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Abstract - Let G = (V,E) be a simple graph of order n. The certified domination polynomial of G is the polynomial, D¢, (G, x) =

Zlizg/i)elr(a) deer (G, 1) X', where Y yer.(G) is the minimum cardinality of a certified dominating set of G and d e, (G, 1) is the number

of certified dominating sets of G of size i. In this article, we study the certified dominating sets and the certified domination
polynomial of the book graph B,,, and obtain some properties of this polynomial.
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1. Introduction

Let G = (V,E) be a simple, finite, undirected connected graph without loops and multiple edges. G’s order and size are
shown by numbers n and m, respectively. A vertex in a graph G has an open neighbourhood defined as the set N;(v) =
{u e V(G) / uv € E(G)}, and the closed neighbourhood of v is the set N[v] = N(v) U {v}. A dominating set is a subset of a
graph’s vertices such that every vertex not in the set is adjacent to at least one vertex within the set. The domination number
denoted as y(G) is the minimum number of vertices required to form a dominating set in a graph G [10]. A dominating set is
called a certified dominating set if every vertex in that set has either zero or at least two neighbours outside of the set. The
certified domination number y,.,-(G) is the minimum size of such a set for a given graph G [5]. This property ensures a certain
level of “certification” for the dominating set. The concept of dominating sets and the domination number in Graph Theory was
first introduced by Oystein Ore and Claude Berge in the 1960s. The concept of polynomial domination in graph theory was
introduced by Saied Alikhani and Yee-hock Peng in 2009[10]. The concept of certified domination in graphs was introduced by
Dettlaf et al.,2020[5]. They also further studied the concept in their subsequent work, including its applications in real-life
situations. While extending the concept of domination polynomial and certified domination, we came across many interesting
relations among the certified domination polynomials of different graphs. In the next section, we consider the book graph and
compute its certified domination polynomials, and we can find a closed-form expression for the coefficients of the certified
domination polynomial.

Definition 1.1: Let G be a simple connected graph. Let D, (G,i) be a family of all certified dominating sets of G with
cardinality i, and let d ., (G, i) = |Dcer (G,1)|. Then the certified domination polynomial D, (G, x) is defined as D, (G, x) =

1431
Zi:)’cer(G)

deer (G, 1) x' , where ¥, (G) is the certified domination number of G.
Lemma 1.2: Let G be the graph with n vertices. Then
(i) The coefficient of x™ in the certified domination polynomial of G, one
(i1) The certified dominating sets of G with cardinality i are empty if and only if i < y,..(G)ori=n—1ori >n
(iii) The certified domination polynomial has no constant term and (n — 1)t" term.
2. Certified Dominating Sets and Certified Domination Polynomial of B,,
A book graph B,, is defined as follows V(B,) ={u,u}U{v,w;:1<i<n} and E(B,) ={wu,}u

{u v, uywy, viw;: 1 <@ < n}. Wecite S. Jahari and S. Alikhani for the definition of book graph [3]. Figure 1 shows the example
of B,,. Let D, (By, i) be the family of dominating sets of B,, with cardinality i and let d .., (Bp, i) = |D¢er(By, 1)|. In this section,
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we shall investigate the certified dominating sets and certified domination polynomials of the book graph B,. The following
theorem 2.2 is useful for finding the coefficients of certified domination polynomial of B,,

Un wy,

ul uz

Fig. 1 Book Graph B,,
Lemma 2.1: Let B, be the book graph with 2n + 2 vertices. Then y,,,(B,) = 2 foralln € N

Proof: Let B, be the book graph with 2n + 2 vertices. The n — book graph consists of n pages sharing a common edge, which
is the spine. For n = 1, {u,, w;} and {u,, w, } are the minimum certified dominating sets and for n > 2, {u,, v,} is the minimum
certified dominating set. Hence y,,,(B,) = 2 foralln € N.

Theorem 2.2: Let B, be the book graph with 2n + 2 vertices. Then for all n > 2,

If n is odd,
((1:) ifi=2k1<k<n+1lbutk+"=n
2
2n—2 ifi=n
deor (B, 1) =
cer (Bn 1) (£f1)+2 ifi=n+1
2
0 otherwise
If n is even,
() ifi=2k1<k<n+1lbutk#"n
2
n n_ .
deer (Bn, i) = (%_1> +2 2 ifi=n
2 ifi=n+1
0 otherwise

Proof: Let B, be the book graph with 2n + 2 vertices.

