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Abstract - The study of common fixed point theory with different types of mappings and contractive conditions takes a
significant role in present research activity. At first, the great mathematician Brouwer introduced the famous fixed-point
theory in 1912. Accordingto Brouwer, “Every continuous function from the closed and bounded subset of R" into itself has a
fixed point”. After that, the great mathematician S. Banach in 1922 invented the well-known fixed point theory, namely
Banach Fixed Point Theory. “Huang & Zhang [3] have introduced the concept of cone metric space, where the set of real
numbers is replaced by an ordered Banach space [3]”. The present research article is about some common fixed-point
theorems for “self-mappings and commuting mappings” on Cone and Cone Rectangular Metric Space.
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1. Introduction

In Mathematical analysis, the metric space and Banach fixed-point theory are essential in nonlinear analysis. C.D.
Birkhoff and Kellogg first gave the idea of infinite-dimensional fixed-point theory in 1922. They also prove some theorems
on metric linear spaces, and about convexity and compactness. In 1930, Schauder proved that “ Let S be a non-empty closed
convex subset of a normed space, then every continuous function from S into a compact subset of S has a fixed point™.

S. Gahler established the concept of a 2-metric space in 1962, which considers the distance between two triplets rather
than pairs in a metric space. This study has generalized and extended the slandered metric spaces. S. Gahler proved that the
well-known Banach fixed-point theory is satisfied. Besides this, in 1984, B. C. Dhage introduced the well-known D-Metrics
Spaces, which also satisfied the condition of Banach fixed-point theory. After that, many mathematicians worked in this line.
After that, many metric spaces, such as K-metric, B-Metric, Partially Ordered Metric, E-Metric, have been invented by
different mathematicians over the last two decades of twenty century. All these metric spaces satisfy the Banach Contraction
Principle and Banach Fixed Point Theory. After the invention of the continuous time scale, the Banach contraction has taken
an important role in Mathematical Modelling in the real and complex world. A modeler can form a unique model using this
technique.

The cone metric space was invented by “Huang Long Guang” and “Zang [3]” in 2007. After that, many researchers and
mathematicians work in this line with the condition of a cone and a Banach contraction.

Definition: “([3]) Let S be a real Bench space and t =S. Let 1 be a cone if and only if it holds the following properties,
(i) tis aclosed set, T #¢ and T = {0}

(i) C,LeE&L G20, ppet=0pthper

(iii) prand—p2 € 1= p1N (-p2) =0".

Definition: “([3]) Let W be a non-empty set, suppose that the mapping d is a mapping from W x W —E and satisfies the
following properties,

(1) d (i, p2) >0, V i, poe W
(i) d(p, ) =0 iff i = po
(i)  d (i, p) =d (pap), Vi, e W
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(iv) d (Wi, W) <d (ui, w3) +d (U3, w2), ¥V i, o2, w3 € W, then the couple (W, d) is called a cone metric.”

Definition: “([3]) Let W be a non-empty set, suppose the mapping d: Wx W to E satisfies the condition,
(1 0=<d (p1, H2); V pu, 2 € W, d (Wi, p2) = 0iff o= o

(i1) d (1, p2) =d (1, p2), ¥V p, g2 € WL
(i) d(p, p2) <d (o, p3) +d (pe, p3) +d (L4, p2), Vi € W (rectangular property)
Then (W, d) is called a cone rectangular metric space”.

“([3]) Definition: A sequence (g,) is said to be Cauchy in W if for ¢ € E with o << ¢ there is n, € N such that for all n, m >
No, d (Gr, Gm) <<cC.

“([3]) Definition: - Let {¢,} be a sequence in (W, d) and ge (W, d). If for every ¢ € E, with 0 << ¢ there is n, € N such that
for all n > n,, d (g, ¢) <<c, then { ¢, } is said to be convergent and converges to ¢,.

ie. limg, = gorc, —>¢, forn >

“([3]) Definition: A cone metric space (W, d) is said to be a complete cone metric space if every Cauchy sequence on it is
convergent on W.”

