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1. Introduction 
 Several researchers have determined the level of approximation of function f, belonging to various summability methods 

such as Riesz mean, Nörlund mean, Matrix mean, and generalized Matrix mean, etc., through different spaces. The Besov spaces 

extend the scope of basic functional spaces such as Lipschitz, Hölder, and generalized Hölder spaces. The Besov spaces are 

significant in assessing the regularity characteristics of functions. Therefore, in the present work, we obtain the degree of 

approximation of a function in a Besov space using Eular means.  

 

 We will discuss the degree of approximation of functions in the 𝐻𝛼  Class of Fourier series in the supremum norm. This 

topic has been extensively studied by P. Chandra [5], P. Chandra and R.N. Mahapatra [7], T. Singh [9 ], and Z. Krasniqi and B. 

Szal [11] in relation to the approximation of functions using Hölder metrics. 

 

2. Definitions and Notations    
2.1. Modulus of Continuity (DeVore et al [3]) 

Let 𝐴 = 𝑅, 𝑅+ , [𝑎, 𝑏], or T (which is usually taken to be R with the identification of points modulo 2𝜋).  

 

The modulus of continuity 𝑤(𝑓, 𝑡) = 𝑤(𝑡) of a function 𝑓 on A can be defined as  

 

 𝑤(𝑡) = 𝑤(𝑓, 𝑡) = 𝑠𝑢𝑝
|𝑥−𝑦|≤𝑡,𝑥,𝑦∈𝐴

|𝑓(𝑥) − 𝑓(𝑦)|  , 𝑡 ≥ 0. (2.1) 

  

2.2. Modulus of Smoothness (DeVore et al [3]) 

The 𝑘𝑡ℎ The order modulus of smoothness of a function 𝑓: 𝐴 → 𝑅 is defined by  

 

 𝑤𝑘 (𝑓, 𝑡) = 𝑠𝑢𝑝
0<ℎ≤𝑡

{|∆ℎ
𝑘 (𝑓, 𝑥)|: 𝑥, 𝑥 + 𝑘ℎ ∈ 𝐴}, 𝑡 ≥ 0. (2.2) 

 

 ∆ℎ
𝑘 (𝑓, 𝑥) = ∑𝑘

𝑖=0 (𝑘
𝑖

) 𝑓(𝑥 + 𝑖ℎ), 𝑘 ∈ 𝑁. (2.3) 

 

For 𝑘 = 1, 𝑤1
(𝑓, 𝑡)𝐼𝑡 is called the modulus of continuity of 𝑓. The function w is continuous at 𝑡 = 0 if and only if 𝑓  is 

uniformly continuous on A, that is 𝑓 ∈ 𝐶(𝐴) . The 𝑘𝑡ℎ order modulus of smoothness of 𝑓 ∈ 𝐿𝑝
(𝐴) , 
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0 < 𝑝 < ∞ or of 𝑓 ∈ 𝐶(𝐴), if 𝑝 = ∞, is defined by  

 

 wk(f, t)p = sup
0<h≤t

||∆h
k (f, x)||p   , t ≥ 0. (2.4) 

 

 if 𝑝 ≥ 1,𝑘 = 1, then 𝑤1(𝑓, 𝑡)𝑝 = 𝑤(𝑓, 𝑡)𝑝 It is a modulus of continuity (or integral modulus of continuity). If  𝑝 = ∞,

𝑘 = 1 and 𝑓 is continuous, the 𝑤𝑘 (𝑓, 𝑡)𝑝 reduces to the modulus of continuity 𝑤1 (𝑓, 𝑡) (or 𝑤(𝑓, 𝑡)). 

 
2.3. Lipschitz Space (DeVore et al [3]) 

 Let 𝑓 ∈ 𝐶(𝐴) and  

 𝑤(f, t) = O(tα), 0 < α ≤ 1. (2.5) 

 

 then we write 𝑓 ∈ 𝐿𝑖𝑝  𝛼 , If 𝑤 (𝑓, 𝑡) = 𝑂(𝑡) as 𝑡 → 0 + (in particular (3.5) holds for 𝛼 > 1) then 𝑓 reduces to a constant. 

