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Abstract - Let 𝐺 = (𝑉, 𝐸) be a simple graph of order 𝑛. The certified domination polynomial of 𝐺 is the polynomial, 𝐷𝑐𝑒𝑟(𝐺, 𝑥) =

∑ 𝑑𝑐𝑒𝑟(𝐺, 𝑖)
|𝑉(𝐺)|
𝑖=𝛾𝑐𝑒𝑟(𝐺)

𝑥𝑖, where 𝛾𝑐𝑒𝑟(𝐺) is the minimum cardinality of a certified dominating set of 𝐺 and  𝑑𝑐𝑒𝑟(𝐺, 𝑖) is the number 

of certified dominating sets of  𝐺 of size 𝑖. In this article, we study the certified dominating sets and the certified domination 

polynomial of the book graph 𝐵𝑛 , and obtain some properties of this polynomial. 

Keywords -  Certified dominating set, Certified domination number, Certified domination polynomial. 

1. Introduction 
Let 𝐺 = (𝑉, 𝐸) be a simple, finite, undirected connected graph without loops and multiple edges. 𝐺’s order and size are 

shown by numbers 𝑛 and 𝑚, respectively. A vertex in a graph 𝐺 has an open neighbourhood defined as the set 𝑁𝐺(𝑣) =
 {𝑢 ∈ 𝑉(𝐺) / 𝑢𝑣 ∈ 𝐸(𝐺)}, and the closed neighbourhood of 𝑣 is the set 𝑁[𝑣] =  𝑁(𝑣) ∪ {𝑣}. A dominating set is a subset of a 

graph’s vertices such that every vertex not in the set is adjacent to at least one vertex within the set. The domination number 

denoted as 𝛾(𝐺) is the minimum number of vertices required to form a dominating set in a graph 𝐺 [10]. A dominating set is 

called a certified dominating set if every vertex in that set has either zero or at least two neighbours outside of the set. The 

certified domination number 𝛾𝑐𝑒𝑟(𝐺) is the minimum size of such a set for a given graph 𝐺 [5]. This property ensures a certain 

level of “certification” for the dominating set. The concept of dominating sets and the domination number in Graph Theory was 

first introduced by Oystein Ore and Claude Berge in the 1960s. The concept of polynomial domination in graph theory was 

introduced by Saied Alikhani and Yee-hock Peng in 2009[10]. The concept of certified domination in graphs was introduced by 

Dettlaf et al.,2020[5]. They also further studied the concept in their subsequent work, including its applications in real-life 

situations. While extending the concept of domination polynomial and certified domination, we came across many interesting 

relations among the certified domination polynomials of different graphs. In the next section, we consider the book graph and 

compute its certified domination polynomials, and we can find a closed-form expression for the coefficients of the certified 

domination polynomial. 

Definition 1.1:  Let 𝐺 be a simple connected graph.  Let 𝐷𝑐𝑒𝑟(𝐺, 𝑖) be a family of all certified dominating sets of 𝐺 with 

cardinality 𝑖, and let 𝑑𝑐𝑒𝑟(𝐺, 𝑖) = |𝐷𝑐𝑒𝑟(𝐺, 𝑖)|.  Then the certified domination polynomial 𝐷𝑐𝑒𝑟(𝐺, 𝑥) is defined as 𝐷𝑐𝑒𝑟(𝐺, 𝑥) =

∑ 𝑑𝑐𝑒𝑟(𝐺, 𝑖)
|𝑉(𝐺)|
𝑖=𝛾𝑐𝑒𝑟(𝐺)

𝑥𝑖 , where 𝛾𝑐𝑒𝑟(𝐺) is the certified domination number of 𝐺.  

Lemma 1.2:  Let 𝐺 be the graph with 𝑛 vertices.  Then 

(i) The coefficient of 𝑥𝑛 in the certified domination polynomial of 𝐺, one 

(ii) The certified dominating sets of 𝐺 with cardinality 𝑖 are empty if and only if 𝑖 < 𝛾𝑐𝑒𝑟(𝐺) or 𝑖 = 𝑛 − 1 or 𝑖 > 𝑛 

(iii) The certified domination polynomial has no constant term and (𝑛 − 1)𝑡ℎ term. 

