum up, the system {eg, ey, ..., €, €1 €5 ... €, } generrates a invertible subspace C,,, if and only if n = 4k + 2, and so, for
any a € Cp4,,a # 0, one has
L@
lal?
Example 3.1. For n = 6, we have the invertible Cg with basis elements {e,, e;, e;, €3, €4, €5, €5, e1€,e5e,ese4}. We check the
following conditions
eoe_A + eAe_O = 0,
eie_A + eAe_i = O,l = 0,1, ...,6,

where e, = e;e,ese ese,.

We have
6.7
ep=(—1)2ey = —ey
eoe_A + eAe_O = _eoeA + eAeo = 0
Since
S ei(—ey) +es(—e) =0
= eey tee; =0
and

e;(ese, € 1€€14q ..es) + (e1e; e €i-1€(€ 47 . €s)e;
= (—1D'(ejey...6;_1€;11 ...€5) + (—1)7 L (eje, ...e;_1e;€i41 ... €5),
Then e;é, + e,6; = 0 leads to (—1)! + (=1)"*' = 0 & i + (6 — i + 1)= odd number, this always true.
4. Conclusion
In this paper we construct an invertible subspace in classical Clifford algebra. Our goal is that from this subspace we can

introduce better results of regular functions than results in complex analysis because of the commutative property of
multiplication. Here the Cauchy-Riemann operator in usual Clifford can be replace by the canonical operator as form
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m
r=> 0
= . aieAi axi,
i=1

and conjugate operator of operator T can be defined

m
=Y ae
= iy —,
' 13 A,_ axl
i=1
where e, satisfying condition (3.1) and a; = +1 (i.e. for each i we can choice arbitrarily: @; = 1 or ; = —1. From this, some
results: Cauchy formula integral and Cauchy-Pompeiu formula intagral for Holder continous function can be represented.
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