If 𝑓 ∈ 𝐿𝑝
(𝐴), 0 < 𝑝 < ∞ and  

 w(f, t)p = O(tα), 0 < α ≤ 1. (2.6) 

 

 then we write 𝑓 ∈ 𝐿𝑖𝑝  (𝛼, 𝑝), 0 < 𝑝 < ∞, 0 < 𝛼 ≤ 1. 
The case 𝛼 > 1 is of no interest as the function reduces to a constant whenever  

 

 w(f, t)p = O(t)  as  t → 0 + (2.7) 

 

 We note that if 𝑝 = ∞ and 𝑓 ∈ 𝐶(𝐴), then 𝐿𝑖𝑝(𝛼, 𝑝) class reduces to 𝐿𝑖𝑝  𝛼 class. 

 
2.4. Generalized Lipschitz Space (DeVore et al [3]) 

       Let 𝛼 > 0 and suppose that 𝑘 = [𝛼] + 1. For 𝑓 ∈ 𝐿𝑝 (𝐴), 0 < 𝑝 < ∞, if  

 

 wk(f, t) = O(tα), t > 0, (2.8) 

 Then we write  

 f ∈ Lip∗ (α, p), α > 0, 0 < p ≤ ∞. (2.9) 

 

and say that 𝑓 belongs to generalized Lipschitz space. The seminorm is then.  

 

 |𝑓|𝐿𝑖𝑝∗(𝛼,𝐿𝑝) = 𝑠𝑢𝑝
𝑡 >0

(𝑡−𝛼𝑤𝑘 (𝑓, 𝑡)𝑝 ) 

 

It is known ([3], p-52) that the space 𝐿𝑖𝑝∗ (𝛼, 𝐿𝑝 ) contains 𝐿𝑖𝑝(𝛼, 𝐿𝑝 ). For 0 < 𝛼 < 1, the spaces coincide. (for 𝑝 = ∞ , it is 

necessary to replace 𝐿∞ By the C of uniformly continuous functions on A. For 0 < 𝛼 < 1 and 𝑝 = ∞ the space 𝐿𝑖𝑝∗(𝛼, 𝐿𝑝 ) 

coincide with 𝐿𝑖𝑝  𝛼. 

    

For 𝛼 = 1,𝑝 = ∞, we have  

 𝐿𝑖𝑝(1, 𝐶) = 𝐿𝑖𝑝  1 (2.10) 

 but  

 𝐿𝑖𝑝∗(1, 𝐶) = 𝑍 (2.11) 

 

 is the Zygmund space [1] which is characterized by (2.8) with 𝑘 = 2. 

 
2.5. 𝑯�̈�𝒍𝒅𝒆𝒓 (𝑯𝜶) Space ( M. Mohanty et al. [4] ) 

For 0 < 𝛼 ≤ 1, let  

 Hα = {f ∈ C2π : w(f, t) = O(tα)}. (2.12) 

 

It is known [8] that 𝐻𝛼  is a Banach Space with the norm ||. ||𝛼  defined by 

 

 ∥ f ∥α=∥ f ∥C + sup
t>0

 t−αw(t),0 < α ≤ 1,     (2.13) 
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 ∥ 𝑓 ∥0=∥ 𝑓 ∥𝐶  

and  

 Hα ⊆ Hβ ⊆ C2π ,    0 < β ≤ α ≤ 1. (2.14) 

 

2.6. Besov Space ( DeVore et al [3] ) 

Let 𝛼 > 0 be given and let 𝑘 = [𝛼] + 1. For 0 < 𝑝, 𝑞 ≤ ∞, the Besov space([3],p-54) 𝐵𝑞
𝛼(𝐿𝑝 ) is defined as follows:  

 𝐵𝑞
𝛼(𝐿𝑝 ) = {𝑓 ∈ 𝐿𝑝 : |𝑓|𝐵𝑞

𝛼 (𝐿𝑝) = ||𝑤𝑘 (𝑓, . )||(𝛼,𝑞) 𝑖𝑠  𝑓𝑖𝑛𝑖𝑡𝑒 } 

where 

 

 ||𝑤𝑘 (𝑓, .)||(𝛼 ,𝑞) = {
[∫

∞

0
(𝑡−𝛼𝑤𝑘 (𝑓, 𝑡)𝑝 )𝑞 𝑑𝑡

𝑡
]

1

𝑞 , 0 < 𝑞 < ∞

𝑠𝑢𝑝
𝑡 >0

 (𝑡−𝛼𝑤𝑘 (𝑓, 𝑡)𝑝 ),      𝑞 = ∞
 

It is known ([3], p-55) that ||𝑤𝑘 (𝑓, . )||(𝛼,𝑞) It is a seminorm if 1 ≤ 𝑝, 𝑞 ≤ ∞  and a quasi-seminorm in other cases.  

