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Abstract - This article discusses the (2+1)-dimensional case of the Zakharov-Kuznetsov (ZK) equation. The
(2+1)-dimensional ZK equation is primarily used to describe wave propagation phenomena in multi-dimensional media. In
plasma, liquids, or gases, waves may be influenced by multiple elements. Due to nonlinear effects, the propagation speed,
shape and interactions of these waves become complex. We have obtained a variety of exact solutions of the (2+1)
dimensional ZK equation by using two effective methods: the improved extended tanh function method and the modified
Kudryashov method. The forms of the solutions include exponential solutions, logarithmic solutions, hyperbolic solutions
and trigonometric solutions. In addition, by selecting appropriate parameter values,we have plotted three-dimensional and
two-dimensional images to illustrate the physical behavior of the exact solutions.

Keywords - (2+1)-dimensional ZK equation. Wave solution. Modified extended tanh-function method. Modified
generalized Kudryashov method.

1. Introduction
The Korteweg de-Vries (KdV) equation is provided by

u, +auu, +u,,, =0, (1.2)

Where a is an arbitrary constant and the commonly used constants are a =1 and a =+6. The KdV equation[1-4]
models various nonlinear phenomena, including ion acoustic waves in plasma and shallow water waves. Many equations
describing water waves have been derived from the KdV equation, which we refer to as a family of KdV-type equations.
For example, the modified KdV (mKdV) equation[5,6] serves as a model for the evolution of nonlinear plasma waves, the
Kadomtsev-Petviashvili (KP) equation[7-9] is used to study small amplitude long ion acoustic waves, and the
Benjamin-Bona-Mahony (BBM) equation[10-12] describes the unidirectional propagation of weak long dispersive waves
in inviscid fluids.

It is essential to study the dynamic processes and solution forms of such nonlinear evolution equations (NLEES), as
they can be applied not only in oceanography, nonlinear optics and fluid mechanics, but also in solid-state physics, geology,

thermodynamics, and more. Common methods include: the inverse scattering method [13,14], the Hirota’s bilinear method
[15-18], the Jacobi elliptic functions method [19-22], the extended (G'/G) -expansion method [23], the Sinh-Gordon

expansion method [24,25], the F-expansion method [26,27], the exp(—(¢(&))) expansion method [28-30], the
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generalized Kudryashov method [31-34], the new ¢°®-model expansion method [35], the sine-cosine method [36,37], the

first integral method[38] and so on [39-42]. These methods transform the NLEEs into ordinary differential equations (ODE)
and numerical computations using tools like Maple or Mathematica can also assist in the solutions.

This paper focuses on the Zakharov-Kuznetsov (ZK) equation [43,44], written as

u, +auu, +b(Vu), =0, (1.2)

Where V2 :ai +8§ +af is the isotropic Laplace operator. Eq (1.2) is an extension of the KdV equation. The ZK

equation governs the behavior of weakly nonlinear ion acoustic waves in a plasma composed of cold ions and thermally
isothermal electrons under uniform magnetic field. The ZK equation is a more isotropic equation, originally derived to
describe weakly nonlinear ion acoustic waves in two-dimensional strongly magnetized lossless plasma. Unlike the KP
equation, the ZK equation cannot be integrated using the inverse scattering transform method.

The (2 + 1)-dimensional ZK equation is given by

u, +auu, +b(u,, +u, ), =0. 1.3
Where the coefficients a and b are nonzero constants and are related to the physical parameters of plasma, typically

associated with temperature, density and other state variables. Specifically, the derivative U, characterizes the time
evolution of the wave propagating in one direction, the nonlinear term UU, describes the steepening of the wave,

buXXX represents spatial dispersion and buyyx denotes the cross-dispersion effect. The (2+1)-dimensional ZK equation

has wide applications in many fields, such as analyzing multidimensional plasma wave phenomena in plasma physics,
studying multidimensional fluid waves and vortices in fluid mechanics, modeling wave propagation in oceans and assisting
in predicting wave behavior in ocean engineering, and describing the propagation of sound waves in complex
environments in acoustics. The (2+1)-dimensional ZK equation is an important component of nonlinear wave theory. By
studying this equation in detail, a deeper understanding of the characteristics and behaviors of multidimensional waves can
be achieved, which is significant for relevant wide scientific research and engineering applications.

