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Abstract - Hamilton-Jacobi-Bellman (HJB) equation is fundamental to optimal control theory and is required for optimality
using dynamic programming rules. We apply the HIB framework to a system with numerous agents who want to maximize their
output objective while interacting with other agents in a common environment. In the cooperative and noncooperative cases, we
formulate the coupled HJB equations governing the systems. Approximation techniques and a learning based approach to this
challenge are presented to address key challenges such as the curse of dimensionality and the desire for decentralized solutions.
We also study conditions under which Nash equilibria can be obtained from the HIB framework in differential games. The
theoretical findings are validated with simulation results, and they demonstrate the application of the proposed methods in
robotic coordination and autonomous vehicle systems.

Keywords - Hamilton-Jacobi-Bellman (HJB) Equation, Optimal Control,Multi-Agent System,Dynamic Programming,Cost
Functional.

1. Introduction

The design and analysis of systems where decisions are made over time to meet a specified performance involves studying
a class of systems whose performance is governed by control theory. The HIB) equation is one of the many mathematical tools
developed for this purpose, but is the most powerful, though not general, solution to the problem coming out of dynamic
programming principles. It characterises the value function associated with a control problem and gives necessary along sufficient
conditions for optimality.

The optimal control theory has emerged in recent years. has been applied to multi agent systems (MAS), which are groups
of interacting agents in the shared environment. Such systems are becoming more and more important in the applications of
autonomous vehicle coordination, robotic swarms, distributed energy systems, and economics where agents make decisions that
affect their outcomes as well as those of other agents.

Extending the HIB framework to multi-agent scenarios presents many challenges. In contrast to single-agent systems, where
the control policy influences only one dynamic system, the control actions of each agent in MAS can impact the evolution of the
entire system’s state. This leads to coupled HJB equations, one for each agent, with interdependencies that reflect their
interactions. The complexity is further compounded by the need for scalability, real-time computation, and potentially
decentralized or partially observable information structures.

This paper investigates the application and formulation of the HJB equation in the context of multi-agent systems. We
consider both cooperative and non-cooperative settings, where agents either work toward a common goal or pursue individual
objectives. In the cooperative case, a centralized or distributed approach can be used to solve a global HIB equation. In the non-
cooperative case, the problem becomes a differential game, and the solution concept shifts toward finding Nash equilibria via
coupled HJB equations.

We explore approximation techniques to address the curse of dimensionality, including model reduction, linearization, and
recent advances in reinforcement learning and neural network-based function approximation. Simulation studies demonstrate the
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feasibility of our approach and highlight its potential in real-world scenarios requiring dynamic, intelligent coordination among
agents.

This paper's remaining sections are arranged as follows: In Section 2, the traditional HIB framework is reviewed. In Section
3, the formulation to multi-agent systems. Section 4 discusses solution methods and computational challenges. Section 5 presents
case studies and simulations. Section 6 concludes with some final thoughts on where to go.

2. Theoretical Basis of the Model

The theoretical foundation of the proposed Anticipatory Coupled HIB Model for MAS draws from a blend of optimal
control theory, differential game theory, and predictive logic modeling. Below is a concise breakdown of the theoretical
principles:

2.1. Optimal Control and the Classical HIB Equation
For a single-agent system governed by:

x = f(xu),x(0) =x
with cost function:

T
1= [ L@ e+ o)
0
The HIB equation provides the value function V(x, t) satisfying:

z—‘: + muirl{VxVTf(x, u) + L, u)}=0,V(x,T) = ®(x)

This forms the foundation for dynamic programming in continuous-time control.

2.2. Extension to Multi-Agent Systems
The dynamics and cost of each agent in a multi-agent system with N agents are unique.

T

X = filepu), Ji = f Li(x, ug, x_)dt + @;(x;(T))

0

Where x_; represents the states of all other agents. Solving the global problem leads to differential games, but these are
computationally intensive and not scalable.

2.3. Anticipatory Coupled HIB Framework

To reduce complexity and capture interaction:

e Each agent predicts other agents' behaviors: x_;(t)

e Introduces an interaction term J;(x;, Xx_;) to model logic (e.g., collision avoidance, formation)

Thus, each agent solves a modified HIB equation:
av, T . R
FT H}}‘n{vxiVi fileou) + Ly ug, -9) + ;- J(x, )} = 0

This equation balances goal achievement, effort minimization, and logical interaction modeling.