([3]) Definition: “A Cone rectangular metric space will be a complete cone rectangular metric space if every Cauchy
sequence converges on W,

2. Main Results
Theorem (1) Suppose (W, d) is a complete cone metric and 7 is a ‘normal cone’ with normality k. Assume f is a mapping
from W into W and holds the Condition:

d(£(), f(o)) < BEEACTON 1y (4 £ (0)) + 5 d(RE). © (L.1)

Forall§, L€ Wand 0 <yi<1,0<(1-y1)>1,0<y1l/(l-v2) <1,0<yl/(1-yi-y2) <1,

(1 —y3-y41/2) < 1. Then f has a unique common fixed point.
Proof: Let us take an arbitrary element §ge W. Now, define the function f as follows:
f€0)=&1, Eoand &,EX
In general,
f(én) = E_,n+l.
From the above inequality, substituting, & = &y and = &, we get,

d(f(€0).f(€ 1)) <

nlla) aColCallyy e, i) s difiE), &0

_ ni(a(, .é12)+d(&0‘é1)} o d(ErFE 1) s d(RED), E1)

2V1(d(é &)}

This implies, d(&i, &) < ———=+y,d(&1, &) +y d(&1, &1) = y1d(&o, E1) +¥2d(E 1, &2)

i.e, (1-y2) d(&1, &2) < y1d(&o, &1)

< Y1
< 1_y2d(§0,

flyz =38,1. e, d(&, &) <8 d(&, &) (1.2)

Again, putting the value of E=&,, {=&, (1.1) produces,

yil(d(e8,)+d (e F(E,))
2

d(f(&1).f(&2)) = +Y2d(82,1(82)) +y3 d(f(S1), &)

_ ya{(d(&, §Z)+d(‘t=1 )

+y2d(&2, &3) Y3 d(&2, &2)

Which implies, d(&;, &) <

@Gty e &)
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=11d(E1, &) + ¥2d(&, &),

ie, d(&, &) < “yzd(él,xz)

1_
= d(&, &) < 82 d(&, &) (from equation 1.2) (1.3)
Again, Introducing the value of £ = &, and (= &3, (1.1) eyelids,

y1{(d(g,85)+a (6, f (€)))
2

d(f(82).f(&3)) = +y2d(83,f(83)) +y3 d(f(&2), &)

v{(d(8,85)+d(8,.8,)}
2

Which implies, d(£3, £4) < +yod(Es, E4) Y3 d(Es, &3)

_ szd(éz, &)

Le, (I-y2) d(&3, &) < y1d(&2, &3), 1e, d(&3,84) < 1:2(1(%2, &)
= d(&s, £4) <8%d(&0, £1) (from equation 1.3) (1.4)
In general, the above gives,
d(En, Enet) < 8" d(E0, &1) (1.5)

Forn, m € N, (1.5) produces,
d(&n, Em) < d(En, Ent1) + d(En+1, Em) (triangular property)
< d(&,n, &,nﬂ) + d(&nﬂ, §n+2) +d(E_,n+2, E_,nﬂ) + d(E_,nﬂ, E_,n+3) +

<3 d(E0, &1) + 3 d(E, E1) + 87d(E0, 1) + 3 Hd(En, E1) o
<O 148+ 8 48+ s ] d(o, &), = d(En, Em) < d(E0, &)

Then, for n tending to infinity, d(&, Em) =2 0, so, & is Cauchy.

For completeness of (W, d), it says that &, must tend to & in W.
Now, we will verify the fixed point of f on W.

Inequality (1.1) produces,
d(gn’f(gn)) < Y1{(d(in—l“in)+d(‘in—1‘f(§n—1)

2
— Y1{(d (in—l“in)*’d(in—l‘gn)
2

2 d(En, £(E0) 5 d(fEnr), &)
L rad(En Et) +73 d(En, £0)

Simplifying the above yields,
Le, d(&n, (&) < ¥1d(Ent, En)t ¥2d(En, Ener)

When n tends to o, x, tends to x. Hence, we have from the above (1.1),
d(g, f(§)) < y1d(E, &)+ y,d(E, &). From the normality condition it produces,
Id(f(€), &)k <0, i.e, d(f(x), x) <0, as d is positive, the only possibility is,

d(f(%), &) = 0, i.e, f(5) =C. (1.6)

Lastly, for the uniqueness of &, let ® is another point.
i.e., f(§) = Eand f(w) = ®
Now, we have from the given inequality of our theorem:
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(dEa)+dEr(E)}
A, o) < WEC2E Oy, d(w,f(0) 415 dE o)

dEX)+d(EE)}
_ %yzd(& o) +y3 d(€, 0)

That is, (1-y3) d(&, w) < M . Applying the normality of Cone, we have:
I(1- y5-) d(&, @l k<0,
As, 0< 1y, y3<l & d is positive, above is not possible for the condition of Cone Metric.