The Besov norm for 𝐵𝑞
𝛼(𝐿𝑝 ) is  

 ||f||Bq
α(Lp ) = ||f||p + ||wk(f, . )||(α,q) (2.15) 

 It is known ([10], p-237) that for 2𝜋 -periodic function 𝑓  , the integral [∫
∞

0 (𝑡−𝛼𝑤𝑘(𝑓, 𝑡)𝑝 )𝑞 𝑑𝑡

𝑡
]

1

𝑞  is replaced by 

[∫
𝜋

0 (𝑡−𝛼𝑤𝑘 (𝑓, 𝑡)𝑝 )𝑞 𝑑𝑡

𝑡
]

1

𝑞. 

We know ([3],[ 10]) the following inclusion relations. 

For fixed 𝛼 and p  

 

 𝐵𝑞
𝛼(𝐿𝑝 ) ⊂ 𝐵𝑞1

𝛼 (𝐿𝑝 ),    𝑞 < 𝑞1. 

 

For fixed p and q  

 

 𝐵𝑞
𝛼(𝐿𝑝 ) ⊂ 𝐵𝑞

𝛽
(𝐿𝑝 𝛽 < 𝛼. 

For fixed 𝛼 and q  

 

 𝐵𝑞
𝛼(𝐿𝑝 ) ⊂ 𝐵𝑞

𝛼(𝐿𝑝1
),    𝑝1 < 𝑝. 

 

 
2.7  Through out the paper we will use the following notations: 

 
 Let 𝑓 be a 2𝜋  periodic function and 𝑓 ∈ 𝐿𝑝 [0,2𝜋], where 𝑝 ≥ 1. Then the Fourier series is given by  

 

 f(x) =
1

2
a0 + ∑∞

n=1 (an cos nx + bn sin nx). (2.16) 

 

Let 𝑆𝑛(𝑥) = 𝑆𝑛(𝑓, 𝑥) denote the 𝑛𝑡ℎ  Partial sum of the Fourier series. Then as we know ([2]) that  

 

 Sn (x) − f(x) =
1

π
∫

π

0 ϕx (u)Dn (u)  du. (2.17) 

 

where  

 ϕx(u) = ϕ(x, u) = f(x + u) + f(x − u) − 2f(x) (2.18) 

 and the Dirichlet kernel 

 

 𝐷𝑛(𝑢) =
1

2
+ ∑𝑛

𝑘=0 𝑐𝑜𝑠  𝑘𝑢 =
𝑠𝑖𝑛 (𝑘+

1

2
)𝑢

2𝑠𝑖𝑛
𝑢

2

    . (2.19) 

 

The Eular mean of the Fourier series is given by:  

 𝐸𝑛
𝑞

= (1 + 𝑞)−𝑛 ∑𝑛
𝑘 =0

𝑛
𝐶𝑘  𝑞𝑛−𝑘𝑆𝑘 (2.20) 
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and  

 𝐸𝑛
𝑞

− 𝑓(𝑥) =
1

2𝜋
(1 + 𝑞)−𝑛 ∫

𝜋

0 𝜙𝑥(𝑢) ∑𝑛
𝑘 =0

𝑛
𝐶𝑘

𝑠𝑖𝑛 (𝑘+
1

2
)𝑢

2𝑠𝑖𝑛
𝑢

2

𝑞𝑛−𝑘𝑑𝑢    . 

 

Thus  

 𝑇𝑛(𝑥) = 𝐸𝑛
𝑞

− 𝑓(𝑥) =
1

2𝜋
∫

𝜋

0 𝜙𝑥(𝑢)𝐾𝑛(𝑢)𝑑𝑢,   (2.21) 

 

where  

 𝐾𝑛(𝑢) = (1 + 𝑞)−𝑛 ∑𝑛
𝑘 =0

𝑛
𝐶𝑘𝑞𝑛−𝑘

𝑠𝑖𝑛 (𝑘+
1
2

)𝑢

2𝑠𝑖𝑛
𝑢

2

 (2.22) 

 

We need the following additional notations. 

