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Abstract - In the present paper, we define a pseudo S, —Menger space with counterexamples and prove a decomposition theorem
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prove the effectiveness of our results.
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1. Introduction and Preliminaries

The origin of generalized metric spaces dates back to 1928, when Karl Menger introduced the concept of a probabilistic
metric space, now commonly referred to as a Menger space. This foundational work marked a significant milestone in the history
of metric space theory and inspired numerous extensions and generalizations in the field of fixed-point theory. Over the decades,
classical results like Banach’s contraction principle have been adapted to more complex structures, including Menger spaces and
mappings with special conditions. In recent years, novel structures such as S-metric spaces and their generalizations, including
S, —metric spaces have attracted increasing attention from researchers [2,4,5,6]. These advancements have enabled the
formulation of new fixed-point theorems under broader and more flexible conditions. Very recently, Keer, P.K. et al defined the
concept of S, —Menger Spaces and proved the fixed point theorem in symmetric spaces S, —Menger spaces with applications.
Motivated by this rich history and ongoing research. In the present paper, we prove the fixed point theorem using rational type
contraction; our result extends the results of Gupta V. et al [8] in the structure of S, —Menger space. As an application, we prove
an integral analogue of our results. In this work, after the introduction and preliminaries in Section 2, we define a pseudo S;, —
Menger space, which is a generalization of a pseudo S, —metric space with examples and counterexamples. In Section 3, we
prove fixed-point theorems for rational-type contraction in S, —Menger space. In Section 4, we also provide applications in
support of our results.

We recall the following definitions, which will be needed in the sequel.

Definition 1.1. Let X be a nonempty set and k > 1 be a given real number. A Function S,: X3 — [0, ) is said to be S;, — metric
iff for all x, y, z, a € X the following conditions are satisfied:

(Sp1) Sp(x,y,z,t) =0iff x =y = z,

(Sp2) Sp(x,v,2,t) < k[(Sp(x,x,a,t) + S, (v, y,a,t) + S, (2,2, a,t)].

The pair (X, Sp) is called a S;, —metric space.

Definition 1.2.[1] The quadruple (X, Spp,*, k) is said to be a pseudo S, —metric space if X is an arbitrary (nonempty) set, k = 1
is a given real number satisfying the following conditions:

Spp1) VX,¥,Z2€X,Sp,(x,¥,2,t) 20,

Spp2) VX,y,2€X,S,,(x,y,2,t) =0ifx =y =z,
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(Spp3) Vx,y,z,a € Xand k = 1,
Spp(x,¥,2,t) < k[(pr(x, x,a,t) + Sp, (7, y,a,t) + Spp(2, 2, a, t)]

Definition 1.3.[3] A map *:[0,1] X [0,1] X [0,1] — [0,1] is called a continuous t-norm if it satisfies the following conditions:

@) * (a,1,1) = a, *0,0,0) =0;
(i1) *(a,b,c) =x(a,c,b,) =+ (b, c,a);
(iii) * (aq,bq,¢1) 2% (ay, by, cy) fora; = a,, b 2 b, ,cq 2, .

Examples of t —norms are
(1):x*y*z=x.y.z and
(2):x * y * z = min {x.y. z} minimum ¢t —norm.

Definition 1.4. [9] The S;,, —Menger space

The quadruple (X, Sp,*, k) is said to be S, a Menger space if X it is a nonempty set, and k > 1 is a given real number. S},
is a function defined on X3 to the set of distribution functions and * is a continuous third-order t-norm such that the following
conditions are satisfied:

(1) Sb(xy,(0) =0forallx,y,z € X

(i1) Spxy) () < 1fort > 0withx #y,

(1ii) Sb(xy,z)(t) = 1forallt > 0,ifand only if x =y = z,

(IV) S(x,y,z) (kt) =% [(Sb(x,x,a) (tl): Sb(y,y,a) (tz): Sb(z,z,a) (tS))]
Wheret =¢t; +t, +t;and ¢, ty,t,,t; > 0forallx,y,z,a € X

Definition 1.5. [9] The S, — Menger space is called symmetric if S,y x4 (t) = Sp(y,y.)(£)

Definition 1.6. [9] Let (X, S,,*, k) be a symmetric S, — Menger space, then a sequence {x,} € X is said to be convergent to a
point x € X if lim Sp(, » ) (t) = 1forallt > 0.
n—-oo

Definition 1.7. [9] Let (X, S,,*, k) be a symmetric S, — Menger space, then a sequence {x,} € X is called a Cauchy sequence
x € X if im Sp(x, x, 20,0 () = 1forall t,s > 0.
n—-oo

Example 1.8.[9] Let X = [0,1] and (X, Sp,*, k) be a complete symmetric S, — Menger space where S;, defined by
0 ,t=0

Sb(x,y,z) (t) = t t>0
t+[lx—zl + |y —z[]?