The rest of this paper is organized as follows. Section 2 introduces the modified extended tanh-function method
[45-47]; Section 3 introduces the modified generalized Kudryashov method [48]; Section 4 presents a variety of new exact
solutions for the (2+1)-dimensional ZK equation using the methods mentioned above; Section 5 provides graphical
representations of the obtained solutions and their physical interpretations; Section 6 offers a brief conclusion.

2. The Modified Extended Tanh-Function Method

In this section, the following general NLEE is written as
F(u,u,u,,u,,u,,--)=0, (2.1)

Where F is a function of u(X, y,t) and its own derivatives. Using the wave transformation

g9(&) =u(x,y,t), &=x+my+ct, (2.2)
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Eq. (2.1) can be converted into an ordinary differential equation (ODE), given as
F(giggigg{rggggi"')zo- (2.3)

Based upon the modified extended tanh-function method, the solution of Eq. (2.3) is supposed having the form of
M . -
1 =1
9(&) =2+ @H'(&) +bH (&) @4)
i=1

Where a, and b, are constants to be determined later and the M is a positive integer obtained by the balance
principle. The H(&) satisfies the following ODE

H'(&)-H*(&)-4=0, (2.5)

Where A is a constant to be determined later. The solution of Eq. (2.5) is written as follows according to the sign of
the parameter A .

When A <0, we have

H (&) = —J/- 1 tanh(v= 1<), (2.6)
H (&) = —/— 4 coth(v= 1&). 2.7)
When A >0, we have
H (&) =V tan(v/A8), (2.8)
H (&) = VA cot(vA&). (2.9)
When A =0, we have
1
-1 (2.10)
H() :

Inserting Eq. (2.4) into Eqg. (2.3) and rearranging the terms, and further setting all coefficients of the same
HI(£), (j=012,---,M) power to zero. Then by using Maple program, the algebraic equations are solved to obtain the
values of the unknowns, the exact solutions of Eq. (1.3) can be obtained.
3. The Modified Generalized Kudryashov Method

As in the previous section, a wave transformation is performed to convert the NLEE into an ODE. The modified
generalized Kudryashov method assumes the solution has the following form

M Sj
9(6&)=;m, (3.1)

Where Sy,S;,---Sy, are constants to be determined later, and the M is a positive integer obtained by the balance

principle. Furthermore, the function H(&) satisfies the following ODE

H'(§) =0 +5H(&)+7H*(S), 82
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Where o,0 and 7 are real constants. Solving the Eq. (3.2) yields the following three cases:
When o,0 are arbitrary constants and 7 = 0, the following solution is obtained,written as

4t -5° tan(;(E+§)\/4w—52)—5

H($) = (3.3)
2t
When o =0, d #0and r is an arhitrary constant, the solution of Eq.(3.2) is given as
565(E+5)

H(é) :_Te[y(E+gy) _1' (34)

When o isan arbitrary constant, 6 #0 and 7 =0, the solution of Eq.(3.2) is written as

e&(E+§) s

H(&) = — (3.5)

In the expressions mentioned above E is a constant of integration.

Inserting Eq. (3.1) into Eq. (2.3) and rearranging the terms, and furthermore setting all coefficients of the same H (&)

power to zero. Then by using Maple program, the algebraic polynomial is solved to obtain the values of the unknowns, the
exact solutions to Eq. (1.3) are obtained.

4. Application of the Above Methods
For the (2+1)-dimensional ZK equation, the following wave transformation is used and written as

g(&) =u(x, y,t), &=x+my-+ct, (4.1)
which convert Eq. (1.3) into the ODE

cg +%agz+b(1+m2)g”=0. 4.2)

Balancing g>=2M with g"=M +2 gives M =2, the following exact solutions are derived.

4.1. Using the Modified Extended Tanh-Function Method
By taking M =2, Eq. (2.4) is written in the following form

_ 2 B b,
9(&) =2, +a,H(5)+a,H(S)" + e HEE

Substituting Eq. (4.3) into Eq. (4.2) and using the Eq. (2.5), collecting the coefficients of the same powers of H (<) and
making them equal to zero, the following system of algebraic equations is obtained, written as

(4.3)

0 =6bm*a, +%aa22 +6ba,

0 =2bm?*a, +aa,a, + 2ba,

0=84bm?%a, +aa,a, + % aa/ +84ba, +ca,

0=21bm’a, +aa,a, +aa,b, +21ba, +ca,

0=2A’bm?a, + 24%ba, + 2bm?b, + % aa; +aa,b, +aa,b, + 2bb, +ca,

0 = 24bm?b, +aa b, +aa,b, +21bb, +cb,
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0 =81bm°h, +aa,b, + % ab/ +84bb, +cb,
0= 24%bm?b, +27%bb, +abyb,
0=61’bm*b, +64°bb, + % ab?