Case 1: nisodd, (n = 3)

If i =2, {uy,v,} is the certified dominating set. Hence d.-(B,,2) =1 = <£1) Afi=2k,2<k<n+1lbutk+#
2

n+1

- then the certified dominating sets of B,, is obtained by choosing é — 1 pages that share a common edge from the n pages



K. Lal Gipson & Angelin Jenisha MJ/ IJMTT, 71(10), 9-14, 2025

that share a common edge. Hence there are <L’ r_ll>, possible ways. If i = n, then the certified dominating set of B,, is obtained by
2

choosing one vertex from each page except the common vertices, but from this set of vertices {vy, vy, ..., v, } and {wy, wy, ..., wy,}
are not certified dominating sets. Thus we get 2™ — 2 sets. If i = n + 1, then the certified dominating sets of B,, is obtained by
choosing % — 1 pages that share a common edge from the n pages that share a common edge. In addition to that
'Tl
i

{uy, wy, wy, ..., w, } and {u,, vy, v,, ..., v, } are the certified dominating sets. Thus we get < 1) +2sets. Ifi=2k+1,0<5k <
2

n(buti # n),i = 2nandi > 2n + 2, there are no certified dominating sets.
Case 1: n is even

For n =2,

If i =2, {u,u,}, {vy,w,} and {v,,w,} are the certified dominating sets. That is (331) +2%2—2 sets. If i =3,

2

{u,, wy,w,} and {u,, v,,v,} are the certified dominating sets. If i = 6, obviously d.,-(B,,6) = 1=(§
2

). If i =1 and 5, there

2
-1
are no certified dominating sets.

Foralln = 4,

If i = 2, {uy, v,} is the certified dominating set. Hence d.,-(B,,2) =1 = <37_11) Afi=2k2<k<n+1(butk +
2
g, n), then the certified dominating sets of B,, is obtained by choosing % — 1 pages that share a common edge from the n pages
n

that share a common edge. Hence there are ( _1) possible ways. If i = n, then the certified dominating sets of B,, is obtained by
2

choosing é — 1 pages that share a common edge from the n pages that share a common edge. Also select one vertex from each

page except the common vertices, but from this set of vertices {v;, vy, ..., v, } and {w;, w,, ..., w, } are not certified dominating
sets. Hence there are (if1> + 2™ — 2 possible ways. Ifi = n + 1, then {u;, w;, w,, ..., w,, } and {u,, vy, vy, ..., 1, } are the certified
2

dominating sets. Hence, there are two certified dominating sets. Ifi =2k + 1,0 <k <n(buti #n+1),i =2nandi > 2n +
2, there are no certified dominating sets.

Lemma 2.3:

The certified domination polynomial of the book graph B, with 2n + 2 vertices is x2{(1 + x2)" — nx?""2} + x™{2x +
2" — 2} foralln € N.

Proof: For n =1,

If i =2, {uy,w;}and {u,, v, } are the certified dominating sets, if i = 4, obviously d.,(B;,4) = 1 and ifi = 1 and 3,
there are no certified dominating sets. Therefore Do, (By, x) = 2x% + x* = x2{(1 + x2) — x°} + x{2x + 2 — 2}

Fornisodd (n = 3),

Deer(Bp, x) = 212;12+2 deer(Bn, 1) xt

)2+ (Dt + -+ (%) x4 (27 - 2)x™ + {(é) + Z}x"Jr1 + o4 ([)x? 2 + (7)x?"+2 (from Theorem 2.2)

2

xz Z;z;g le) x2r + (2)x2n+2 + (Zn _ z)xn + 2xn+1

xz{Zﬁzo(f) X% — (nfl)xzn‘z} + x™{2x + 2™ — 2}

= x2{(1 + x»)" — nx®""2} + x"{2x + 2" — 2}
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Similarly, we can prove that for n is even

Lemma2.4: Foralln > 5, d..,- (B, i)
deer(Bp-1,1) + deer(Bp_q,i — 2) if2<i<n—-2 n+3<i<2n-3,i=2n-12n+12n+2

dcer(Bn—lﬂi) + dcer(Bn—lii - 2) —2mt 42 lf i=n-—-1
dcer(Bn—li i) + dcer(Bn—l'i —2)+2" -4 if i=n
=3 dce‘r(Bn—li i) + dcer(Bn—l'i - 2) —2m1 4+ 4 if i=n+1
dcer(Bn—I' l) + dcer(Bn—lvi - 2) —2 lf i=n+2
deer Bp_, i —2)+(m—1) ifi=2n-2
deer(Bp-1,1 —2) ifi=2n

Proof:

Casel:2<i<n-2

deer (B, 1) = (1'1_11) (by Theorem 2.2)
2

n-1 n-1 n-1 n-1

=i +(z >=(i )+(i— ) (Since (7) = (™) + (1)