2. Pseudo S, — Menger space

In this section, we will define pseudo S;,- Menger space with a counterexample and prove the decomposition theorem.

Definition 2.1. A quadruple (X, Sy, k) is said to be pseudo S,- Menger space if X is an arbitrary (nonempty) set, * is a
continuous t-norm, k > 1 is a given real number, and S, is a distribution function on X3 x (0, o) satisfying the following
conditions:

Gppl)Vx,y,z€Xand Vit > 0,Spp0y,,(t) >0,

Spp2)Vx,y,z€Xand V¥Vt > 0,Syp(xy, () =1ifx =y =7z

(pr3) Vx,v,z,a€Xand Vr,s,t >0,

pr(x,y,z)k(r +s+ t) = [(pr(x,x,a) (T) + pr(y,y,a) (S) + pr(z,z,a) (t))]
Example 2.2. Consider R the usual metric. Let X = {x,,}: {x,,} it be convergent in R}.Define a * b * ¢ = abc for all a, b, c €
[0,1] and
[(|Xn—2n|+|Yn—Zn|)2]—1
pr(xn;J’n;Zn) (t) =e ¢
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Noting that (X, Spp,*, k) it is a pseudo S, —Menger space but not S, —a Menger space.
. 1 2 3

To see this, let {x,} = {;} = {;},{Zn} ={3

Then {x,} # {y,} # {2y} for {x,,}, {y,} and {z,,} € X but Spp(x,, 2 () = 1.

Remark 2.3. Every S;, — A Menger space is a pseudo S, —Menger space, denoted by
X, Sppr*, k), but the converse is not true, see the above example.

Theorem 2.4. Let (X, Spp,*, k) be a pseudo S, —Menger space and

Spp(o) .z = Inf{t > 0:Spp000 () > x,x € (0,1)}.
Then S = {Spp, (%) }xe(o,1) there is an ascending family of pseudo-Menger on X.

Proof. pr(x)(x,x,x) =inf{t > 0; pr(x,x,x) (t)>x}=0.
Now,
k[(pr(X)(x.x,a) t Sop@y.a) T pr(x)(Z.Z.a))]
k[inf{r > 0: Sppxx,a) (1) > x} +inf {s > 0: S}y ,0)(8) > x} +inf {7 > 0: (52 ) () > x]
=kl[inf{r +s+1t > 0:Sppex,a)(T) > X, Sppiyy,a)(S) > X, Spp(z,2,0) () > x]
=inflk{r + s+t > 0:Sppxex,a) (1) > X * Spp(y3,0)(S) > X * Sppz20) (1) > X]
inflk(r+s+1t)>0:Sy,uynk(r+s+t) >x}

= Sep0)@y.2)-

It remains to prove that § = {S},(x)}xe(0,1) It is an ascending family.
Let X1 < X , then

{t > 0: Spp(ey () > x2} S {t > 0:Sppieyn(©) > x, )

Thus,

inf{t > 0: Sppey () > %2} = inf{t > 0: Sppiy () > 11},
namely

Sop)xy.) () 2 pr(xl)(x,y.Z) .V (xy.2)Ex®

Example 2.5.[5] Let X = [—1,1], define Sy, (x,y ) (t) by

t
t>0
Spp = {t k2 =22+ y? = 2]
0, t=0
Ifall V x,y,z € X,* are a continuous t —norm, then (X, Sp,;,,*, k) it is a pseudo S, —Menger space. Define
Soptey.s(®) = inf{t > 0: Sypiryn () > x}.
Take x; = % ,and x, = i in (0,1), then it is quite natural.

1 1
{t > 0: Spp(ryn () > Z} c {t>0: Sppiyn ) > §}'
Now, by the property of infimum

1 1
inf {t > 0: pr(x,y,z)(t) > Z} > inf {t > 0: pr(x,y,z)(t) > g}
Hence,

) >s

pr(%) (x.y.2) bp(%) (xy.2) V(xy2z)ex?

Similarly, we can find other distinct members in (0,1). Then S = {Sp,)}xe(o,1) 1S an ascending family of pseudo
S, —Menger metrics on X.

3. Fixed-point theorems for rational-type contraction in S;, —Menger space
In this section, we prove two lemmas and Fixed-point theorems for rational-type contraction.

Lemma 3.1. Let (X, Sp,*, k) be a symmetric S;, — Menger space, then Sp(, (. ) is non-decreasing for all x,y in X.
Proof. Suppose that Sp(x xy)(£) > Sp(xx,y)(s) forsome 0 < t <s.
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Then
s s
Sb(x,x,x) (ﬁ) * Sb(x,x,x) (ﬁ - t) * Sb(y,y,x) (t) < Sb(x,x,y) (S)
By the Definition of S;, — a Menger space, we have

Sh(xxx) (%) =1
and

S t
Sb(x ) (ﬁ - ;) =1
Thus Sp(y,y,0) () < Spiexy) ()

Sb(x,x,y) (t) < Sb(x,x,y) (5) [ As Sb(x,x,y) (t) = Sb(y,y,x)(t)]
Which is a contradiction.