 

 𝜙(𝑥, 𝑡, 𝑢) = {
𝜙𝑥+𝑡(𝑢) − 𝜙𝑥(𝑢),                             𝑓𝑜𝑟  0 < 𝛼 < 1,

𝜙𝑥+𝑡(𝑢) + 𝜙𝑥−𝑡(𝑢) − 2𝜙𝑥(𝑢)      𝑓𝑜𝑟  1 ≤ 𝛼 < 2.
 (2.23) 

 

where 𝜙𝑥(𝑢) is as defined in (3.18) and 𝑓 ∈ 𝐵𝑞
𝛼(𝐿𝑝 ) for 𝑘 = [𝛼] + 1 and 𝑝 ≥ 1. 

The 𝑘𝑡ℎ order modulus of smoothness is : 

 

 𝑤𝑘 (𝑓, 𝑡)𝑝 = {
𝑤1(𝑓, 𝑡)𝑝       𝑓𝑜𝑟    0 < 𝛼 < 1,

𝑤2(𝑓, 𝑡)𝑝       𝑓𝑜𝑟    1 < 𝛼 < 2.
 (2.24) 

   

and 

 

 𝑇𝑛(𝑥, 𝑡) = {
𝑇𝑛(𝑥 + 𝑡) − 𝑇𝑛(𝑥)                                    𝑓𝑜𝑟    0 < 𝛼 < 1,

𝑇𝑛(𝑥 + 𝑡) − 𝑇𝑛(𝑥 − 𝑡) − 2𝑇𝑛(𝑥)          𝑓𝑜𝑟    1 ≤ 𝛼 < 2.
 (2.25) 

 

With the definition of 𝑇𝑛(𝑥, 𝑡) in (2.25) and 𝑤𝑘 (𝑓, 𝑡)𝑝  in (2.24),  

 𝑤𝑘 (𝑇𝑛 , 𝑡)𝑝 = ||𝑇𝑛(𝑥, 𝑡)||𝑝 . 
 

3. Theorems and Lemmas  
Theorem 3.1 (P.Chandra [6]) 

Let 𝑓 ∈ 𝐿𝑖𝑝(𝛼, 𝑝), (0 < 𝛼 ≤ 1, 𝑝 > 1). Then 

 

 ||𝑓 − 𝐸𝑛
𝑞

||𝑝 = 𝑂(𝑛−𝛼)        0 < 𝛼 ≤ 1. (3.1) 

Theorem 3.2 (P.Chandra [6]) 

Let 𝑓 ∈ 𝐿𝑖𝑝(𝛼, 1), (0 < 𝛼 ≤ 1). Then 

 

 ||𝑓 − 𝐸𝑛
𝑞

||1 = 𝑂(𝑛−𝛼𝑙𝑜𝑔𝑛). (3.2) 

Lemma 3.1 ( M. Mohanty et al. [4] )  
Let 1 ≤ 𝑝 ≤ ∞ and 0 < 𝛼 < 2. If 𝑓 ∈ 𝐿𝑝 [0,2𝜋], then for 0 < 𝑡, 𝑢 ≤ 𝜋.   

    1.  ||𝜙(. , 𝑡, 𝑢)||𝑝 ≤ 4𝑤𝑘 (𝑓, 𝑡)𝑝   

    2.  ||𝜙(. , 𝑡, 𝑢)||𝑝 ≤ 4𝑤𝑘 (𝑓, 𝑢)𝑝  

    3.  ||𝜙(𝑢)||𝑝 ≤ 2𝑤𝑘 (𝑓, 𝑢)𝑝   

 

where 𝑘 = [𝛼] + 1.  

