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Abstract - In this paper, we investigate the global well-posedness of the three-dimensional (3D) incompressible
magnetohydrodynamics (MHD) system with mixed dissipation. More precisely, when the first and third components of velocity
have only one direction dissipation and the second component of velocity and the magnetic field have two direction dissipation,
the MHD system is stable.
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1. Introduction

The MHD system is a coupled system by the Navier-Stokes equations of fluid dynamics and the Maxwell's equations of
electromagnetism, which is used to simulate the motion of electrically conducting fluids in the magnetic field[9,17]. Extensive
physical experiments and numerical simulations have shown an important phenomenon: a background magnetic field can
actually stabilize and damp electrically conducting fluids[1-3,6,15]. This paper considers the following MHD system:

833
ou+u-Vu-b-Vb+Vp=|0,,+0,, |u+0,b,
0
H (1,1)
ob+u-Vb—b-Vu=(0>+03)b+0,u,
V-.u=V-b=0,
(u,b) |_o= Uy, by),

where x € 23, ¢ > 0. The unknown function U = (U, U,,U,)(X,t),b=(b,,b,,b;,)(X,t) and p(x,t) are velocity, magnetic

field, and pressure, respectively. Many efforts are focused on the MHD equations with partial dissipation or fractional
dissipation to determine whether they possess global well-posedness and stability. Duvet-Lions[11] first established the global

existence of classical solutions to the 2D MHD equations for initial data (U,,b,) € H*(0 *)(s > 2). For the anisotropic

incompressible MHD system, Cao-Wu[8] first proved the global existence of the classical solutions. Recently, Lin-Xu-Zhang
[21] used the Lagrangian approach to deal with the stability problem of the 2D MHD system only with partial dissipation.
Boardman-Lin-Wu[5] established the stability of the 2D MHD system while the velocity field involves only one direction
damping. Some of the significant progress for the perturbations of the MHD system near the equilibrium state can be found
in[4,7,10,13,14,18]. However, the results of stability for the 3D anisotropic incompressible MHD system are very rare.

For the ideal 3D MHD, Cai-Lei[7] and He-Xu-Yu[16] used a different method to establish the stability result. Later, Wei-
Zhang[25] found that the viscosity and resistivity can be slightly different. For the 3D viscous and zero-resistive MHD, the
stability results can be seen[12,23,24]. It is worth noting that the first stability result of the 3D MHD system with mixed
dissipation was established by Wu-Zhu[26]. They found that the velocity only needs dissipation in the horizontal direction and
the magnetic field only needs dissipation in the vertical direction. However, the work is more difficult when the velocity field
dissipates in only one direction. Lin-Wu-zZhu[19] first proved the stability of the 3D MHD system with only one direction
viscosity in space H*(R?). Then, they[19] improved their result and obtained the large-time behavior. Recently, Lai-Wu-
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Zhang-Zhao[20] established the optimal decay rate in H 4(D 3) for the 3D MHD system with only one direction viscosity.

Moreover, they also proved the stability of this system in H 3(D 3) by means of the structure of the velocity equation and

magnetic equation.
Inspired of the result above, our main results can then be stated as follows.

Theorem 1.1 Consider (1.1) with the initial data (Uy,b,) € H*(0?) satisfies V-U, =V -b, =0. Then there exists a

positive constant € > 0, such that if

(w0, bo) Iz < &,
then the system (1.1) has a unique global solution for any t > 0, satisfying

Il (u, b)(t)”IZ{Z + fot(” (63u1,61u2,63u2,61u3)||§12 + [1(01b, azb)||1212 + ||62u||21-11)d7 < Ce?, (1.2)
where C > 0 is a generic positive constant independent of & and t.

The rest of this paper is divided into two sections. Section 2 presents several tool lemmas to be used in the proof of
Theorem 1.1, and the Theorem 1.1 will be completed in Section 3.

2. Preliminaries
In this section, we provide two lemmas that will be very important in subsequent proofs. By using Lemma 2.1 and Lemma
2.2 can help us to treat the difficulty caused by the absence of dissipation.