The only possibility is, d(§, @)=0. Hence £ = @

Therefore, & is a unique common fixed point of fin W.

Theorem (2): Consider (W, d) a complete cone rectangular metric with k a normality constant of the cone 7. Let f, g, h, and

I be four continuous mappings from W into W and hold the following property,
(i)  fcommutes with h and g commutes with I.
(i)  f(W)ch(W)and g(W) c [(W)
(i) d(f(€), g(©)) =v1 d (h(§), I(C)) + v2 d(h(E).f(E)) + v3d(1(C).&(C))
+ 74 d(h(€),h(C)) + vs d(k(E).k(C))

forall £, £ € W,0<vy< 1,0< %}fﬁys <1. Then, f, g, h, I have a unique common fixed point on W.
-r3

Proof: Suppose £o, Go € W, let us take {Cn} e W, as f(&) € h(€) and g(£) € 1(€) define the mapping as follows,
ot = (&) = h(Ea1),
Coi=g(n1)=1(n),n=1,23....
Now substituting & = & and € = &+
d(E).8(E)) < d (h(E), 1En) + B d(1(E)HED) + ¥ dI(En).8(E)
+8 d(h(E)h(E) + 1 d(k(E)K(E)
Simplifying it produces,
(1= 1)d(Gir, i) < (o B+ +1) d(Gi Gio)
d(G, Gir) < (G, G

_at+p+s+n

Let, o and0<o<1

d(Gi1, Giva) < 0 d(G, Gier)

Again, for &= &1 and y = E;.a, (2.1) produces,

d(f(&i+1).g(Ei2) < a d (h(Ein), 1)) + B d(h(Ein), f(Ei1)) + ¥ d(1(Ei2).8(Ei3))
+8 d(h(&i+1),h(&i2)) + nd(k(ED).k(Eix))

2.1)

2.2)



Nitin Kumar Singh & S. C. Ghosh/ IJMTT, 71(10), 15-21, 2025

On simplifying the above yields,

a+p

d(€ i+, Cir3) < % d(€ i+1, Ci+2)

1
i.e, d(Gisa, Giea) < 0% d(Gi, Gir) » (by using inequality 2.2) (2.3)
Again, for & = &> and y = &3, we have
d(f(&i+2),2(Ci3)) < o d(h(Eir2), I(Eivs)) + B d(h(Eir2),f(Ei2)) + ¥ d(I(Ei3),8(Ei4))

+8 d(h(&i+2),h(&ir3)) + n d(k(Ei+1).k(Eir2))
ie, (1-7) (G, Giea) < (@ + B + 8 +1) d(Gira, Gis)

That implies d(Cis, Giva) < @ d(Giv2, Giv3)
=> d(&i+3, Gira) < 02 d(&;, Cin1), (by using inequality (2.3) 2.4

In general, for n € N, it produces,

d(Citn, Cimnt1) < a™ d(&i, Cin) 2.5)

Now, form>n>1, (2.1) yields,

d(Cim, C_,i+n+m) < d(CHn, C,i+n+l) + d(gimﬂ, C_,i+n+m)

d(Citny Cirntm) < d(Cisn, Citnr1) T d(Civnt1, Girni2) + d(Gisnt1, Citnt2) T vveevennene + d(Citntm-1, Citntm)
Which implies,
d(&imny Gitnim) <[o™ + o1 + o2+ 1d(&G, Gir1)

=o™[1+4+0+0c%+-]d(&, &)
O.TL
d(Cim, Ci+n+m) < E d(C,i, C,iﬂ)
Applying the normality k of the cone above produces,
n
ld(Givns Ginem) | <l = [k dGs G|
Now tending (i+n) and n = o above inequality gives,

| d(Gisns Gienem) || > 0

It shows € is a Cauchy. For completeness of W, G, must converge to a point, say v.
ie,C, - v as n tends oo,

As {¢, } > v then {& } It also converges to v.