 

Lemma 3.2 ( M. Mohanty et al.[4] )  
Let 0 < 𝛼 < 2. Suppose that 0 ≤ 𝛽 < 𝛼.If 𝑓 ∈ 𝐵𝑞

𝛼(𝐿𝑝 ), 𝑝 ≥ 1 and 1 < 𝑞 ≤ ∞, then  

 

    1.  ∫
𝜋

0 |𝐾𝑛(𝑢)|(∫
𝑢

0

||𝜙 (.,𝑡,𝑢)||𝑝
𝑞

𝑡𝛽𝑞

𝑑𝑡

𝑡
)

1

𝑞 𝑑𝑢 = 𝑂(1)[∫
𝜋

0 (𝑢𝛼−𝛽|𝐾𝑛(𝑢)|)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 
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    2.  ∫
𝜋

0 |𝐾𝑛(𝑢)|(∫
𝜋

𝑢

||𝜙(.,𝑡 ,𝑢)||𝑝
𝑞

𝑡𝛽𝑞

𝑑𝑡

𝑡
)

1

𝑞 𝑑𝑢 = 𝑂(1)[∫
𝜋

0 (𝑢
𝛼−𝛽+

1

𝑞|𝐾𝑛(𝑢)|)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

 where |𝐾𝑛(𝑢)| is defined as in equation (2.22).  

 

Lemma 3.3 (M. Mohanty et al.[4]) 

 Let 0 < 𝛼 < 2. Suppose that 0 ≤ 𝛽 < 𝛼. If 𝑓 ∈ 𝐵𝑞
𝛼(𝐿𝑝 ), 𝑝 ≥ 1 and 𝑞 = ∞, then  

 𝑠𝑢𝑝
𝑡<0,𝑢≤𝜋

𝑡−𝛽||𝜙(𝑥, 𝑡, 𝑢)||𝑝 = 𝑂(𝑢𝛼 −𝛽) 

Lemma 3.4  
 Let 𝐾𝑛(𝑢) The kernel of the Fourier series is defined in (2.22). Then  

 |𝐾𝑛(𝑢)| = 𝑂(𝑛)  𝑓𝑜𝑟    0 ≤ 𝑢 ≤
𝜋

𝑛
,  

 |𝐾𝑛(𝑢)| = 𝑂(
1

𝑢
)  𝑓𝑜𝑟    

𝜋

𝑛
≤ 𝑢 ≤ 𝜋.  

Proof of Lemma 3.4 

 𝐾𝑛(𝑢) = (1 + 𝑞)−𝑛 ∑𝑛
𝑘 =0

𝑛
𝐶𝑘  𝑞𝑛−𝑘

𝑠𝑖𝑛 (𝑘+
1

2
)𝑢

𝑠𝑖𝑛
𝑢

2

 

if 0 ≤ 𝑢 ≤
𝜋

𝑛
 and 𝑠𝑖𝑛  𝑛𝑢 = 𝑛  𝑠𝑖𝑛𝑢  

  

 |𝐾𝑛(𝑢)| = |(1 + 𝑞)−𝑛 ∑𝑛
𝑘=0

𝑛
𝐶𝑘  𝑞𝑛−𝑘

𝑠𝑖𝑛 (𝑘+
1

2
)𝑢

𝑠𝑖𝑛
𝑢

2

| 

 

 |𝐾𝑛(𝑢)| = |(1 + 𝑞)−𝑛 2𝑛+1

2
∑𝑛

𝑘=0
𝑛

𝐶𝑘  𝑞𝑛−𝑘| 

 

 |𝐾𝑛(𝑢)| = 𝑂(𝑛). 
 

if 
𝜋

𝑛
≤ 𝑢 ≤ 𝜋 , 𝑠𝑖𝑛

𝑢

2
≥

𝑢

𝜋
 And 𝑠𝑖𝑛  𝑛𝑢 ≤ 1. 

  

 |𝐾𝑛(𝑢)| = |(1 + 𝑞)−𝑛 ∑𝑛
𝑘=0

𝑛
𝐶𝑘  𝑞𝑛−𝑘

𝑠𝑖𝑛 (𝑘+
1
2

)𝑢

𝑠𝑖𝑛
𝑢

2

| 

 

 |𝐾𝑛(𝑢)| = 𝑂(
1

𝑢
). 

