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Abstract - This study introduces a novel contractive condition for hybrid pairs of mappings, extending previous findings on fixed-

point theorems in fuzzy metric spaces. Under these additional constraints, the existence of coincidence and common fixed points 

proved. Findings offer a more comprehensive framework for examining fixed point theory in fuzzy metric spaces by unifying and 

generalising a number of well-known theorems. 
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1. Introduction 
Fixed point theory is a crucial branch of mathematical research with significant applications in areas such as game 

theory, differential equations, optimization, and beyond [1]. A fixed point refers to an element that a function maps onto 

itself. The classical Banach contraction principle [1] asserts the existence of a unique fixed point for a contractive mapping 

on a complete metric space. Numerous generalizations and extensions of this principle have been proposed over the years. 

Following Zadeh’s introduction of fuzzy sets [2], fuzzy metric spaces were developed to incorporate the concept of fuzziness 

in addressing uncertainty and imprecision in real-world problems. The groundwork for fuzzy metric spaces was laid by 

Kramosil and Michalek [4] and further developed by George and Veeramani [3], who provided a framework for studying 

fixed points in these generalized spaces. Fuzzy metric spaces are particularly useful for modeling situations where traditional 

measurements may be inadequate due to inherent vagueness. 

Heilpern [5] extended the notion of fixed points to fuzzy mappings, establishing results analogous to Banach’s 

contraction principle in the context of fuzzy metric spaces. This extension has opened new avenues of research, allowing 

mathematicians to explore the existence and uniqueness of fixed points under various contractive conditions. Hybrid pairs 

of mappings, introduced by Jungck [10], involve two or more mappings acting on the same space and have proven valuable 

in analyzing complex systems with multiple processes. Recently, Shalini and Sah [6] examined coincidence and common 

fixed points for hybrid pairs in fuzzy metric spaces, demonstrating the effectiveness of such models in addressing problems 

involving interactions between multiple mappings. Substantial progress has been made in the study of contractive 

mappings, with numerous researchers proposing different types of contractive conditions. The Banach contraction principle 

has been extended to broader classes of mappings by Ciric [9] and Matkowski [11], who have significantly contributed to 

this field.  

A new type of contractive mapping was introduced by Wardowski [14], further expanding fixed point theory within 

metric spaces. This work aims to build on these previous contributions by introducing a novel contractive condition for 

hybrid pairs of mappings in fuzzy metric spaces. We demonstrate the existence of coincidence and common fixed points 

under these conditions, offering a more comprehensive framework that integrates and unifies several existing results in the 

literature. Our research builds upon and extends the findings of other prominent scholars, including [7, 8, 12, 13, 15, 16, 

17, 18, 19, 20, 21]. The structure of this paper is as follows:  Section 2 provides the necessary preliminaries and definitions. 

Our main results, including the novel contractive condition and its implications for hybrid pairs of mappings, are presented 

in Section 3. Section 4 discusses the mathematical properties of these findings, and Section 5 concludes the paper with a 

summary and suggestions for future research. 

 

http://www.internationaljournalssrg.org/
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1.1. Preliminaries 

In this section, we introduce fundamental definitions, notations, and results related to fuzzy metric spaces and fixed-

point theory, which serve as the basis for our main results. 

 

1.2. Fuzzy Metric Spaces 

Fuzzy metric spaces, which extend classical metric spaces, incorporate the concept of fuzziness to capture imprecision 

and uncertainty [2]. 

Definition 1.1: (Fuzzy Metric Space). A triplet (X, M, ∗) is called a fuzzy metric space, where X is a non-empty set, ∗ is a 

continuous t-norm, and M: X × X × [0, ∞) → [0, 1] is a function that, for every x, y, z ∈ X and t, s > 0, satisfies the following 

conditions: 

1. M (x, y, 0) = 0, 

2. M (x, y, t) = 1 if and only if x = y, 3. M (x, y, t) = M (y, x, t), 

3. M (x, y, t) ∗ M (y, z, s) ≤ M (x, z, t + s), 

4. M (x, y, ·): [0, ∞) → [0, 1] is non-decreasing. 

The concept of fuzzy metric spaces was introduced by Kramosil and Michalek [4] and further developed by George 

and Veeramani [3]. 

1.3. Fixed Point Theorems 

Fixed point theorems in fuzzy metric spaces extend classical results by considering mappings that satisfy specific 

contractive conditions. 

Definition 1.2: (Contractive Mapping). In the fuzzy metric space (X, M, ∗), a mapping f: X → X is said to be contractive 

if there exists a constant k ∈ [0, 1) such that for any x, y ∈ X and t > 0, 

M (f (x), f (y), kt) ≥ M (x, y, t). 