Lemma 2.1 ([19]) Assume f,0,f,g,0,9,h and d;h allin L*(0®), it holds that
j|fgh|dxsc|| FIRZ I o, FIRZH gIt2 1l 0,91t 21 hIRZI &5hI7.
Lemma 2.2([26]) The following estimates hold when the right-hand sides are all bounded inR>, we have
[Ifgh|cx<CIl fIE41 &, FIE1 &, £ 1141 6,0, 141 glE21l &, g1
where I, j,ke€1,2,3 andi = j =K.

3. The global Well-Posedness
The main purpose of this section is to prove Theorem 1.1.

3.1. L® estimate of (u,b)
Take the L* -inner product of (1.1) with (u,b) to obtain

1
E%II(u,b)llﬁz +ll 80,1, +1(0,,85)u, I+l B,ugl% 413, 8,)bI =0. 3.1)

3.2. HZestimate of (uU,b)
Applying 07 (i =1,2,3) to (1.1) and dotting them with (07U, 7b) in L, one can obtain

3 3 3

1d

522 ) NP 02D + ) 105072 + ) 119,07, 05011
i=1 i=1 i=1

3 3
) 10:07usll% + ) 119,07, 0,07)bl1%
i=1 i=1

3 3
= —Zfal? (u- 7w -aizudx+ZJ-6i2 (b - Vb) - 0fudx
i=1 i=1

3 3
_Zfaiz (u-Vb)-afbdx+Zfai2 (b - Vi) - 92bdx
i=1 i=1

=L+ L+ 1+, (3.2
Due to the Newton-Leibniz formula and the factof V -u =0, it follows
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3 3
—Zf@izu-|7u-aizudx—ZZfaiu-aiVu-aizudx:z111 + 1,5,
i=1 i=1

u= —Iafu -Vu -afudx—fégu -Vu -agudx—p;u VU-o3udX = 1y + by, + 1

For the first item 1,;,, by V-u =0 and Sobolev's inequality, we have

where

2
L1 = Z f 02 u;0; U 02U dx — fal u;0; u, 02u dx

k=2

INGE

U
N

j

Mw -

faf U, 0, Uy, 02Uy dx — J- 0% u,0,u,0%u,dx

3
<c Z 102012 10,2107 0l + cz 10721, 197,210y

=2 j=2

-
I
N

3

+Cz 1072s llo 1103 ll 211 0F e ll o + ClIOF I 1101 us |l 211 0F s |l 5

k=2

2
< Cllullz2l(03uy, 01Uz, 03Uy, 01Us3) ||H2-

Then, to estimate 1,,,, by V-U=0, Lemma 2.1 and Lemma 2.2, one has

l,,, = Zjazua u, 02U, dx — jazu 0,u,0%u,dx — Zj@zu 0,u, 02U, dx
-~ I d2u,0,u,05u,dx — Z I d3u,0,u,05u, dx —I6§u383u38§u3dx
k=1

<CZII oau Il 0,05u, 11 8yu, IF21 0,0,u, 211 o, 211 8,05u, IR
+ClIl 25, B2 0,05, 1121 6,u, 1 oFuy 111 0,0,u, 11511 670,u, I
+CZ|| O, EZ N 0,05, 1211 0,u, 1211 &5u, 11 -1l 6,05u, F7

+Cll 82u2|| AN 6,05, 2, B2 1 d5ull Il 6,05,

+CZ|I Osuslt2l 0,05u RN 0 u, RN 0,0,u, RN &3u IR 0,05u, 7

+Cl 82u B2 0,05u5R21 0,u5l1H 1 0,0,u, I Q2u, Il 0,05,
<Cll ull,. (1(03u;,8,u,,83u,, 8,u, )%, +I B,ull,).
Similarly as I44,
1,13 <Cll ull,. 133Uy, 0,u,, 83, Bu,)IE .
Thus,
1, <Cll ull,. (85U, 8y, B3u,, B1u)IE , +I D,ul,).
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In a similar manner, it is easily seen that

o= —2_[ 0,u-0,Vu-orudx — ZJazu -0,VUu-dudx — ZI 0,U-0,VU-d5udx

= |121 + |122 + |123-

Thanksto V -u =0, we can conclude that
1121 = — Z£=2 f 61 u- 617uk612ukdx - f al ulalzulalzuldx - Z?=2 f 61 u]alajulalzuldx

2
< € )" N0yull 10, o107 el + €9yl 21107 s
k=2

0 ) 110315 1,2 10y9h 1070

j=2
2
< Cllull 21 (9314, 01Uz, 03Uy, 01u3)||H2.