2. Certified Dominating Sets and Certified Domination Polynomial of 𝑩𝒎  
 A book graph 𝐵𝑛, is defined as follows 𝑉(𝐵𝑛) = {𝑢1, 𝑢2} ∪ {𝑣𝑖 , 𝑤𝑖 : 1 ≤ 𝑖 ≤ 𝑛} and 𝐸(𝐵𝑛) = {𝑢1𝑢2} ∪
{𝑢1𝑣𝑖 , 𝑢2𝑤𝑖 , 𝑣𝑖𝑤𝑖 : 1 ≤ 𝑖 ≤ 𝑛}. We cite S. Jahari and S. Alikhani for the definition of book graph [3]. Figure 1 shows the example 

of 𝐵𝑛. Let 𝐷𝑐𝑒𝑟(𝐵𝑛 , 𝑖) be the family of dominating sets of 𝐵𝑛 with cardinality 𝑖 and let 𝑑𝑐𝑒𝑟(𝐵𝑛, 𝑖) = |𝐷𝑐𝑒𝑟(𝐵𝑛, 𝑖)|. In this section, 

http://www.internationaljournalssrg.org/
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we shall investigate the certified dominating sets and certified domination polynomials of the book graph 𝐵𝑛. The following 

theorem 2.2 is useful for finding the coefficients of certified domination polynomial of 𝐵𝑛 

 

 

 

 

 

 

 

 

Fig. 1 Book Graph 𝑩𝒏 

Lemma 2.1: Let 𝐵𝑛 be the book graph with 2𝑛 + 2 vertices. Then  𝛾𝑐𝑒𝑟(𝐵𝑛) = 2 for all 𝑛 ∈ 𝑁 

Proof: Let 𝐵𝑛 be the book graph with 2𝑛 + 2 vertices. The 𝑛 − book graph consists of 𝑛 pages sharing a common edge, which 

is the spine. For 𝑛 = 1,  {𝑢1, 𝑤1} and {𝑢2, 𝑤1} are the minimum certified dominating sets and for 𝑛 ≥ 2, {𝑢1, 𝑣2} is the minimum 

certified dominating set. Hence 𝛾𝑐𝑒𝑟(𝐵𝑛) = 2 for all 𝑛 ∈ 𝑁. 

Theorem 2.2: Let 𝐵𝑛 be the book graph with 2𝑛 + 2 vertices. Then for all 𝑛 ≥ 2, 

If 𝑛 is odd, 

𝑑𝑐𝑒𝑟(𝐵𝑛 , 𝑖) =

{
  
 

  
 (

𝑛
𝑖

2
−1
)                        𝑖𝑓 𝑖 = 2𝑘, 1 ≤ 𝑘 ≤ 𝑛 + 1 𝑏𝑢𝑡 𝑘 ≠

𝑛+1

2
, 𝑛

2𝑛 − 2                                                                  𝑖𝑓 𝑖 = 𝑛               

(
𝑛
𝑖

2
−1
) + 2                                                               𝑖𝑓 𝑖 = 𝑛 + 1          

0                                                                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      
                        

  

 

If 𝑛 is even, 

𝑑𝑐𝑒𝑟(𝐵𝑛 , 𝑖) =

{
  
 

  
 (

𝑛
𝑖

2
−1
)                        𝑖𝑓 𝑖 = 2𝑘, 1 ≤ 𝑘 ≤ 𝑛 + 1 𝑏𝑢𝑡 𝑘 ≠

𝑛

2
, 𝑛

(
𝑛
𝑖

2
−1
) + 2𝑛 − 2                                                𝑖𝑓 𝑖 = 𝑛               

2                                                                     𝑖𝑓 𝑖 = 𝑛 + 1          
0                                                               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      

                       

  

 

Proof: Let 𝐵𝑛 be the book graph with 2𝑛 + 2 vertices. 

Case 1: 𝑛 is odd, (𝑛 ≥ 3) 

If 𝑖 = 2, {𝑢1, 𝑣1} is the certified dominating set. Hence 𝑑𝑐𝑒𝑟(𝐵𝑛 , 2) = 1 = (
𝑛
2

2
−1
) . If 𝑖 = 2𝑘, 2 ≤ 𝑘 ≤ 𝑛 + 1 𝑏𝑢𝑡 𝑘 ≠

𝑛+1

2
, 𝑛, then the certified dominating sets of 𝐵𝑛 is obtained by choosing 

𝑖

2
− 1 pages that share a common edge from the 𝑛 pages 

𝑤2 

𝑢1 

..
. 