4. Main Theorem 
Let 0 < 𝛼 < 2 and 0 ≤ 𝛽 < 𝛼. If 𝑓 ∈ 𝐵𝑞

𝛼(𝐿𝑝 ), 𝑝 ≥ 1 then 

 

 ||𝑇𝑛(𝑥)||
𝐵𝑞

𝛽
(𝐿𝑝)

= 𝑂(
1

𝑛
𝛼−𝛽−

1
𝑞

)    𝑓𝑜𝑟  1 < 𝑞 < ∞, (4.1) 

and 

 ||𝑇𝑛(𝑥)||
𝐵∞

𝛽
(𝐿𝑝)

= 𝑂(
1

𝑛𝛼−𝛽 𝑓𝑜𝑟  𝑞 = ∞. (4.2) 

 

Note:    

(a) Our results generalizes the result of P. Chandra for 0 < 𝛼 ≤ 1 in Theorem 3.1, as Conditions (4.1) and (4.2) include 

condition (3.1) in both cases when 1 < 𝑞 < ∞ and when 𝑞 = ∞.  

 

(b) Our results also generalizes the result of P. Chandra for 0 < 𝛼 ≤ 1 in Theorem 3.2, as Conditions (4.1) and (4.2) include 

condition (3.2) in both cases when 1 < 𝑞 < ∞ and when 𝑞 = ∞.  

 

5. Proof of the Main Theorem 
Case I   

We consider 1 < 𝑞 < ∞. We have 𝑝 ≥ 1, 0 ≤ 𝛽 < 𝛼 < 2. 

 

 ||𝑇𝑛(. )||
𝐵𝑞

𝛽
(𝐿𝑝)

= ||𝑇𝑛(. )||𝑝 + ||𝑤𝑘 (𝑇𝑛 , . )||(𝛽,𝑞) (5.1) 
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 applying Lemma 4.1   

 ||𝑇𝑛(. )||𝑝 ≤
1

𝜋
∫

𝜋

0 ||𝜙𝑥(𝑢)||𝑝   |𝐾𝑛(𝑢)|𝑑𝑢 

 

 ||𝑇𝑛(. )||𝑝 ≤
2

𝜋
∫

𝜋

0 |𝐾𝑛(𝑢)|  𝑤𝑘 (𝑓, 𝑢)𝑝 𝑑𝑢 

applying hölder inequality 

 

 ||𝑇𝑛(. )||𝑝 ≤
2

𝜋
[(∫

𝜋

0 |𝐾𝑛(𝑢)|𝑢
𝛼+

1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 . [∫
𝜋

0 (
𝑤𝑘 (𝑓,𝑢)𝑝

𝑢
𝛼+

1
𝑝

)𝑞𝑑𝑢]
1

𝑞 

 By the definition of Besov space, 

 

 ||𝑇𝑛(. )||𝑝 ≤ 𝑂(1)[∫
𝜋

0 (|𝐾𝑛(𝑢)|𝑢
𝛼+

1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

 ||𝑇𝑛(. )||𝑝 ≤ 𝑂(1)[(∫
𝜋
𝑛

0 + ∫
𝜋

𝜋

𝑛
)(|𝐾𝑛(𝑢)|𝑢

𝛼 +
1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

[By the inequality (𝑥 + 𝑦)𝑟 ≤ 𝑥𝑟 + 𝑦𝑟 𝑓𝑜𝑟    0 < 𝑟 ≤ 1]  

 

 ||𝑇𝑛(. )||𝑝 = 𝑂(1)[𝐼 + 𝐽]    (𝑙𝑒𝑡) 

 Now   

 𝐼 = [∫
𝜋
𝑛

0 (|𝐾𝑛(𝑢)|𝑢
𝛼+

1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

from Lemma 4.4 (case I) 

 

 𝐼 = 𝑂(𝑛)[∫
𝜋
𝑛

0 (𝑢
𝛼 +

1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

  

 𝐼 = 𝑂(
1

𝑛𝛼)                                                  (5.2) 

 

  

 𝐽 = [∫
𝜋

𝜋
𝑛

(|𝐾𝑛(𝑢)|𝑢
𝛼 +

1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

 𝐽 = [∫
𝜋

𝜋
𝑛

(𝑢
𝛼+

1

𝑞
−1

)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

 𝐽 = 𝑂(
1

𝑛𝛼)              (5.3) 

 By (5.2) and (5.3), 

 ||𝑇𝑛(. )||𝑝 = 𝑂(
1

𝑛𝛼)      (5.4) 