For the term |,,, , we rewrite it as
|y, =—2([ 0,u,0 auazudx+zja u,0,0,,0%u, dx)
-~ ZI 0,U, (82u,05U, + 03u,0%U, + d5u,05U, ) dx
—~ 2(; I 0,U;0,0,U, 05U, dX + I82u38283u36§u3dx)
=}

= |1221 + |1222 + |1223-

By Lemma2.l1and V-u=0,

lipor = =2 8,,0,0,,050,0x - 22]@ u,0,0,,0%u, dx
< Cll o,u, 21 G3u, 21 6,0,u R 620,u, 211 &5u, 11711 8,05u, 1
+CZII Oyl Il 8,0,u,ll .11 B3Il -
<Cll ulle(||(63u1,81u2,asuz,alus)lleﬁll ,ullz)).
To estimate the term 1,,,,, by Lemma 2.1 and Lemma 2.2, one can obtain

iy = 2ja u,05u,0%u,dx — 2.[8 u,05u,05u,dx — 2J.8 u,05u,02u,dX
< Cll S5 lP21 0,05, 15211 8,u, 1511 0,0,u, E5°1 &5u, IR ,65u, IF%
+Cll 0,u, I[N 05u, 21 6,05u, 1711 0,85u, [
+Cll 03U, 211 2,05U5 711 8,u, 51 65U, 511 0,0,u, 1511 0,05u, 115
<Cllull,; (1(33uy, 8,u,, 33Uy, 8| + 3,ull?)).

For the term |,,,5, similaras 1,,,, , we have
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lpps = 2Zjauaaukazu o — 2] 0,U30,0,U,05U50x

<CZ|I6u|I 1 650,u,ll, I 3u, Il

+Cll 0,u, 21 05U, 21 0,0,u,F7211 050,u51 11 D3u, 11l 0,05u,lf7
< Cllull, . (1234, 83Uy, 83Uy, OUIE . +I Bl ).
Therefore,
|, <Cllull. . (I(3;uy, Bu,, 83u,, 8,;)IE .+l B,UlF.,).

And
1, <Cllull. . (I0;uy, 8,u,,03u,,6,,)IE.. | B,ulf,). (3.3)

Due to the Newton-Leibniz formulaand V -b = 0 , we estimate 1,, |, together,

L+1, = Zs:jafb-Vb-8?udx+2if8ib-8iVb-6fudx
i=1 i=1

3 3
+[ofb-vu-ofbdx+2)" [ab-0,vu-67bdx
i=1 i=1
=l +1,,+1,,+1,.

To bind the term | ,,, we do the decomposition
2
= [07b-Vb-&udx+ [ 83b- Vb- A3udx = Iy, + ;.
i=1

By Lemma 2.1, we can infer
2 2

3
L _ZZfaZb 0;b - 0; udx+22j6 b3d3by; ukdx+Zja badsb; 07w, dx

i=1j= i=1k=2
2

2
<€) > N02bylls 9;bll+ 10wl 2 +CZZ 102551155 193biell s 107l 2

i=1j=1 i=1k=

2
0 ) 10253 14 10,02 b3 1471105b 124710, 051 1471107 14 10070 112

=1
< Cll(w, D)2 (195usllF2 + 1131, 2)b Iz + 11050l 7)-
For the term 1, ,

2 2 2
Ly = ZZ[ag bjajbkagukdx+fa§ b363b36§u3dx+2f6§ b383bk6§ukdx+2f6§ b; ;b 02usdx
k=1 =

j=1k=1

2 2
< Cz Z 103 ;l1,2 110;bic |l 1103 |l .+ + C1105 bl 41195 bs I 211055l 4

j=1k=

[y
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+CZ 103bs11,2° 110103 b3 1,5% 19 bill 2°11929 bl 2”193l 2 103 wel1 4