Here the unknowns are a,,a,,a,,b,,b,and C. Using Maple program, the following six cases are obtained.
Case 1l

2 2
=_w,alzo,a2=_%1b1=0,b2=O,C=—4bﬂ(m2+l).

For A<0,a=0, the solution of Eq.(1.3) has the following forms

2 2
Oy =— 4b/1(r2 D, 12M(;” D tanh2 (VoA (x+ my —4bA(m? +1)1),  (4.4)
2 2
g,, = — A+ IDAMTHD o2 VA (x+ my —dbAME D), @5)
a a

For A>0,a=0, the solutions of Eq.(1.3) are written as

_4bA(m* +1)  12bA(m’ +1)

O3 = tan® (\/Z(x +my —4bA(m? +1)t)), (4.6)
a a
2 2
U4 =— 4bA(m”+1) _12bA(m” +1) cot? (A (x+my —4bA(m? +1)t)), (4.7)
a a
Case 2
2 2

For A1<0,a=0, the solutions of Eq.(1.3) are obtained and given as

tanh?(v— A (X+my +4bA(m? +1)t)), (4.8)

2.1

__12bA(m’+1) 12bA(m” +1)
a a

__12bA(m’+1) 12bA(m” +1)
a

= ) coth?(v/— A (x+my +4bA(m? +1)t)), (4.9

2.2
For A>0,a=0, the solutions of Eq.(1.3) are written as follows

12bA(M° +1) 12bA(m’ +1)

U,5= tan? (VA (X +my+4bA(m? +1)t)),  (4.10)
a a
2 2
0,,= _12bA(m"+1) _12bA(m" +1) cot? (\/Z(x+ my +4bA(m? +1)t)), (4.11)
a a



Wuming Li & Haoying Zuo/ IIMTT, 71(3), 1-15, 2025

Case 3

8bA(m? +1
ao=%,al=0,a2 =

2 2 (2
_12b(ma +1) b, =0,b, :_%am'c = —16bA(m?* +1).For

A<0,a=0, the solution of Eq.(1.3) is given as follows

_ 8bA(m® +1) +12b/1(m2 +1)
a a

. 12bA(m?* +1)
a

tanh? (v/— 2 (x + my —16bA(m? +1)t))

31
(4.12)

coth® (V= A (x+my —16bA(m? +1)t)),
For A >0,a=0, the solution of Eq.(1.3) is obtained, written as

2 2
05, = BbA(m” +1) _ 24bA(m” +1) tanz(\/Z(x+ my —16bA(m? +1)t)), (4.13)
a a

Case 4
_ 24bA(m* +1)

= =0,a, =
a a 2

2 2 2
D -0, -2 o gbame +a),

For A <0,a=0, the solution of Eq.(1.3) is given as

2 2
_ 24bA(m’ +1) N 12bﬂ,(;n +1) tanh?(v= A (X + my +16bA(m? +1)t))

4.1 a

(4.14)
. 12bA(m? +1)
a

coth?(+/— A (x+my +16bA(m? +1)t)),
For A>0,a#0, the solution of Eq.(1.3) is written as

2 2
O, =— 24bA(m” +1) _ 24bA(m” +1) tanz(\/z(x +my +16bA(m? +1)t)), (4.15)
a a

Case 5

_ AbA(m®+))

2 2
. 1a1:O,a2=0,bl:O1b2=_w,

¢ =—4bA(m* +1).

For A<0,a=0, the solutions of Eq.(1.3) are given as

_4bA(m* +1) . 12bA(m?* +1)
a a

U5, = coth®(vV—A(x+my—4bA(m? +1)t)), (4.16)

tanh? (V= A (X +my —4bA(m* +1)t)), (4.17)

5.2

__4bA(m®+1) . 12bA(Mm? +1)
a a
For A>0,a=0,the solutions of Eq.(1.3) are written as

2 2
__ 4b;t(r;1 D 12b’1(: D) cot? WA+ my—dba(m? +1),  (@18)

53
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2 2
__AbA(m+d) 12047+ oz (7 (x-+ my —dba(m? + 1)),
a a

5.4
For A1 =0, the solution of Eq.(1.3) is

Os5 = 0.
Case 6

_ 12ba(m*+1)

2 2
1a1=01a2=01b1=01b2=_w
a a

,c=4bA(m*+1).