Le. ¢ tends to v, & tends to v as n tends to infinity,

i.e., v=f(v) =h(v) & v = g(v) =I(v), as f{W) € h(W) and g(W) c (W)

Now setting &= &, & £ =C,, (2.1) yields,
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d(f(&n), Ga) = d(£(En).&(En-1))
< . d(h(&n), 1(Ga-1)) + B d(h(En),f(En-1)) + ¥ d(I(En-1),8(En-1))
+8 d(h(&n),h(En-1)) + nd(k(Ga).k(En-1))
= 0. d(Ga, Go1) + P d(Ga,f(Go-)) +¥ d(Gat, Go)
+8.d(Ga, Go-)t M d(Ga, Go)

When ‘n’ tends to infinity, the above produces,
d(f(v), V) <a d(L,L) + B d(L,f(VL)) + ¥ d(VL,v) + & d(v,v)+ 1 d(L,0). Applying the normality of the cone we have,
[l (1 = Byd(f(v),v) || <0, which is B € (0,1), then (1-B) > 0 and d(f(L),0) > 0, so only possibility is that d(f(v),v) = 0
So, f(L) =v (2.6)

Again, putting & = yn, = &n.1, then (2.1) yields,
d(Cn,g(En1)) = d(f(En).2(Cn-1))

< o d(h(&n), 1(Ga-1)) + B d(h(En),f(En-1))

Hyd(I(En-1),8(En-1))+8d(h(En),h(En-1)) Fnd(K(En).k(En-1))
= 0. d(Cn, g(En-1)) + B d(Cn, Co) +¥ d(Co1,2(En1)) + 8 d(Cay Co)+ 1 d(Cny o)

When ‘n’ — to oo, above yields,
d(v,g(v))
< ad(v,0) + B d(v,0) +y d(v,g(v)) + 8 d(v,0)+ 1 d(v,0)
(1 =y)d(v, g(v))<0,as 0 < 1-y <1, d(v,g(v)) is positive, so only option is that,

d(v,g(v)) =0, i.e, g(v)=v 2.7)

From equation (2.6) & (2.7), we have f(v) = g(v) = v.
As f(w) € h(w) and g(w) < I(w), this implies f(v)  h(v) & g(v) € I(v)
Hence, f(v) = h(v) = g(v) = I(v) = v. Therefore, v is a common fixed point.

Lastly, consider p is one more fixed point then, we have:
d(o, = d(f(v), ()
d(v, 1) < & d(h(), 1(w) + B d(h(L), () + ¥ dI(R)e() + 3 d(h(v),h(w) + 1 d(k(LYk(W)
=ad(u, p) + B d(v, ) +y d(p,p) + 8 d(o,p) +n d(o,p)
{1—(a+B+n)}dL,n<0,as0<1—(a+ B +n) <1 andd is positive, the only possibility, d(v, p) =0. i.e, v = p.
Hence, our theorem is proved.

3. Novelty of The Research Work

This generalization of the fixed point theory on cone metric and cone rectangular metric spaces represents a more flexible
and significant way to find the existence and uniqueness of fixed points on distance spaces, taking different mappings. The
method used here is to establish the existence and uniqueness of a fixed point by using the Banach condition method. Present
research results can be especially valuable in connections between Contraction mapping, distance mapping, and self-
mappings. The concept of metric fixed point theory in this present research paper creates a great idea to generalize the
classical concepts. The objective of this research paper is to provide a comprehensive study of cone and cone rectangular
metric spaces, examining their fundamental properties, exploring their theoretical keystones, and identifying applications.
The objective of this research is to provide a complete study of metric spaces and fixed-point conditions, examining their
fundamental properties.

20
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4. Conclusion

In this present research paper, some generalized fixed point theorems have been established by Huang & Zhang [3].

Here, the main technique has implemented the known novel Banach Contraction Mapping principle and the condition of
Banach Fixed point property, taking the self-mappings as on its particular properties.
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