Lemma 3.2. Let (X, Sp,*, k) be a symmetric S, — Menger space. If there exists g € (0,1) such that Sy, 1) (£) = Sp(xxy) (g)
forallx,y € X,t > 0 and
gl_gl) Sb(x,y,z)( t)=1
Then x = y.
Proof. Suppose that there exists g € (0,1) such that Sy x1)(t) = Spxx,y) (5) forall x,y € X, t > 0. Then,

t t
Sy (®) 2 Spixxy) (5) 2 Sp(xxy) (q_z)’
and so

t
Sb(x,x,y) (t) 2 Sb(x,x,y) (q_n)
For a positive integer n. Taking the limit as n — o0, Sy, ,)(t) = 1 and hence x = y.

Theorem 3.3. Let (X, Sp,,*, k) be a complete symmetric S;, —Menger space and f: X — X be a mapping satisfying
lim Sy 5 (t) =1, (3.3.1)
ANd Sy (pxpx,£3) (GE) 2 iy (£) (3.3.2)

S by, fON OIS b, £() O }
,S t 333
[1+S bz (D] ) () (33.3)

Forallx,y,z€ X ,q € 0,i where k > 1, then f has a fixed point.
y q %

Where fi(y xy)(t) = min{

Proof. Suppose x € X there is an arbitrary point in X. Now we construct a sequence { x,,} € X such that f(x,) = x,,, for all
n € N. Claim { x,,} is a Cauchy sequence.
Let us take x = x,,_; , and y = x,, in (3.3.2), we get
Sb(xn‘xn:xn+1) (qt)=5b(fxn—1‘fxn—1fxn) (qt) 2 ‘u(xn—l;xn—l,xn) (t) (334)
Now
Sb(xn.xn,fxn) ® [1 + Sb (¥n-12n-1,f*n—1) (t)]
[1 + Sb(xn—lvxn—l,xn)(t)]
Sb(xn:xn,xn+1)(t) [1 + Sb(xn—ljxn—l,xn) (t)]

[1 + Sb(xn—l'xn—l,xn) (t)]
= H(xn_1.xn-1%n) (t) = min {Sb(xn,xn,xnﬂ) ®, Sb(xn_l,xn_l'xn)(t)} >

Now if

Sb(enonrnes) ®) = Sb(xn_yan_1.x,) () > then from equation (3.3.4)

Sb(xn;xn,xn+1) (qt) = Sb(xn'xn,xn+1) (t)

Hxn—q,0n—1,2n) (t) = min { ’ Sb(xn—lvxn—l,xn) )}

Hxn_q,0n-1,%0) (t) = min { ¢ Sb("n—l'xn—an) (t)}

Hence, from Lemma (3.2), our claim follows immediately. Now suppose
Sb(xn‘xn,xn+1) (t) = Sb(xn—ltxn—l,xn) (t)

Then again from (3.3.4),

Sb(xn‘xn,xn+1) (qt) = Sb(xn—lrxn—l,xn) (t)
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Now, by simple Induction, for all n and t > 0, we get

t
Sb(xn,xn_xn.,,l)(qt) = Sb(xo,xo,xl) <F> (3.3.5)

By using (3.3.5), for any positive integer ‘s’ we get
t t t
Sb(xnrxn,xn+s) (t) = Sb(xn,xn,xn+1) <§) * Sb(xn:xn‘xn+1) (ﬁ) * Sb(xn+s Xn+s» xn+1) (ﬁ)

t t
Sb(xn-xn,xn+s) (t) = Sb(xn'xn’xn+1) (ﬁ) * Sb(xnrxnrxn+1) (3k) Sb(xn+1 Xn+1.Xn+s) ( ) [by symmetry property]

t t t t
Sb(xn,xn,xnﬂ) ®) = Sb(xn,xn,xn+1) <§) * Sb(xn,xn,xn+1) <§) * Sb(xn+1,xn+1,xn+2) (W) * Sb(xn+1,xn+1,xn+2) (W)

t
* Sb (Xn+sXn+sXn+2) <W>
t

t t t
Sb(xn,xn Xn+s) © = Sb(xn XnXn+1) (ﬁ) * Sb(xn XnXn+1) (;) * Sb(xn+1,xn+1,xn+2) (W) * Sb(xn+1,xn+1,xn+z) (W) *
Sb(nr2Xns2%nes) ((3,02) [ by symmetry property]