For 1 <0,a=#0, the solutions of Eq.(1.3) are given as

__12bA(m*+1)  12bA(m’ +1)
a

1= coth? (v/— A (x+my +4bA(m? +1)t)),
a

tanh? (v— 2 (X + my + 4bA(m? + 1)t)),

_ 12bA(m* +1) . 12bA(m? +1)
62 —
a a

For A>0,a=0, the solutions of Eq.(1.3) are written as

12bA(m*+1) 12bA(M*+1)

Uz = cot? (WA (x+my +4bA(m? +1)t)),
a a
2 2
Ogs = _12bA(m”+1) _12bA(m" +1) tanz(\/Z(x +my +4bA(m* +1)t)),
a a

For A =0, the solution of Eq.(1.3) is

O65 = 0.

4.2. Using the Modified Generalized Kudryashov Method
By taking M =2, Eq. (3.1) becomes

S

Sl 2
=%t hE  nEy

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

Substituting Eq. (4.26) into Eq. (4.2) and using the Eq. (3.2), and furthermore collecting the coefficients of the same

powers of H (&) and making them equal to zero, the following systems of algebraic equations are obtained and written

as

0 = 2bom?zs, —4bm?z%s, + 4bm*z%s, + 2bSts, —4bz’s, +as? + 2cs,

0=-8b7°s, —4bdm*ss, +12bom’ss, + 2(5° + 2zo)bs, + 2as,s, — 4bz’s, +4as +8cs,
+2¢s, +120s,76 — 4b 618, + 2(5% + 2r5)bm?s, — 4bm?z%s, —8bm*z’s,

0 =—12bs,z5 +8(57 + 2ro)bm?’s, + 6bs, 5o + 2as,s, + 6as,s, —6bs,z5 + 6as’ +as;
+12cs, + 6Cs, + 2¢s, +8(5° + 270)bs, + 6bm*s, 5o — 6bm?s 67 —12bm*s, 57
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0=—4(5% + 2r0)bs, + 4bm?*s, 5 + 20bm?s, 50 + 4bs,c* + 6as,s, + 4as,s, + 2as;s,
—2(5% + 2to)bs, +4as; + 2as; +8cs, + 6¢s, + 4cs, + 20bs, 50 + 4bs, 5o + 4bm?®s, o’
—2(8° + 2ro)bm?®s, —4(5° + 270)bm?s,

0 = —2bm’s, 6o — 4bm?*s, 50 + 4bm?s,c* +12bm’s,o” — 2bs,6c — 4bs, 50 + 4bs,c°

+12bs,0% +as; + 2as,s, +2as,s, +as’ +2as,s, +as; + 2cs, + 2s, + 2CS,
The unknowns are S;,S;,S,and C. Using Maple program, the following two cases are obtained.

Case 7
c=b(6’°m? —4m’cr+ 6% —4o7),
2b(5°m? —6m?Sr+2m’cr+6m?r® + 6% —657 + 270 + 67°)
_ - ’
5, = 12b(om?® —2m’c + S5 -27)(6 —o — 1) ’
a
__12b(m?* +1)(6° —260 —2t6+0° + 210 +1°)
2 a .

Sy =

Therefore, the solutions of Eq.(1.3) are written as

2b(5*m? —6m3Sz + 2micr +6m?r? + 5% — 657 + 270 + 677)
a (4.27)
24bz(M* —2m?zc + S —27)(S — o —7)

a( 4o — 52 tan[;\/410'—52 (E + X+ my +b(m? +1)(5? —40'T)t)j—5+2‘rj

9741(6) =

+

48b7%(m? +1)(52 — 250 — 276 + &% + 270 + 72)

2
a[ 4o — 52 tan(;\/4ra—52 (E +x+my+b(m? +1)(52 —401’)t)]—5+2‘rj

2b(6°m? —6m?Sr +6m°r? + 52 — 6567+ 677°)

972 (5) = a
, 12b(am’ —2m*r + 6 - 27)(5 - ) (g Ermy bt (mtan _q) (4.28)
a((r . 5)e5(E+x+my+b52(m2+1)t) —l)
B 12b(52m2 _ 25sz + m22'2 + 52 — 275+ 2_2)(Z_e§(E+x+my+bb'2(m2+1)t) _1)2
a((z' _5)eé‘(E+x+my+bé‘2(m2+1)t) _1)2
2bs?(m? +1 12bs*(Mm? +1)(S — o
ga()=—2o M+, 1205 (M +1)(© o)
a a(e (E+X+my-+ (m°+1)t) —O'+5) (429)
_12b52(52m2 —28m’c +m’c? + 6% — 280 +o?)
a(e(>'(E+x+my+b§2(m2+l)t) _O_+5)2
Case 8

