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Abstract - The present research paper aims to establish some generalized Banach fixed point theorems on closed Hilbert
spaces using the sequence of mappings and satisfying the Banach Fixed point Property. The Banach fixed point theory plays an
important role in modern areas of mathematics, mathematical Science, and different branches of Science. Koparde P. V;
Waghmode B. B [5]; Pandhar, M. D and Waghmode, B. B [6] have established some Banach Fixed point theorems on a
sequence of mappings on a closed subset S of a Hilbert space H. After that, Veerapandi, T and Kumar, S. A. [9] have
introduced some fruitful results in this line. In this research article, some generalized Banach fixed point theorems of
Veerapandi, T and Kumar, S. A. [9] are stated above. The mathematician established a theory on Hilbert spaces in
sequences of mappings on closed spaces.
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1. Introduction

The well-known Banach fixed-point theory was introduced by S. Banach in 1922. After that, Brower, Schouder, Fisher,
Gahler, S, Dhage, B. C and other mathematicians work in this line to establish different fixed point properties and theorems on
different mappings in different metric spaces. In this research paper, some generalized fixed point theorems of Veerapandi, T
and Kumar, S. A. [9] have been established on Hilbert space. Koparde and Waghmode proved that, if { T,, } is a sequence
of mappings that satisfy the condition,

1T~ T8 P<y(I§ = TE W2 +1 =T 1) ¥ &0 €S, & # L also, 0<y <,
Then { Tn} hasa common fixed point in S.
Veerapandi, T and kumar, S.A. (1998) proved that, if { T,, } is a sequence of mappings that satisfy the conditions
ITE =T IP< vy 1E =TI+, (1€ = TE 12 +1 T— T3 112)
+Le-mir+g-re )
~(1E-Tg P+ - Ti¢

VYV ECES, & #C 0=y, v2,v3 <l and y1+2y2+2y3<1 then {Ts } hasa common fixed point in. Here, the generalized fixed
point theorems have been found on Closed Hilbert spaces satisfying the well-known Banach Fixed point condition for the
mappings { T,, } defined on a closed subset S of a Hilbert space H.

2. Main Results

Theorem (1.1) Let S be a closed subset of a Hilbert space H and { T, }S - S be a sequence of mappings that satisfy the
following condition,

ITE =TT I2<y, 1E =312 +y, (1 € = TLENZ +1 T — T, I12) +
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I E—TE N1 ¢ —T¢ II2>
NE—CIZ+IE—TZ I?

+%3( 1E—T0 12 +1 ¢ — T 12) + )/4<
Vs (N E =TT I = T8 )i (1.1.1)
VEC €S, &£ and0=<y1,y2,73v4,v5 <l, 0<y1+2y2+2y3+ ya<l, 0<1-2y2+y3) <1, 0<I-(y1+y3+ ys)<l.
Then { T,, } has a unique common fixed point.
Proof. Let §, € S, be an arbitrary point. The sequence {§, }in S is defined as &, ,; = T,,,§,, weren = 0,1,2,3, ...
At first, here it is to prove that the sequence {§,,} is a Cauchy sequence.

Therefore, 1€, — &, 11 =1l Ty 18 — Tp&noq I?

:>”En+1 _En ”2 =N I En - En—l ”2+ Y2(|| En - Tn+1€n "2 +I En—l - TnEn—l ”2)

I En - Tn+1§n ”2 I En—l - TnEn—l ”2>

V3
+ =8 — T8 12+ 5y — T, %) + <
2 En nEn 1 En 1 n+1§n Va I En _ En—l 12 +1| En _Tnzn—l 12

+Vs ( & — Tn&n 11 &1 — T 1§ ;

A

:>”En+1 _En ”2 < all En - En—l ”2+b(” En - En—l "2 +I En—l - En ”2)

D08 = 6 7 1 By = G 1P

<” En - En+1 "2 I En—l - En "2
Ya

IE &  IZ+1E —¢ ”2>+Y5(|| G =8 1 &y — Engn 1D

A

S =8 1P < ¥ 18 — &y 1P+ 1,18, — Gy 12+ Gy — & 1)
+y?3(|| €1 = Snar P+ va(l 5 — 104 117
S — 8P < v 18 =&y P+ 1, (18, — &y 1P+ Ey — & 1)
F 20 Gy = 5+ G = ) 14 741 = By I
On simplifying, the above yields,
=841 =8P < Cry + 12 +¥2) 18 = &y 1P+ (02 + 3 +¥2) 11 &y = &ua IP
A=y, =y v IMe 1 =512 < (yy +y, +3) 15, =8,y 112
Which implies that, g, ,, — &, II2 < ~12258 e g 2

(-2 -vs-va)

(ritve +v3)

Let
-v-v3-74)

A? < 1, then the above gives,

g, —EN?<A21E, —&,_, I (1.1.2)
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Il En+1 _En <2l En - En—l ll, ¥V n

i1 — & IS 21 €1~ &nz ll, foreveryn (1.1.3)

Thus, in general, it yields,
&1 =8 ISA™NE —& |, forevery n (1.1.4)
Now, forany positive integerm > n = 1,
N&m =& ISNE —&ia 10 & — &y I+ - - N &g — & |l
NEm =& ISA™ G =8 I+ e =8 I+ - #2718 =& |l

HEn =5 IS A"+ A" 4 2™ 118 — 5

n

IIEm—EnIIS< )IIEl—EOIIﬁOasnﬁOO.