+CZ 103 b51,5% 19193 by 11,4° 10y icll 41020 bicll 2 10 ws 27 193 s 12

< ClIQw, b)ll g2 (1951, 91z, O31tz, B1uz) 2 + (91, 92)blIFy2 + 1102ul[71)-
Therefore,
|, <Cliu,b)IL. (B3, 8,u,, 83, &1, )|, HI(@,, 2,)bIE .+l B,ulE,).
Similarly,

L, < Cll(w, D)2 (I1(F3u4, 61u2,63u2,61u3)||1212 + ||(61,62)b||1212 + ||62u||1211).
For the terml,,, by Lemma2.1andV-u =0, we get

2 3
=" [a7b-Vu-afbdx+ " [30,0,u,85b,dx+ [ 3b,6,u,03,dx
i=1 k=2
2
+ [3b,0,u- 3bdx + " [ 930,05, 03, dx+ [ 03b,05u;03bsx
k=1
< chl vl Il 67017, + [ 03b,0,u,030,dx

+c2|| osb Il 0,036 211 8,u, 211 6,0,u 711 &30, 21 0,03b, 7
+Cll 23b, 1211 0,030, 1711 8,ulfZl 0,0,ull21l S3bIZ 1l 0,03bI?
+CZII 30,1l 11 Bu,ll .11 3b Il . +Cll D u,ll .1l O3,

< Cliu,b)l,. (I(03u;, 8,u,, 03Uy, O,u I . +I(D,, 0,)BIE . +I DUl )+ 15,
by integration by parts and Lemma 2.2, where
| = [ 030,0,0,030,0x = 2 [ u,0,03b,03bydx
<Cll 8,03b 7211 &30y 21 uy B 0 u, 11 o u, 11511 0,04u,
<Cli(u, )l (I &bl +1I 8,ulP,).
Thus,
|y <Cliu, bl (05U, By, B3y, I . +HI@,, 8,)bIE .+l B,ulf.,).

By Lemma 2.1, we find
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2 2
i k=1

<CZII ol o,vull .1l &7bll .

i=1

+CZII o,bl Il 6,0,bl 21 6,vu, F21 05V, IEZ11 o3b, IR 11 0,03, 1177

+Cll 03Il 0,00l 11 0,V U, 11 8,0,V ugl2 1 3by 11 a3by 7
< Cli(u, bl (I(o5u,, 83u2,61u3)||H2 +I(3,b, 82b)||H2).
Therefore,
1, +1, <Cliu,b)ll. . (0w, &1, B3, 0,u;)IE . HI(3,, 8,)0IE . +HI B,ulE,)
To establish the estimate of |, using the divergence-free condition of b , we find

s = —ijafu -Vb-07bdx — Zijaiu -0,Vb-0bdx = 1, + I,.
i=1 i=1

By Lemma 2.1,
3 2
=—> [ a%u;0,b-ofbdx — [ A3u-Vb-a3bdx— " [H3u,0,b- 33bdx— [ 33u,0.b - O3bdx
=1 j=1

3
<C.l &ful, | 2,pl I eibl +Cl 3ul, | vl ||8bIIL4+CZII o2u 1.1l &bl 1l %Il

+Cll 03u, P21 B3R5I 2,0l 6,0,bI 21l a3bIII 6,03bIF
< Cliu, bl . (1231, 8,u,,83u,, B,uIE . +I(D,, 8,)bIE . +I D Ul ).

Next, we need to bound I, ,

2 2
Iy = —ZZfaiu-aiVb-aizbdx—ZZf63 ujag,ajb-agbdx—zfag, u;02b - 92bdx
i=1 =1

=< Cz 10:ull 2 19; VDIl 41107 bl + CZ 1031+ 119;05D11,41103 1l 2 + Ls23

i=1 Jj=1
< Cll(w, D)2 (1(95wy, 95wz + 1101, 02Dl 2) + Lazs,
by integration by parts and Lemma 2.2, where

Lz = —zfa3 u302b - 02bdx = —4fu1 02b - 0,02bdx —4fu2 92b - 0,02bdx
< CZ 10,03 bll,2 1193 bI1,2°110: 03 11,4 ey 12410204 11,2 1024 1,2° 11029514 1,4*

< CII(u D)2 (11(0,0,)blI52 + [10;ull 1)
Then, we can conclude that

< Cliu,b)IL,. ((33uy, 83U, 83u,, B IE .+, 0,)bIE .+l B,ulE.,).