By using equation (3.3.5), we get

t t t t
Sb(xntnxnss) () = Stxgxoxy) (m> * S(xgx0%1) <m) * S(xox001) (W> * S(x.x0%1) <W>
By the definition of ¢ —contraction (i.e., ¢ < 1) together with condition (3.3.1) and letting
limit n — oo
M Sy xpxnee (D) =1x1x1x1. . 1x1=1
noco ’

= {x,} is a Cauchy sequence. Since (X, Sp,*, k) it is a complete symmetric S; —Menger space, there exists u € X such that

lim x, =u (3.3.6)

n—-oo
Claim u is a fixed point of f.
On consider

¢
Sowafuw)(€) 2 Spawu,fry) (3k) * Sb(wufrn) (3k) So(fu fufan) (3k) (3.3.7)
t t

= Sh(uunsa) (ﬁ) * Sbuwuxnss) (ﬁ) * Sb(fon fn,fu1) (ﬁ)

t t t
= Sb(u,u,xn+1) (§> * Sb(u,u,xn+1) <§> * Uy xenu) (%)

Now

t t
S fu) (m) (1 + Soen n fm) (m)] ( t )
1 9b(xp,Xn,uU)

t
P u)(G7) = min 5=
(Xn Xn,u) 3kq [1 + Sb(xn_xn_u) (ﬁ)] 3kq

Taking n — oo. The above inequality and using (3.3.1), we get
t _ t
Heuuuw) (%) = min {Sb(u,u,fu) (%) ;1}

Now 1f5b(uufu) ( ) = 1 then .u(uuu)( ) =

Therefore, from equation (3.3.7) and using the definition (1.2), we get u that is a fixed point of f.
t
Now if Sb(uufu) ( ) < 1 then Hu,uu) (3kq) = Sb(u,u,fu) (%)

Hence, from equation (3.3.7) we get

t
Sowafw)(€) 2 Spawufu) (E) (3.3.8)

Since q € (0,%) now taking n — oo in the above inequality and using (3.3.1), and Lemma (3.3.2), we get fu = u.
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This completes the proof of Theorem (3.3.1)
Let us define 6 = {%: [0,1] - [0,1]} a continuous function such that (1) = 1,¢(0) = 0,¢(a) > a foreach 0 < a < 1.

Theorem 3.4. Let (X, Sp,,*, k) be a complete symmetric S, —Menger space with
7111_1)120 Shxyzn () =1 3.4.1)
and f: X — X be a mapping satisfying

So(reraron (@8 2 iy (D} (3.4.2)
Where
Sb(y,y,£ ) OIS, f(20) (O]
[1+Sp (xx,3) (©

Forallx,y € X,and q € (0, ),d) € &. Then f has a fixed point.

1
3k

.u(x,x,y) (t) = min { ’ Sb(x,x,y) (t) } (343)

Proof: Since ¢p € ®. This implies that ¢(a) > a for each 0 < a < 1. , thus from ((3.4.2)

So(r .. 39) @) = Plcery) (O} 2 i) ()
Now, applying Theorem (3.3.1), we obtain the desired result.

4. Applications

In this section, we give some applications related to our theoretical findings. Let us define s [0,00) — [0, 0), it is
WO = [, p)dt V>0,

be a non-decreasing and continuous function. Furthermore, for every & >0, we assume that ¢ (€) > 0. also implies that ¢ (t) = 0
iff t=0.

Theorem 4.1 Let (X, S, *, k) be a complete symmetric S, —Menger space with
lim S,y (t) =1 and f:X - X be a mapping satisfying
n—-oo

Sb(f(0.f00.£ ()@t H(x,x,y) (@)
Jo e(t)dt = fg p(t)dt

Where
Sh(y.£3) OIS0, (0]
[1+Sh ) (O] Soiean (8) 3

Forallx,y € X ,p €y, andq € (0, i) Then f has a fixed point.

Hixx,y) (t) = min {

Proof: By taking ¢(t)=1 and applying Theorem (3.3.1), we obtain the result.

Theorem 4.2 Let (X, Sp,,*, k) be a complete symmetric S, —Menger space with
lim Sp,(xy,)(t) = 1 and f: X — X be a mapping satisfying

n—-oo

Hixxy) (©)

o> o o(Ddt}
0

fsb(f(x).f(x).f(y))(qt)
0

Where

Sb(y,3,£) O+ b, £ (3) ()]
[1+Sb(x,x,y) @®] ! Sb(x,x,y) (t) }

Forallx,y€X,p €y,q € (O,i) and ¢ € ®. Then f has a fixed point.

Hixx,y) (t) = min {

Proof. Since ¢(a) > a foreach0 <a <1,
therefore, the result follows immediately from Theorem (4.1).
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