1-2
Therefore, {€,, } is a Cauchy in S. As S is a closed subset of H, so {&,}convergent sequence and converges to a point pin S.
Now we see that pis a common fixed point of {T,,} on S.
Let, T,,u # u foralln. For any positive integer, inequation (1.1.1) gives,
= Top I2=0 (1 = &) + (&, — To) I?
S20p =% IP+2108& —Tull?
<20 =5 P4+ 21 Tty — Tu lI?
<20 p =5 1P+ 20y 8oy — 1 P+ ¥l By = Ty 1P+l = T 17)

I En—l - TnEn—l ”2 Il u— Tnﬂ "2>
I En—l_ u 1%+l En — Iyl 1

Y
+73( &y — Top I+l — Ty I17) + V4<

s (1 &g = Topt Il = T8,y 1D}
Which implies that,
=Tt 1P< 20 =& 1P+ 2{y3 1 &y — p 1P+ v, U &y — & 12 +1l = Tyt 117

I Gy =& 120 =Ty l? )
& s —p 12 +18,_y — Tou lI?

Y:
+73(|| G Tt 24— 5 1D 4y, (

+Ys Ul &y — T 0l — &, 1D}

After simplifying the above gives,
low—Top 1< 2y, lu—Tull?+ vy lu—T,ull?

ie, Il = Tuu 1< (2, +¥3) i — T 112
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ie, {1-2y, + v3)} I @ — T,u I> <0, which is a contradiction as 0<1-(2y2+1v3) <I, the only possibility is that || p—Tap ||=0
S Tap=p
Therefore T,,p = p.

Hence, pis a common fixed point of {T,,} on S.
Lastly, to prove p is unique, if possible, let @ be another fixed point in S.
ie, Tap=p, also T,w= w.
Therefore, the inequality (1.1.1) gives,

lu—w I?=ll Tyu— Tpo lI?

Slu—wP<y lp—o P+y,lg—Tull? +l  — To l1?) +y;3(ll = Tpo I +1l @ — Tyu I12)

Il pw—Top Il — T ||2>
+ +ys (U p—Tyw Il @ — Tpu 1D
Which implies that | u—w I’S py lp—0 P+ lp—0o P+ys lu— o l?

lu—oIP< G +ys +vs) ln—ol?
Q-yi-vs v lu—0P<0lvy +ys +ys <1l
Again, a contradiction as, 0<1-(y1+7y3+ys)<l, the only possibility is that || pL—o ||= 0,
thus p=o
Which completes the proof of the theorem.

Theorem (1.2) Let S be a closed subset of a Hilbert space H and { T,, }S — S be a sequence of mappings that satisfy the
following condition,

I T = T, 12<y max {1 § —=¢ ||2,%(|| E-TEI? +1¢—T¢ ||2),%( IE =T I +11 {— T,E 12,)
NE=TENNS=T;¢N NE=TCIUNT =T I} v . (1.2.2)
VECES, § £ and 0 <y<I.
Proof. Let §, € S be an arbitrary point. Let the sequence {&,,}on S is defined as &, 1 =T, 11&n,
where n = 0,1,2,3, ...
Firstly, it will be proved that {£,,} is Cauchy.
Now introducing, & = {nand {=&n-1 on (1.2.1) and it gives,

”En+1 - fn”z =l Tn+1En - Tnfn—l "2

1
”€n+1 - gnllz < y max {" fn - En—l ”215(" En - Tn+1§n ”2 +I gn—l - Tngn—l ”2)'
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1
Z ( I fn - Tn'fn—l ”2 +li fn—l - Tn+1€n ”2)'” En - Tn+1€n Il 1 fn—l - Tnfn—l I,
I fn - Tnfn—l -1 gn—l - Tn+1€n ”}

Which implies that,

1 1
”€n+1 - fn”z < ymax{ I fn - fn—l "2'5( I En - fn+1 ”2 + i fn—l - fn ”2)!Z( I En - fn ”2 + fn—l - €n+1 "2)'(
S = Snar I &y =& 1D, (N =S Sy — S D}

1
:’>”En+1 - fn”z < ymax{ I gn - 'fn—l ”2'5( I En - €n+1 ”2 + I fn—l - 'fn ”2)'

1
Z(" fn—l - fn+1 ”2)' I fn - En+1 (M| fn—l _fn "}

After simplifying the above yields,

1
$nss = &l < ymax {11 &, — &y ||2,§ (& = Snen P4 1&g — &0 17),

1&n — Enpn Nl &y =& I} oo (1.2.1)
Case (i).
If max { &, — &y ||2,§( M€ = Epr 1P+ 11— & 1P &y — &y N1 6y — &, ||}
=|l &, —&,_ I*Then it yields,