Adding the estimates (3.3), (3.4) and (3.5) into (3.2), we obtain

18
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. dth(az ab>||Lz+Z||6362u1||Lz+2||(61 0,01, 1%

+Z 1010751 + Z 10,07, 0,07)b 2
i=1 i=1

< Cll(w, b) |l 2 (Il (D311, 01Uz, D3z, 01u3) |z + [1(01, 02)blI 2 + [10zull). (3.6)
3.3. L%estimate of 0,U .
First, multiplying (1.1), by 0,U and integrating over [1°, it follows
1 8,ull, = [8,u-0,bdx+ [u-Vb-8,udx— [b-Vu-d,udx— [ (8] +63)b-0,udx
=J,+J,+J,+J,.
Applying the velocity equation in (1.1), and the divergence-free condition of b,
833

z—jau bdx— [0, (8,0 +| 8y, + 0y |u+b-Vb—u-Vu)-bdx

o (3.7)
=Jy I, + I+,
It is easily seen that
Jy, + 315 <ClBu,, 8y, 83U,, 0, )IE . +ClI 8,bIFE,

By integration by parts and Lemma 2.1, we find
Jia < CUIBIGEZ N0, ILLNVBILL2 10, Vb1 42 192611257110, 05b 1142

< ClIblly2(l191blIF2 + 1102b1171)-
Obviously,

3
]15 = — Z f Uy alukazbkdx - f Uuq alulazbldx - f U, azu . azbdx
k=2
2
- Z f u3 a3uk62bkdx - f u3 a3u362b3dx
k=1

3
<€) lurlle 19y el 2192l 2
k=2

1/2 1/2 1/2 1/2 1/2 1/2
+Cllug 122 105ug 1752110y 111221107 uy 1552 119,04 1421903, 1134

+Cluz ll=1102ull 211021 2 + Cz llus ll= 105wl 21102 brcl 2
k=1

+Cllus 142 102us 142 105us 142 101 05us || 1421102 bs 1152110, 95 b5 1142
< Cllully2 (1l (93uy, Bytty, Dstiy, Dyuz) |3 + 110,113 + [10,ul1%).
Thus,
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d
L= Ef 0, u - bdx + C||(93uy, 01Uy, D3uy, 0yuz) |51 + C||62b||i2
+C”(u'b)”HZ(”(a3u1v61u2v63u2!alu3)”12-11 + ||(61,62)b||1211 + ||62u||iz). (3.8)
Obviously,

2
I =fu- Vb - d,udx =quj6jb-62udx+fu363b-azudx
=1

2
<€) lyle 1yl 10l 2
j=1

1/2 1/2 1/2 1/2 1/2 1/2
+Cllusll 2 10, us 1521103 b11342 110205 b 1142 19wl 52 110,05 ull 4

< ClI@w ) ll2 (N9susllfz + 1191, 9)bll51 + l92ullf). 3.9

By Lemma 2.1, we conclude that

2
J, = —jb -VU-d,udx = —kZ;J'b-Vukazukdx—.[b~Vu382u3dx

L2 L2 L2 L2

2
<CY I bIF2I 8,621 Vu 21 0,vu 221 &,u, 121l 62u, 12 (310
k=1

+CI BIZ I 0,621 Vug 211 8,V ug 211 8,u, 11 6,0,u, 7
< Cliu, bl .; (I(85u;, 33U, , B,U,)IE,, +(8,, 8,)bIE, +I D,ull? ).
Based upon the Young's inequalities, it is easily deduced that

Ja= —f(af +03) b - 0yudx < C||(9 + 0)bl| 2l10,ull 2

< - [182ull}2 + C11(8y, )17 (3.12)
Putting (3.8)--(3.11) into (3.7), one has
d
I192ullZ2 < 22 [ b - dpudx + C||(8y, 02)bI7
+C11(w, b) [z (1| (3w, 01Uz, O3uz, 1u3) |52 + (131, 02)blI2 + [102ull7)- (3.12)

3.4. H'estimate of O,U.
Applying 0, (i =1,2,3) to (1.1) and dotting it with 0,0,U in L, it follows

3 3 3
Z 110,0:u| = Zfaz d,u - 9,0;bdx +Zfai (u- VD) - 8,0,udx
i=1 i=1 =1

3 3
—Zjai - Vu)-azaiudx—Zfai (92 + 92)b - 9,0,udx
i=1 i=1

.= W1 + W2 + W3 + W4. (313)