(1) + (1) = () + (&2, (=74 0)
= dcer (Bn—lf l) + dcer (Bn—lii - 2)

Similarly we can prove forn + 3 <i<2n—-3,i=2n—-12n+1,2n+2

Case2:i=n-—1

If n is odd,

deer(Byym—1) = (n_—rf_l)(by Theorem 2.2)
2

= () () = () vt - ) 2
= deer(Bn-1,n — 1) + deer (Bpq,n — 3)—=2"71 + 2
Similarly, we can prove that for n is even.
Case3:i=n
If n is odd,
deer(By,n) =2 —2 (by Theorem 2.2)
=240+2"-2-2
=dcer(Bp1,n) + deer(Bpoy,n — 2)+2" — 4
Similarly, we can prove that for n is even

Cased:i=n+1

If n is odd,

deer(Bpm+1) = (n_ﬁf_l) +2  (by Theorem 2.2)
2
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= (&I}l) + (@}2) +2= <£j1> + {(&_11) 421 — 2} +2-2n"142

2 2 2 2
= deer(Bn_yyn + 1) +deer(Bp_y,n = 1)=2""1 + 4
Similarly, we can prove that for n is even.
CaseS:i=n+2
If n is odd,
deer(Bpn+2)=0 (by Theorem 2.2)
=0+2-2
= deer(Bp-1, 1+ 2) 4+ deer (Bp—y,m) — 2
Similarly, we can prove that for n is even

Case6:i=2n—-2

deer(Bp,2n —2) = (ﬁ_l) (by Theorem 2.2)
2

n-1 n-1 -1 n-1
= () + (82,) = G2+ ()
= dcer(Bn—lﬁ 2n—4) + n—-1)
Case7:i=2n
deer (B, 2n) = 0 = deer (Bp-q,2n — 2)
Remark 2.5:

Sum of coefficients of a certified dominating polynomial of the book graph B,, is 2"*1 — n foralln € N.

Table 1. d_.,.(B,,, i), the number of coefficients of B,, with cardinality i

Bl 2134 |5 ]| 6 7 8 9 10 (11| 12 |13 | 14 | 15| 16 |17 |18 | 19|20 | 21 | 22
n

B, [2|0]1

B, [3/2]0 0|1

B; 116|500 0 1

B, |1|0]18)2 |6 0 0 0 1

Bs [1]/0]5 |30]12] 0 10 0 0 0 1

Bg | 1|10 6|0 |77] 2 20 0 15 0 0 0 1

B; [1]0] 7 |0 [21]126] 37 0 35 01210 0 0 1

Bg |10 8]0 [28) 0 |310| 2 70 0]5 | 0] 28 |0 0 011

By [1]/0]9 036 0 84 | 510 128 | 0 [ 126 | 0 | 84 | 0 |36 | 0O | OO 1

By |1]0[10] 0 |45] O |120| O | 1232 | 2 |252| 0 [210]| O | 120 O [45| O | O | O | 1

3. Conclusion
In this paper, we have derived an important relation for the coefficient of the certified domination polynomial of the book
graph of B,,. Using this relation, we have to find out the certified domination polynomial of the book graph B,, .

References



K. Lal Gipson & Angelin Jenisha MJ/ IJMTT, 71(10), 9-14, 2025

T. Anitha Baby, and Y.A. Shiny, “Connected 2-Domination Polynomials of Some Graph Operations,” Malaya Journal of Matematik. vol.
8, no. 4, pp. 2329- 2332, 2020. [CrossRef] [Google Scholar] [Publisher Link]

A.M. Anto, and P. Paul Hawkins, “Perfect Dominating Sets and Perfect Domination Polynomial of Some Standard Graphs,” Turkish
Journal of Computer and Mathematics Education, vol. 11, no. 3, pp. 1178-1182, 2020. [CrossRef] [Google Scholar] [Publisher Link]
Saeid Alikhani, and Somayeh Jahari, “Domination Polynomial of Generalized Book Graphs,” Journal of Mathematical Extension, vol.
10, no.3, pp. 35-45,2016. [Google Scholar] [Publisher Link]

Jyoti Rani, and Seema Mehra, “Total Domination Polynomial of Some Graphs,” Advances and Applications in Discrete Mathamatics,
vol. 25, no. 2, pp.161-171, 2020. [CrossRef] [Google Scholar] [Publisher Link]

Magda Dettlaf et al., “Certified Domination,” AKCE International Journal of Graphs and Combinatorics, vol. 17, no. 1, pp 86-97, 2020.
[CrossRef] [Google Scholar] [Publisher Link]