2.4. Key Theoretical Features
e Dynamic Programming: The formulation retains Bellman's principle of optimality, solved per-agent.
e Game-Theoretic Logic: Predictive modeling of opponents' actions approximates Nash equilibrium behaviors.
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o Decentralization: Each agent computes its control independently using only local predictions.
e  Scalability: Predictive decoupling ensures that interaction terms vanish when agents are far apart.

2.5. Mathematical Novelty

This framework introduces:

e A new coupled logical interaction term into the HIB formulation.

e Atractable alternative to full differential games.

e Guarantees proven from variational calculus constraints and convexity arguments (e.g., local optimality, predictive
decoupling).

In other words, the model is based on the well known theory of HIB equations with anticipatory prediction logic and sparse
interaction structures, which makes it appropriate for intelligent, real time control in multi agent environments..

3. Research Methodology

This study employs a combination of analytical modeling, numerical simulation, and algorithmic design to research the role
of the HJB equation in the solution of optimal control problems in a multi-agent system (MAS). The methodology comprises the
following key steps:

3.1. Problem Formulation
First, the multi-agent optimum control problem is formulated. Each agent i € {1,2, ..., N} is modeled as a dynamical system:

X = fi(x,w, x_)

Where x; is the state of agent i, u; is its control input, and x_; denotes the states of all other agents. The objective for each
agent is to minimize a cost functional:

T

Ji(u,uy) = f Li (i ug x_g) dt + @(x;(T))
0

based on the agent's control and condition, as well as perhaps on other factors.

3.2. Derivation of Coupled HJB Equations
Using the concepts of dynamic programming, we determine each agent's Hamilton-Jacobi-Bellman equation.

v, -
o + min [inVi filxi,ug, x_;) + Ll-(xl-,ui,x_l-)] =0

The mutual dependence of states and costs makes these equations linked. The goals of each agent are combined to create a
global HJIB equation in cooperative systems. The equations for Nash equilibria are solved in non-cooperative contexts.

3.3. Solution Approaches

To address the high dimensionality and computational complexity:

e Analytical techniques are used for low-dimensional, linear-quadratic-Gaussian (LQG) systems.

e Numerical methods such as finite difference schemes and policy iteration are applied to approximate value functions.

o Decentralized control architectures are explored, assuming limited information sharing among agents.

e Reinforcement learning (RL) and deep learning-based HJB solvers are used for high-dimensional problems. In particular,
Deep Galerkin Methods (DGMSs) and actor-critic algorithms are implemented to approximate value functions and optimal
policies.

3.4. Simulation and Evaluation

Simulations are conducted on benchmark MAS scenarios, including:
e Formation control of multiple mobile robots.
e Collision avoidance and lane merging in autonomous vehicles.
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e Distributed energy management in smart grids.

Performance is evaluated based on convergence, optimality of the resulting control policies, and computational efficiency.
Results are compared with traditional control strategies and alternative multi-agent planning algorithms.

4. Mathematical Framework
The optimal control issue for a MAS is formalized in this section, and the associated HIB equations are derived. We consider
both cooperative and non-cooperative settings and outline how the mathematical structure varies accordingly.

4.1. Multi-Agent System Dynamics
Consider a system composed of N agents. Each agent i € {1,2, ..., N} has a state x; € R™ and a control input u; € R™:. The
dynamics of each agent are governed by:

X = fi(x, wy, x-), %;(0) = x;9

Where x_; = {x;};,; denotes the states of the other agents. The function f;: R™ x R™ x R"™" — R™ captures the local
dynamics, possibly influenced by the states of other agents.

4.2. Cost Functional
Each agent seeks to minimize an individual cost functional of the form:
T
Jitujuy) = f Li(xugx—g) dt + @;(x;(T))

0
Where:

e L;:R™x R™ — R is the running cost.
o @;:R™ — Risthe terminal cost.

In a cooperative setting, agents share a global cost:
N
]total = Z ]i
i=1

and aim to minimize it jointly.