By the special structure of (1.1), and V b=0,we get
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0
. 5 33
W, = Z%J.@Zaiu -ﬁibdX—ZIazai (O,b+] 0y + 03 [U+D-Vb—u-Vu)-6;bdx (3.14)
i=1 i=1 811 |
= Wll +W12 +W13 +W14 +W15'

Integrating by parts gives
W, +W,, < ClI(05W;,8,U,,03u,, 81u,)IF,, +Cll 6,0l

By integration by parts and Lemma 2.1, we have
3 3
W,, =" [8,b-Vb-0,8,bdx+ " [b-Vob-0,0,bdx
i=1 i=1
3
1/2 12 1/2 1/2 12 12
<€l 0171 0,0hE I VB 0,VbR 1 2,011 2:0:0 0
3
+c;|| bIFZI1 &,blEZ11 8, VBIFZIl 6,0,V bl 0,0,0l71l 0,0,0,bl7

<Cl bl . (I ,bIR, + a,bI,).

To bound W15 , by the Newton-Leibniz formula, we yield
3 3
Wi == [8,u-Vu-3,0,bdx— " [u-Vou-0,0/0dx :=Wyg, +Wig,.
i=1 i=1

By Lemma 2.1,
3

Wog, == [0,u;0,u-0,0,00% — [ 8,u,0,u-8,0,bdx — [ 8,u- Vu- 3belx
j=2
2
=" [ 83u;0,u-8,04bdx— [ ,u,85u0,0;bdx
j=1
3

<CY Il ol a,ullll 0,00l
i=2
1/2 1/2 1/2 1/2 1/2 21| 11/2
+Cll o211 8,0,u 21l ,ull21l 8,8,ul121l 0,0,01211 6,82l

I &,ull.ll 3,850l

it

2
+Cll aull, I vull Il a2bll, +C >l o,
j=1

+Cll 03,5711 8,0, 11 2,ulf 1l 0,0,ulf1l 0,0,bIE 1 6,03blf
<Cll ull,. (1(83u;,0,u,,05u,,8,u;)IZ, +Cll 8,bIF .+ 6,ulf,).

For the term W152 , it is easily seen that
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3 3 3

3 3
Wg, = ZZ [u;-0.0,u8,0bdx<CY "> luyll Il 0,8,ul.ll 8,80l
i=1 j=1 k=1 i=1 j=1 k=1
<Cll ull, > (1(83u;, 6,U,,85u,, 8,U,)I . +Cll 8,6l .+ 8,ull2,).

Hence, we can be bound W15 by

W,y <Cllul_ (10,0, 84y, 350y, B,U)IP . +Cll 3,12 .+ B,UlE, ).

Therefore,

3
d
Wy <" | 0 0 dubedx + @ 002 0302 0,5 e + CIODI:
i=1

+CIl(w, b2 (11 (95us, 011z, O3uz, O1uz) |72 + CII(D1, 0)blIG2 + 10;ullf;)- (3.15)

Next, to bound W2 . By Newton-Leibniz formula and Lemma 2.2,

W, = Zsljaiu -Vb-&zéiudx+2ju .6,Vb-0,0,udx

< czn 0,0l Sl VI 0, VBl 0,V bIE T 6,0, Vbl
i=1 (3.16)

+CZ|| 0,0.ull .1l 6, VbIZIl 8,0, VBIEZI Ul & ulll 6,ulfsll 6,0,ulf’

i=1

<Cl(u,b)l. I bl +I o,ulR,).

Similarly,
3 3
W, = _Zjaib-Vu -0,0,udx — Zj.b-aiVu -0,0,udx =Wy, +Wj,.
i=1 i=1

By Lemma 2.2, it is easily deduced that
W,, < CZII 0,0,ull -1l VullZll 6,vullZll 6,bli 1l 0,6,bIE I 8,8,bI1 1 8,0,6,bl

<Cliu,b)l,,. (I &,0I7, +1 ,ulR.).