Rafia Yoosuf, and Preethi Kuttipulackal, “The Connected Domination Polynomial of Some Graph Constructions,” Journal of Physics:
Conference Series, vol. 1850, pp. 1-9, 2021. [CrossRef] [Google Scholar] [Publisher Link]

Nechrivan B. Ibrahim, and Assad A. Jund, “Edge Connected Domination Polynomial of a Graph,” Palestine Journal of Mathamatics, vol.
7, no. 2, pp. 458-467, 2018. [Google Scholar] [Publisher Link]

P.C. Priyanka Nair, and T. Anitha Baby, “2-Dominating Sets and 2-Domination Polynomials of Cycles,” Turkish Online Journal of
Qualitative Inquiry, vol.12, no. 10, pp. 4325-4332, 2021. [CrossRef] [Google Scholar] [Publisher Link]

V.S. Radhika, and A. Vijayan, “Connected Vertex-Edge Domination Polynomials of Some Graphs,” Advances and Applications in
Discrete Mathematics, vol. 27, no. 2, pp. 183-192, 2021. [CrossRef] [Google Scholar] [Publisher Link]

[10] Saeid Alikhani, and Yee-Hock Peng, “Introduction to Domination Polynomial of a Graph,” arXiv:0905.2251, pp. 1-10, 2009. [CrossRef]

[Google Scholar] [Publisher Link]

[11] Y.A. Shiny, and T. Anitha Baby, “Connected 2-Dominating Sets and Connected 2-Domination Polynomials of the Complete Bipartite

Graph K, ,,” Ratio Mathematica, vol. 44, pp. 51-55, 2022. [CrossRef] [Google Scholar] [Publisher Link]

[12] A. Vijayan, and M. Felix Nes Mabel, “Connected Domination Polynomial of Some Graphs,” IOSR Journal of Mathematics, vol. 12, no.

4, pp. 13-16, 2016. [Crossref] [Google Scholar] [Publisher Link]


https://doi.org/10.26637/MJM0804/0176
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Connected+2-domination+polynomials+of+some+graph+operations&btnG=
https://www.malayajournal.org/index.php/mjm/article/view/1913
https://doi.org/10.17762/turcomat.v11i3.10300
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Perfect+Dominating+sets+and+Perfect+Domination+Polynomial+of+Some+Standard+Graphs&btnG=
https://turcomat.org/index.php/turkbilmat/article/view/10300
https://scholar.google.com/scholar?q=Domination+Polynomial+of+Generalized+Book+Graphs&hl=en&as_sdt=0,5
https://www.ijmex.com/index.php/ijmex/article/view/419
http://dx.doi.org/10.17654/DM025020161
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Total+Domination+Polynomial+of+Some+Graphs&btnG=
https://www.pphmj.com/abstract/13529.htm
https://doi.org/10.1016/j.akcej.2018.09.004
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Certified+domination&btnG=
https://www.tandfonline.com/doi/full/10.1016/j.akcej.2018.09.004
http://doi.org/10.1088/1742-6596/1850/1/012043
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=The+connected+domination+polynomial+of+some+graph+constructions&btnG=
https://iopscience.iop.org/article/10.1088/1742-6596/1850/1/012043/meta
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Edge+Connected+Domination+Polynomial+of+a+Graph&btnG=
https://pjm.ppu.edu/paper/463
https://doi.org/10.37896/aj9.11/019
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=2-Dominating+Sets+and+2-Domination+Polynomials+of+Cycles&btnG=
https://drive.google.com/file/d/1f2_xIL6yjy86YYvRqER-ZEVaGG-aO9PG/view
http://dx.doi.org/10.17654/DM027020183
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Connected+Vertex-Edge+Domination+Polynomials+of+Some+Graphs&btnG=
http://www.pphmj.com/abstract/13915.htm
https://doi.org/10.48550/arXiv.0905.2251
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Introduction+to+Domination+Polynomial+of+a+Graph&btnG=
https://arxiv.org/abs/0905.2251
http://dx.doi.org/10.23755/rm.v44i0.889
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Connected+2-Dominating+sets+and+Connected+2-Domination+polynomials+of+the+complete+bipartite+graph+K_%282%2Cm%29&btnG=
http://eiris.it/ojs/index.php/ratiomathematica/article/view/889
https://doi.org/10.9790/5728-1204031316
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Connected+Domination+Polynomial+of+Some+Graphs&btnG=
http://www.iosrjournals.org/iosr-jm/papers/Vol12-issue4/Version-3/C1204031316.pdf