𝑢2 

𝑣1 

𝑣2 

𝑣3 

𝑣𝑛 𝑤𝑛 

𝑤3 

𝑤1 
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that share a common edge. Hence there are (
𝑛
𝑖

2
−1
), possible ways. If 𝑖 = 𝑛, then the certified dominating set of 𝐵𝑛 is obtained by 

choosing one vertex from each page except the common vertices, but from this set of vertices {𝑣1, 𝑣2, … , 𝑣𝑛} and {𝑤1, 𝑤2, … , 𝑤𝑛} 
are not certified dominating sets. Thus we get 2𝑛 − 2  sets. If 𝑖 = 𝑛 + 1, then the certified dominating sets of 𝐵𝑛 is obtained by 

choosing 
𝑖

2
− 1 pages that share a common edge from the 𝑛 pages that share a common edge. In addition to that 

{𝑢1, 𝑤1 , 𝑤2, … , 𝑤𝑛} and {𝑢2, 𝑣1, 𝑣2, … , 𝑣𝑛} are the certified dominating sets. Thus we get (
𝑛
𝑖

2
−1
) + 2 sets. If 𝑖 = 2𝑘 + 1, 0 ≤ 𝑘 ≤

𝑛 ( but 𝑖 ≠ 𝑛), 𝑖 = 2𝑛 and 𝑖 > 2𝑛 + 2, there are no certified dominating sets. 

Case 1: 𝑛 is even 

For  𝑛 = 2, 

If 𝑖 = 2, {𝑢1, 𝑢2}, {𝑣1, 𝑤2} and {𝑣2, 𝑤1} are the certified dominating sets. That is (
2

2

2
−1
) + 22 − 2 sets. If 𝑖 = 3, 

{𝑢1, 𝑤1 , 𝑤2} and {𝑢2, 𝑣1, 𝑣2} are the certified dominating sets. If 𝑖 = 6, obviously 𝑑𝑐𝑒𝑟(𝐵2, 6) = 1=(
2

3

2
−1
). If 𝑖 = 1 and 5, there 

are no certified dominating sets. 

For all 𝑛 ≥ 4,  

If 𝑖 = 2, {𝑢1, 𝑣1} is the certified dominating set. Hence 𝑑𝑐𝑒𝑟(𝐵𝑛 , 2) = 1 = (
𝑛
2

2
−1
) . If 𝑖 = 2𝑘, 2 ≤ 𝑘 ≤ 𝑛 + 1 (𝑏𝑢𝑡 𝑘 ≠

𝑛

2
, 𝑛), then the certified dominating sets of 𝐵𝑛 is obtained by choosing 

𝑖

2
− 1 pages that share a common edge from the 𝑛 pages 

that share a common edge. Hence there are (
𝑛
𝑖

2
−1
) possible ways. If 𝑖 = 𝑛, then the certified dominating sets of 𝐵𝑛 is obtained by 

choosing 
𝑖

2
− 1 pages that share a common edge from the 𝑛 pages that share a common edge. Also select one vertex from each 

page except the common vertices, but from this set of vertices {𝑣1, 𝑣2, … , 𝑣𝑛} and {𝑤1, 𝑤2, … , 𝑤𝑛} are not certified dominating 

sets. Hence there are (
𝑛
𝑖

2
−1
) + 2𝑛 − 2  possible ways. If 𝑖 = 𝑛 + 1, then {𝑢1, 𝑤1, 𝑤2, … ,𝑤𝑛} and {𝑢2, 𝑣1, 𝑣2, … , 𝑣𝑛} are the certified 

dominating sets. Hence, there are two certified dominating sets.  If 𝑖 = 2𝑘 + 1, 0 ≤ 𝑘 ≤ 𝑛 (but 𝑖 ≠ 𝑛 + 1), 𝑖 = 2𝑛 and 𝑖 > 2𝑛 +
2, there are no certified dominating sets. 

Lemma 2.3: 

 The certified domination polynomial of the book graph  𝐵𝑛 with 2𝑛 + 2 vertices is 𝑥2{(1 + 𝑥2)𝑛 − 𝑛𝑥2𝑛−2} + 𝑥𝑛{2𝑥 +
2𝑛 − 2} for all 𝑛 ∈ 𝑁. 