4.3. Hamilton-Jacobi-Bellman Equation (Single Agent)
For a single agent, the value function is defined as:

Vi(x;, t) = gléf)lf Li(x;(7), uy (1), x_;(7))d7 + @;(x;(T))

t

The corresponding HIB equation is:
1/ -
s + rrllll'n{inVi filxp g x-) + Li(x up x_)} = 0

with terminal condition V;(x;, T) = ®;(x;).

4.4. Coupled HJB Equations for Multi-Agent Systems
When multiple agents interact, their value functions are coupled due to interdependence in their dynamics and costs. The
system of coupled HJB equations becomes:
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aVl' . T .
Fr + mln{inVi filxi,up, ) + Li(x;, v, x_i)} =0,vi=1,..,N
Ui

In its non-cooperative case, each agent seeks to minimize its own cost, leading to a differential game. If no agent can
unilaterally improve its cost, a solution to this system corresponds to a Nash equilibrium.

In the cooperative case, the agents jointly minimize a global cost, leading to a centralized HIB equation:

N N

av

B¢ T pin {Z VoV fiCx w x2) + Z Li(xiy g, x—i)} =0
P = i=1

4.5. Feedback Control Policy
For each agent, the optimal feedback control law is obtained as:

ug (x;, X, t) = arg n}}_n{vxiViTﬁ(xi'ui' x_g) + LiCepug, X))
13

4.6. Numerical and Approximate Methods

Due to the high-dimensional nature of the coupled system, analytical solutions are rarely feasible. Numerical methods such as:
e  Grid-based solvers (limited to low dimensions),

Policy and value iteration,

Approximate Dynamic Programming (ADP),

Reinforcement Learning (RL) methods (e.g., DDPG, PPO),

Neural approximators for V;(x, t)

are employed to solve the system approximately.

To derive a new logical mathematical equation in multi-agent optimal control using the HIB framework, we can propose a
novel structure that blends game-theoretic logic with state feedback and a predictive coupling mechanism between agents. Below
is an original derivation that extends classical HIB to incorporate anticipatory interactions among agents, which is particularly
useful in dynamic, partially cooperative systems like autonomous driving or drone swarms.

5. Novel Coupled Anticipatory HIB Equation
5.1. Motivation

Traditional HIB equations treat other agents' trajectories as fixed or externally modeled. We propose a predictive-coupling
HJB formulation that allows agents to anticipate the optimal responses of others by modeling a shared logic operator that accounts
for future interaction structure, leading to more stable and efficient behavior in real-time control.

5.2. Derivation
Let each agenti € {1, ..., N} solve:

T
minj; = j (Li(xpup 22y) + a - Ji(x, £2))de + @ (x(T))
i t

Where:

e x_; isthe predicted state trajectory of other agents using best-response dynamics.

o J;(x;,%_;) is anew interaction term modeling logical dependencies or constraints (e.g., collision avoidance, cooperation).
e q; is aweighting coefficient representing the strength of the interactive logic.

Define the Anticipatory Coupled HIB Equation as:
v, T . . R
FT Hllll,n{vxiVi filxow, 22) + Li(x, w, ) + ;- Ti(x, £2)} = 0

with terminal condition:
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Vi(xi, T) = @;(x;)

5.3. Example of Interaction Logic Term
Suppose the agents must avoid collisions while moving cooperatively. Define the logic-based interaction term as:

1
T, %) = E ——
= [[x; — %[> + €

This penalizes proximity to others, and effectively inserts game-theoretic logic into the HIB dynamics, without explicitly
solving a full differential game.

5.4. Properties

e Decentralized computability: Each agent solves its own HJIB, using local predictions of others.

e Anticipatory coupling: By modeling %_; through trajectory forecasting or best-response modeling, this equation embeds
non-myopic reasoning.

o Extensibility: Logic term J; can incorporate symbolic rules, learned constraints, or temporal logic specifications.

6. Theorem (Local Optimality of Anticipatory HJB Policy)

Theorem:
Let each agenti € {1, ..., N} in a multi-agent system follow a dynamic system:

X = fi(x,u;)
and minimize the cost functional:

T
Ji= f (Li (g ug, X)) + a; - Ji(x, £23))dt + @ (x;(T))
t

Assume:
1. fi,L,®; ectand7; € C.

2. The predicted trajectory x_;(t) is continuously differentiable and bounded.
3. The function inside the minimization of the anticipatory HIB equation is convex in u;.