Numerous researchers have generalized Banach’s contraction principle [1] to fuzzy metric spaces. One of the 

significant results is presented in the following theorem: 

Theorem 1: (Fixed Point Theorem in Fuzzy Metric Spaces [5]). Let f: X → X be a contractive mapping and (X, M, ∗) a 

complete fuzzy metric space. Then, f has a unique fixed point in X. 

1.4. Hybrid Pairs of Mappings 

Hybrid pairs of mappings, which involve two or more mappings acting on the same space, are particularly useful for 

modeling multi-process real-world problems. 

Definition 2.3: (Hybrid Pair of Mappings [6]). Consider mappings f, g: X → X and F, G: X → CB(X). If there exist 

sequences {xn} such that fxn → x0 ∈ F (x0) and gxn → x0 ∈ G(x0), then the pair (f, g) is termed a hybrid pair. 

Shalini and Sah [6] explored coincidence and common fixed points for hybrid pairs of mappings in fuzzy metric spaces, 

providing a framework for studying more complex systems. These preliminaries establish the background and notation 

necessary for the subsequent sections, which present our main findings and novel contractive conditions. 

 

2. Key Findings 
In this section, we extend fixed point theorems to fuzzy metric spaces. Consider a fuzzy metric space (X, M, ∗), where 

∗ signifies a continuous t-norm, and M is a fuzzy metric adhering to the axioms established by Kramosil and Michalek [4].   

Let f, g: X → X and F, G: X → CB(X) be mappings, where CB(X) denotes the collection of nonempty, closed, and bounded 

subsets of X. 

Theorem 2: Let (X, M, ∗) be a fuzzy metric space. Assume that the mappings f, g:  X → X and F, G: 

X → CB(X) satisfy the following conditions: 

(i) There exists a sequence {xn} ⊂ X such that fxn → x0 ∈ F (x0) and gxn → x0 ∈ G(x0). 

(ii) For all x, y ∈ X with x ̸= y, 

M (fx, gy, t) > min{M (x, y, t), M (fx, x, t), M (gy, y, t)}. 

(iii) The mappings f and g are weakly commuting, meaning for all x ∈ X, 
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fgx = gfx. 

Then f and g have a coincidence point in X, and f, g, F, G share a common fixed point. 

Proof. To establish this theorem, we construct sequences within the fuzzy metric space (X, M, ∗) and leverage the properties 

of the fuzzy metric to demonstrate convergence and the existence of coincidence and fixed points.  

Consider a sequence {xn} in X such that fxn → x0 ∈ F (x0) and gxn → x0 ∈ G(x0). This implies that for any ϵ > 0 and t 

> 0, there exists an N ∈ N such that for all n ≥ N, 

M (fxn, x0, t) > 1 − ϵ   and    M (gxn, x0, t) > 1 − ϵ. 

Given condition (ii), for all x, y ∈ X with x ̸= y, 

M (fx, gy, t) > min{M (x, y, t), M (fx, x, t), M (gy, y, t)}. 

Utilizing the properties of the fuzzy metric M and the continuity of ∗, we can demonstrate that the sequence {xn} is 

Cauchy. For any ϵ > 0 and t > 0, there exists an N ∈ N such that for all m, n ≥ N, 

M (xm, xn, t) > 1 − ϵ. 

Since (X, M, ∗) is a complete fuzzy metric space, the sequence {xn}converges to some point z ∈ X. Hence, fxn → fz and 

gxn → gz. By the properties of M, 

M (fz, z, t) > 1 − ϵ   and    M (gz, z, t) > 1 − ϵ, 

implying that fz = z and gz = z. 

Using the weak commutativity of f and g, for all x ∈ X, 

fgx = gfx. 

Thus, f and g share a coincidence point in X, and f, g, F, G have a common fixed point, completing the proof. This 

theorem generalizes the findings of Shalini and Sah [6] by introducing a new contractive condition and demonstrating the 

existence of coincidence and common fixed points in fuzzy metric spaces. The results offer a robust framework for 

analyzing hybrid pairs of mappings and extend several known results in the literature [4, 3, 5].  

3. Mathematical Properties 
The newly introduced contractive condition reveals several noteworthy mathematical properties: 

1. Generalization: The condition unifies various known contractive conditions, offering a comprehensive framework that 

allows deriving multiple existing theorems as corollaries. 

2. Robustness: The condition is sufficiently robust to handle both single-valued and multi-valued mappings, expanding 

its applicability. 

3. Flexibility: By adjusting the parameters of the condition, one can explore a wide range of fixed-point behaviors in 

different fuzzy metric spaces. 

4. Conclusion 
We have introduced a novel contractive condition for hybrid pairs of mappings in fuzzy metric spaces, extending the 

results of earlier studies. This framework not only generalizes existing theorems but also provides a basis for further 

research into fixed point theory within fuzzy environments. Future work could focus on applying these results to more 

complex systems and exploring the implications of various types of fuzzy metrics. 
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