Proof:  For  𝑛 = 1, 

 If  𝑖 = 2, {𝑢1, 𝑤1} and {𝑢2, 𝑣1} are the certified dominating sets, if 𝑖 = 4, obviously 𝑑𝑐𝑒𝑟(𝐵1 , 4) = 1 and if 𝑖 = 1 and 3, 

there are no certified dominating sets. Therefore 𝐷𝑐𝑒𝑟(𝐵1, 𝑥) = 2𝑥
2 + 𝑥4 = 𝑥2{(1 + 𝑥2) − 𝑥0} + 𝑥{2𝑥 + 2 − 2}  

For 𝑛 is odd (𝑛 ≥ 3), 

𝐷𝑐𝑒𝑟(𝐵𝑛, 𝑥) = ∑ 𝑑𝑐𝑒𝑟(𝐵𝑛 , 𝑖)
2𝑛+2
𝑖=2 𝑥𝑖  

= (𝑛
0
)𝑥2 + (𝑛

1
)𝑥4 +⋯+ (

𝑛
𝑛−3

2

) 𝑥𝑛−1 + (2𝑛 − 2)𝑥𝑛 + {(
𝑛
𝑛−1

2

) + 2} 𝑥𝑛+1 +⋯+ ( 𝑛
𝑛−2

)𝑥2𝑛−2 + (𝑛
𝑛
)𝑥2𝑛+2 (from Theorem 2.2) 

= 𝑥2∑ (𝑛
𝑟
)𝑛−2

𝑟=0 𝑥2𝑟 + (𝑛
𝑛
)𝑥2𝑛+2 + (2𝑛 − 2)𝑥𝑛 + 2𝑥𝑛+1  

= 𝑥2{∑ (𝑛
𝑟
)𝑛

𝑟=0 𝑥2𝑟 − ( 𝑛
𝑛−1

)𝑥2𝑛−2} + 𝑥𝑛{2𝑥 + 2𝑛 − 2}  

= 𝑥2{(1 + 𝑥2)𝑛 − 𝑛𝑥2𝑛−2} + 𝑥𝑛{2𝑥 + 2𝑛 − 2}  
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Similarly, we can prove that for 𝑛 is even 

 

 

Lemma2.4: For all 𝑛 ≥ 5, 𝑑𝑐𝑒𝑟(𝐵𝑛 , 𝑖) 

=

{
 
 
 

 
 
 
𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖 − 2)         𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛 − 2,   𝑛 + 3 ≤ 𝑖 ≤ 2𝑛 − 3, 𝑖 = 2𝑛 − 1,2𝑛 + 1,2𝑛 + 2

𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖 − 2) − 2
𝑚−1 + 2                                                                                   𝑖𝑓 𝑖 = 𝑛 − 1

𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖 − 2) + 2
𝑚 − 4                                                                                                 𝑖𝑓 𝑖 = 𝑛

𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖 − 2) − 2
𝑚−1 + 4                                                                                   𝑖𝑓 𝑖 = 𝑛 + 1

𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖 − 2) − 2                                                                                                  𝑖𝑓 𝑖 = 𝑛 + 2

𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖 − 2) + (𝑚 − 1)                                                                                                                  𝑖𝑓 𝑖 = 2𝑛 − 2

𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖 − 2)                                                                                                                                              𝑖𝑓 𝑖 = 2𝑛

 

Proof:  

Case 1: 2 ≤ 𝑖 ≤ 𝑛 − 2 

𝑑𝑐𝑒𝑟(𝐵𝑛 , 𝑖) = (
𝑛
𝑖

2
−1
) (by Theorem 2.2) 

        = (
𝑛−1
𝑖

2
−1
) + (

𝑛−1
𝑖

2
−2
) = (

𝑛−1
𝑖

2
−1
) + (

𝑛−1
𝑖−2

2
−1
)      (Since (𝑚

𝑟
) = (𝑚−1

𝑟
) + (𝑚−1

𝑟−1
)) 

         = 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑖 − 2) 

Similarly we can prove for 𝑛 + 3 ≤ 𝑖 ≤ 2𝑛 − 3, 𝑖 = 2𝑛 − 1,2𝑛 + 1,2𝑛 + 2 

Case 2: 𝑖 = 𝑛 − 1 

If 𝑛 is odd, 

𝑑𝑐𝑒𝑟(𝐵𝑛 , 𝑛 − 1) = (
𝑛

𝑛−1

2
−1
)(by Theorem 2.2) 

                 = (
𝑛−1
𝑛−1

2
−1
) + (

𝑛−1
𝑛−1

2
−2
) = {(

𝑛−1
𝑛−1

2
−1
)+2𝑛−1 − 2} + (

𝑛−1
𝑛−3

2
−1
)−2𝑛−1 + 2     

                     = 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑛 − 1) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑛 − 3)−2
𝑛−1 + 2 

Similarly, we can prove that for 𝑛 is even. 