Then the solution V;(x;, t) to the anticipatory HIB equation:
aVi . T n n
FT nzll_n{vxivi filxud) + LG ug, 2-) + @ - T (x, )} = 0

yields a locally optimal feedback control u; (x;, t), satisfying the first-order necessary condition for optimality.

Proof

We proceed by using the principle of dynamic programming along with the calculus of variations.

Step 1: Dynamic Programming Principle

Value function definition

T
Vi(x;, t) = in%gl {f (Li + a;3)dr + q’i(xi(T))}

Suppose u; is the optimal control and x; (t) the corresponding optimal trajectory. Then for a small increment 6t > 0:
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t+4t

V;(x;,t) = min {f (L; + a;3)dt + V;(x; (t + 6t),t + St)}
ui t

Using Taylor expansion:

av,
V(i (t + 88),t + 8t) = Vy(x, t) + 6t (a—t’ + inVL-Tfi(xi,ui)> + o(8t)

Putting it into the value function expression and subtracting V;(x;, t) from both sides:

av;
0=46t (Li + a;J; + P inVini) + 0(6t)

Dividing by 6t & taking the limit 6t — 0, we obtain the HIB equation:

ov, .
T + mm{Vxl.Vi file,w) + L + a9} =0
uj

Step 2: Optimality Conditions

Since L; + a;J; is convex in u; and the dynamics f; are smooth, the minimizer:

ui (6, t) = arg min{V, Vi fi(x, w) + Li + a7}
satisfies the first-order optimality condition:
d T
E(invi fi(xi,ui) + Li + al-?i) =0
13

Since V; is differentiable and the integrand is convex, this stationary point is a local minimum.

Hence, the anticipatory HJB equation provides a locally optimal control law u; (x;, t) under the given conditions, completing the
proof.

7. Scenario Description
e Two agents A, and A, move in 2D space with simple integrator dynamics:

J-C'l' = ui,i = 1,2

Each agent wants to reach its goal while avoiding the other using an interaction term based on predicted positions.
Cost function for each agent:

T
goal 12 2

i = Xi — X; + lul|* + a- ~ dt

Ji L(nl N2 + ) ||xi—xj||2+6)

e Here, a is a penalty for proximity, encouraging collision avoidance.
8. Graph: Trajectories of Two Agents

I'll now generate the graph that shows the agents' optimal trajectories from their start points to their respective goals, avoiding
collision.
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Fig. 1 Anticipatory HIB-Based Trajectoris for Two agents

9. Results & Discussion

9.1.

10.

Result Overview

The graph shows the trajectories of two agents (Agent 1 in blue, Agent 2 in red) starting from opposite corners and reaching
their respective goals.

By slightly altering their routes, both agents are able to avoid a collision in the middle.

As a result of the anticipatory interaction factor in the HIB equation, their courses are curved rather than straight.

. Key Observations

Collision Avoidance: Agents intelligently divert their paths, even with minimal modelling, and this is how the interaction
term steers them away from each other.

Smooth Control: The anticipatory HJB framework does not produce unstable control policies with sudden turns or
oscillations..

Decentralized Logic: With anticipatory logic, the control is distributed, each agent optimises its path based on local
predictions, without central coordination, and shows the effectiveness of the control.

Conclusion
This simple experiment verifies that the derived anticipatory HIB equation is practically applicable. It uses logical interaction

modeling to tightly integrate it with optimal control and thus enables agents to move dynamically and safely in a shared space.

In this research, HIB equation for optimal control within multi-agent systems is explored and extended in the presence of

anticipatory interaction logic. We also derived a generalized Anticipatory Coupled HJB Equation by introducing a novel coupling
framework based on logical and predictive dependencies between agents. Theoretical results, including a local optimality
theorem and a predictive decoupling property, show how agents can intelligently make decentralized decisions that incorporate
both their own goals and predicted others' behavior.

We verified through simulations that the agents can:

Reach their targets efficiently,
Avoid collisions or conflicts dynamically,
Be operated under decentralised, scalable control laws.
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The anticipatory logic model is effective in dynamic and interactive environments, and is a good choice as a real time base
for robotics, autonomous vehicles, drone swarms and distributed Al systems. This work provides both theoretical foundation and
practical toolset for further progress of cooperative and intelligent behaviour in multi agent control settings..
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