12bz(m*> —m’c —m?z +6 —7— o)

c=-b(*m? —4m’cr+ 6% —4o7),s, =
a

_12b(sm* —2m*r +S5 —27)(S —o — 1)
a b
_12b(m® +1)(6% — 250 — 275 + 0% + 2t0 +77)
2 = .
a

1
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So the solutions of Eq.(1.3) are given as
12br(om* -m’c-m’r+6-7—0
ds1(&) = ( a )
24bz(om® —2m’r + 6 -27)(0 -0 —71)

a( 410 —6° tan[;\Mm—cSz (E + x+my—b(m? +1)(5? —4ar)t)j—5+2rj

+ (4.30)

48b7%(m* +1)(6% — 260 — 215 +6° + 210 + 7°)

2
a( 4ro - 6° tan(;\/4m—§2 (E +x+my—b(m? +1)(5? —40'r)t)j—5+21'j

12bz(om* —m’r+ 6 —1)

Os2 (f) =
12b(8m2 - 2m22' +0— 21‘)(5 — 2-)(zeﬁ(E+x+my—b§2(m2+1)'[) _1)
+
a((T _é‘)e5(E+x+my—b52(m2+1)t) _1)
_12b(52m2 28T + M2l 4 52 _2T5+z_z)(ze(i(E+x+my—b52(m2+1)t) —1)?
a((z. _5)eé‘(E+x+my—b52(m2+l)t) _1)2

12b5% (M’ +1)(5 - o)
(eJ(E+x+my7b52(m2+l)t) —o+ 5)

(4.31)

Uss(&) =
a

(4.32)
_12b5*(6°m* —26m*c + m’c’ +5° — 260 + )

a(eJ(E+x+my—b52(m2+l)t) —O'+§)2

4.3. Graphs and Discussion

Since the tanh function and the coth function are reciprocals of each other, Eq. (4.8) is the same as Eq. (4.22), and Eq.
(4.9) is the same as Eq. (4.21). Since the tan function and the cot function are reciprocals of each other, Eq. (4.10) is the
same as Eq. (4.24), and Eq. (4.11) is the same as Eq. (4.23).

There is a relationship between trigonometric functions and hyperbolic functions as follows:
tanh x =—itanix, cothx =icotix. (5.1)

Therefore, the forms of the solutions for Eq. (4.8) and Eq. (4.10), Eq. (4.9) and Eg. (4.11), Eq. (4.16) and Eqg. (4.18), Eq.
(4.17) and Eq. (4.19), Eq. (4.21) and Eq. (4.23), and Eq. (4.22) and Eq. (4.24) are the same.

Therefore, some partial solutions are chose to show the characters of the solutions, such as Eq. (4.8), Eq. (4.10), Eq.
(4.16), Eq. (4.27), Eq. (4.29), and Eq. (4.32).
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—100

=Lb=1m=1y=12=-1.

Fig. 3 3D, 2D and density plots of hyperbolic function solution of Eq. (4.16) for a

LE=-1y=1

=2,b=1m=17r=2,0=156=

Fig. 4 3D, 2D and density plots of periodic function solution of Eq. (4.27) for g
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—400 i —1201 ; |
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0 6 0 —140 : I_/ ‘I’ //
P
t X —160{ 1} |/
[ 11

Fig. 6 3D and 2D of singular solution of Eq. (4.32) for a=2b=1m=106=17r=2,06=0,E=-1y=1.

5. Conclusion

This article provides a detailed introduction to the modified extended tanh-function method and the modified
generalized Kudryashov method and menatime utilizes these two methods to obtain a variety of new exact solutions for the
(2+1)-dimensional ZK equation, followed by an analysis of the solutions through graphical representations. The solutions
to the (2+1)-dimensional ZK equation have profound physical significance and offer an important insights into nonlinear
wave phenomena across various disciplines, thereby the work is very important for the theoretical understanding and
practical applications of the (2+1)-dimensional ZK equation.

In future work, other mathematical techniques can be selected to find analytical solutions that describe solitary waves
and other wave forms; numerical methods can also be employed for simulations to study the characteristics of complex
waves. Exploring higher-dimensional ZK equations, such as the (3+1)-dimensional case, and their properties are also a
promising research direction.
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