Case 3: 𝑖 = 𝑛 

If 𝑛 is odd, 

𝑑𝑐𝑒𝑟(𝐵𝑛 , 𝑛) = 2
𝑛 − 2 (by Theorem 2.2) 

         = 2 + 0 + 2𝑛 − 2 − 2    

          = 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑛) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑛 − 2)+2
𝑛 − 4 

Similarly, we can prove that for 𝑛 is even 

Case 4: 𝑖 = 𝑛 + 1 

If 𝑛 is odd, 

𝑑𝑐𝑒𝑟(𝐵𝑛 , 𝑛 + 1) = (
𝑛

𝑛+1

2
−1
) + 2 (by Theorem 2.2) 
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                 = (
𝑛−1
𝑛+1

2
−1
) + (

𝑛−1
𝑛+1

2
−2
) + 2 = (

𝑛−1
𝑛+1

2
−1
) + {(

𝑛−1
𝑛−1

2
−1
)+2𝑛−1 − 2} + 2−2𝑛−1 + 2     

                    = 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑛 + 1) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑛 − 1)−2
𝑛−1 + 4 

Similarly, we can prove that for 𝑛 is even. 

Case 5: 𝑖 = 𝑛 + 2 

If 𝑛 is odd, 

𝑑𝑐𝑒𝑟(𝐵𝑛 , 𝑛 + 2) = 0 (by Theorem 2.2) 

               = 0 + 2 − 2    

                  = 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑛 + 2) + 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 𝑛) − 2 

Similarly, we can prove that for 𝑛 is even 

Case 6: 𝑖 = 2𝑛 − 2 

𝑑𝑐𝑒𝑟(𝐵𝑛 , 2𝑛 − 2) = (
𝑛

2𝑛−2

2
−1
) (by Theorem 2.2) 

                 = (
𝑛−1

2𝑛−2

2
−1
) + (

𝑛−1
2𝑛−2

2
−2
) = (𝑛−1

𝑛−2
) + (

𝑛−1
2𝑛−4

2
−1
)     

                    = 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 2𝑛 − 4) + (𝑛 − 1) 

Case 7: 𝑖 = 2𝑛 

𝑑𝑐𝑒𝑟(𝐵𝑛 , 2𝑛) = 0 = 𝑑𝑐𝑒𝑟(𝐵𝑛−1, 2𝑛 − 2)        

Remark 2.5:  

Sum of coefficients of a certified dominating polynomial of the book graph 𝐵𝑛 is 2𝑛+1 − 𝑛 for all 𝑛 ∈ 𝑁. 
 

Table 1. 𝒅𝒄𝒆𝒓(𝑩𝒏, 𝒊), the number of coefficients of 𝑩𝒏 with cardinality 𝒊 

i 

𝑩𝒏 
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 

𝑩𝟏 2 0 1                   

𝑩𝟐 3 2 0 0 1                 

𝑩𝟑 1 6 5 0 0 0 1               

𝑩𝟒 1 0 18 2 6 0 0 0 1             

𝑩𝟓 1 0 5 30 12 0 10 0 0 0 1           

𝑩𝟔 1 0 6 0 77 2 20 0 15 0 0 0 1         

𝑩𝟕 1 0 7 0 21 126 37 0 35 0 21 0 0 0 1       

𝑩𝟖 1 0 8 0 28 0 310 2 70 0 56 0 28 0 0 0 1     

𝑩𝟗 1 0 9 0 36 0 84 510 128 0 126 0 84 0 36 0 0 0 1   

𝑩𝟏𝟎 1 0 10 0 45 0 120 0 1232 2 252 0 210 0 120 0 45 0 0 0 1 

 

3. Conclusion 
In this paper, we have derived an important relation for the coefficient of the certified domination polynomial of the book 

graph of 𝐵𝑛.  Using this relation, we have to find out the certified domination polynomial of the book graph 𝐵𝑛 . 
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