Similarly,

3
W32 = - f b * 61Vu16261u1dx - Z J b * 61|7uk6261ukdx - J- b * azvu * azzudx
k=2

—Zfb-63l7uk6362ukdx—fb-63|7u36362u3dx
k=1
1/2 1/2, 1 111/4 1/4 1/4 1/4
< Cl|020,uq |l 2||0:Vug |l 2" 11050, Vuy || 27 |IBIL2 1016112 1192112 (1010211 2
+CZ 1Bl = 1101 Vaae |l 21101 0oue |l 2 + ClIb| =110 Vel 21105 ull 2

k=2
+C Xk 1Dl = 1105 V|l 2110505 u |l 2
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+C110,05us]l,2 1105 Vs || 1221103V us |42 DI 19, 1L 19,5114 110, 0,114
< Cll(w, b)lly2 (11 (5ty, 03y, Dstiy, By uz) 122 + CI(By, 32Dz + |10oull0).
It is easily seen that,

W, <Cliu,b)ll. .. (33u;, 8,u,, 83u,,6,u,)|E. +Cli@,, 8,)bIE .+ D,ulE,). (3.17)
Now, to estimate the last term of W, , Young's inequalities, we have
W, = —X%.1 [(0F +03) 0;b - 0,0,;udx < C X7, |(0F + 05)0;bll,2110,0;ull 2
< % 1 10,0,ull?2 + C1(91,0)D|22. (3.18)
Hence, adding (3.15)--(3.18) together, one can bound (3.13) by

LZ

3 3 d
I 6,0,ullr, <2 —[8,0,u-8,bdx+Cll(0,u,,0,u,,8,u,,0,u,)I%, +ClI(8,,0,)bl,
izzl: 2 iz—l:dt'[z (31 1421 & 342 ¥ M3 /Yy 11%2 H (3.19)

+ClI(u,b)IL, (1031, 8,u,,6,4u,,0,U,)IE. ) + Cli(8,, 6,)bIE , +I B,ull? ).

3.5. Proof of Theorem 1.1.

This subsection completes the proof of Theorem 1.1, which can be achieved by the bootstrapping argument [22]. As we
known, the local well-posedness of Theorem 1.1 can be established via a standard procedure, we only need to establish the
global bounds and then apply the bootstrapping argument to obtain the desired stability result. To use the bootstrapping
argument, we introduce an energy functional specifically to achieve our desired estimates. Let

E(t) =R (1) +E,(1),

where

t
€1(t) = sup [|(w, b))l + ZJ (Il (95w, 0111z, D3u, Byu3)|I5;2 + 11(01b, 0, b) |72 )T,
0

ostst

t
() = f 10,1 (D)13dr.
0

Combining (3.1) with (3.6) and integrating it over [0, t] yields [|(u, b)(t)|I%2 + 2 f;(u (B5uy, 011y, B3Uy, Oyuz)||%2 +
11(91, 32)b|I5;2)dz

t
< Cll(uo, bo)llfy2 + Cosuptll(u, b)llny (Il (B3u1, 011z, B35, 01u3) |72
<T=< 0

+1(91,92)blIz + 19ull72)de
< C&0) + CE () + CE (D). (3.20)
Next, adding up (3.12) and (3.19), one derives
t t
joll AUl dz < Cli(uy, by)IE,, +Cli(u, b)IE,, +CIO||(83U1,81u2,83u2,81u3)||2H2

t
+C|1(91,02)bll32dt + C sup ||(w, b) Iz fy (I (Ostts, 011tz D5z, Oyus) 2

ost<t
+C||(31, 32)bll2 + (|92ullf2)de
< CE(0) + CE(E) + CE(D)3? + C&, ()32, (3.21)
For anyt > 0, and C, > 0 is a pure constant. Adding (3.21) to (3.20) by the appropriate constant yields,
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E(t) < C,E(0) + C,E¥*(t). (3.22)

We take

I(ug bR, <

The bootstrapping argument starts with the ansatz that

1

E(t) < —.
® 4C}

It follows from (3.22) that

E(t) < Coé(0) + Co& 2 (D) éE(t) < Co&(0) +%£(t) < 2C,&(0).

The bootstrapping argument then implies that, for any t > 0.

ey< L
8C,

This completes the proof of Theorem1.1.
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