”€n+1 - En”z vl En—l - fn ”2

Lety = A2 then
”fn+1 - fn”z < Azl Il fn—l - En "2

This implies that,

&, — &M <A lle, =&, 00 122)

Case(ii).
181ma@x { 16, = Eumy 12,5 O = G 12+ 1§y = £ 1D 0 & = Ena 10§y — & 1]

= i( I &, — &ppq 12 + 11 E4_y — &, I7) Then it produces,

1€y = EllP < QN E =&y 1P+ 11 &y — &, 1)

N =

(1 - g) ”€n+1 - {n”Z = I En—l - En ”2

N =
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y
[ N e e o LE N A &
(1-3)

&)
Let <(ﬁ5> = 12 Then it gives,
2

”€n+1 - fn”z < 2'22 I fn—l - fn "2
Which implies that,
1,41 — &Ml < 2,llE, — &4l (1.2.3)

Case (iii).
1@ { 16, = Eamy 12,5 Oy = S 12+ 1 §my = £ 1)1 & = Ena 11§y — & 1

=l En _€n+1 Il 1l En—l - fn ”7 then
”En+1 - En”z < 14 Il 'fn - fn+1 Il 11 fn—l - sn I
||En+1 - fn” = ]/”fn - fn—l”

Let,y = A3Then above yields,
|I€n+1 - En” < /13”511 - En—l”

Which implies, 1€, — &l < A5llE, =&, lvn (1.2.4)
Let A = max { 1;,4,,45Then the above gives,
1€ —Enll < 2MIE, — &y Il V .

<2 ”571—1 - fn—z”

<A g =&l ->0as n>
Now, forany positive integerm > n > 1, the above produces as follows,
N &n — & ISH &, = Snurn 1+ &g = Snaa I+ - F &y — & I
N, =& ISA 18 —& I+ATH 18 =8 I+ - +2™ 1 & —& |l

N1En — & IS A"+ A"+ - +A™ D 1, & |l

n

16— 8l (F—) 16— & 1 > 0asn - o

71



Nitin Kumar Singh & S.C. Ghosh / IJMTT, 71(6), 66-73, 2025

Hence, {€,} is Cauchy on S. As S'is a closed subset of H, so {§,} converges to a point pin S.
Here it will be proved that p is a common fixed point of {7} of mappings on S.
LetT,u #+ u.
Now, for positive integer n, (1.2.1) gives,
= Top 12=1 (= ) + (8 — Tuw) 112
=T 1P< 20 p =8 124218 —Tu I

lp =T 1P< 21 =8, 1P+ 2 1 T,y — Tup 112

Slu—TuulP< 2l u—%8 1P+ 2y max {1 &, —u ||2.§(|| &y — &y 1P+l — T 1%,

1
Z( I &y — Tt 12+l — T8 -1 1), 1 Sno1— Tnn—a Ll =T ll,

I En—l - Tmu Il 1l u—= Tnzn—l "}

Slp—TulP< 20 u—%8, 1P+ 2y max {11 §,_; — u Ilz.i(ll Epr — & 12+l — T 1%)

1
Z( D&y — Tt 12+l — & 1P 1 &y — &, Ml e — T Il

Ny — Top =&, 1}

5 1 2 1 2

=l u—T,u I>’< 2y max {;II t= T 1% =Tl }
=T 2=y Il p — Tyu 112
I = Tpu 12<ll = T 112

Which is a contradiction, as 0 <y<l. The only possibility is that Tn, p = p. To prove uniqueness, suppose that p # w,V n,
Thow=w.

lp—wlI>=ll Top — Tpo I?
Slu—wlP<ymax {Ilp—w Ilz,i(ll p—Tou 1?2 +ll @ — T l1?),

1
Z(" p=Tpw 1> +llw = Tuu 1,1 = Ty Il @ = T I 1l = T 1INl @ — Tu 1}

Slp-wlPsymax (lp-o 120 (g -l +lo—ul?, 0l p—ollo—ul}
Slu—wlP<ymax {lp—w 3 I p—o 1?1 p—ol?
Slp-—olP<ylp-wl?

Again, a contradiction as 0 <y <1. Hence u = w. This is complete proof of our theorem.
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Theorem (1.3) Let S be a closed subset of a Hilbert space H and { T,, }S — S be a sequence of mappings that satisfy the
following condition,

1
176 = ¢ P<ymax (1§ =12, (N =TE 1 +1 <= T8 1), (0 & =T 12 41 ¢ =Tig 11%)

IE-TENNT—TE N2
IE=CN2+1E =TI

ns—nfwnz—nzm( )nf—ﬁZWNZ—EfM

oo (1.3.1)

VECL ES, & #L and 0<y<l.

Proof of the above is the same as the theorem (1.2).
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