 

Now, by using the Besov space,  

 

 ||𝑤𝑘 (𝑇𝑛 , 𝑡)||(𝛽,𝑞) = [∫
𝜋

0 (𝑡−𝛽𝑤𝑘 (𝑇𝑛 , 𝑡)𝑝 )𝑞 𝑑𝑡

𝑡
]

1

𝑞 

 

 = [∫
𝜋

0 (
𝑤𝑘 (𝑇𝑛,𝑡)𝑝

𝑡𝛽 )𝑞 𝑑𝑡

𝑡
]

1

𝑞 

From the definition of 𝑤𝑘 (𝑇𝑛 , 𝑡)𝑝 , 

 

 𝑤𝑘 (𝑇𝑛 , 𝑡)𝑝 = ||𝑇𝑛(𝑥, 𝑡)||𝑝  

  

 ||𝑤𝑘 (𝑇𝑛 , 𝑡)||(𝛽,𝑞) = [∫
𝜋

0 (
||𝑇𝑛(𝑥,𝑡)||𝑝

𝑡𝛽 )𝑞   
𝑑𝑡

𝑡
]

1

𝑞 
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 = [∫
𝜋

0 (∫
𝜋

0 |𝑇𝑛(𝑥, 𝑡)|𝑝 𝑑𝑥)
𝑞

𝑝   
𝑑𝑡

𝑡𝛽𝑞+1]
1

𝑞 

Since 𝑇𝑛(𝑥, 𝑡) =
1

𝜋
∫

𝜋

0 𝜙(𝑥, 𝑡, 𝑢)𝐾𝑛(𝑢)𝑑𝑢, 

 

 ||𝑤𝑘 (𝑇𝑛 , 𝑡)||(𝛽,𝑞) ≤ [∫
𝜋

0 (∫
𝜋

0 |
1

𝜋
∫

𝜋

0 𝜙(𝑥, 𝑡, 𝑢)𝐾𝑛(𝑢)𝑑𝑢|𝑝 𝑑𝑥)
𝑞

𝑝   
𝑑𝑡

𝑡𝛽𝑞 +1]
1

𝑞 

 

 

By repeated application of generalized Minkowski inequality, 

  

 =
1

𝜋
[∫

𝜋

0 (∫
𝜋

0 (∫
𝜋

0 |𝜙(𝑥,𝑡, 𝑢)|𝑝 |𝐾𝑛(𝑢)|𝑝 𝑑𝑥)
1

𝑝 𝑑𝑢)𝑞   
𝑑𝑡

𝑡𝛽𝑞+1]
1

𝑞 

 

 

 ≤
1

𝜋
[∫

𝜋

0 (∫
𝜋

0 |𝐾𝑛(𝑢)|||𝜙(𝑥, 𝑡, 𝑢)||𝑝 𝑑𝑢)𝑞   
𝑑𝑡

𝑡𝛽𝑞+1]
1

𝑞 

 

 

 ≤
1

𝜋
∫

𝜋

0 (∫
𝜋

0 |𝐾𝑛(𝑢)|𝑞||𝜙(𝑥, 𝑡, 𝑢)||𝑝
𝑞 𝑑𝑡

𝑡𝛽𝑞 +1)
1

𝑞𝑑𝑢 

 

 

 ≤
1

𝜋
∫

𝜋

0 |𝐾𝑛(𝑢)|𝑑𝑢(∫
𝜋

0

||𝜙 (𝑥,𝑡,𝑢 )||𝑝
𝑞

𝑡𝛽𝑞

𝑑𝑡

𝑡
)

1

𝑞 

 

 

 ≤
1

𝜋
∫

𝜋

0 |𝐾𝑛(𝑢)|𝑑𝑢[(∫
𝑢

0 + ∫
𝜋

𝑢 )
||𝜙 (𝑥,𝑡 ,𝑢)||𝑝

𝑞

𝑡𝛽𝑞

𝑑𝑡

𝑡
]

1

𝑞 

 

 

 =
1

𝜋
∫

𝜋

0 |𝐾𝑛(𝑢)|𝑑𝑢[∫
𝑢

0

||𝜙(𝑥,𝑡,𝑢 )||𝑝
𝑞

𝑡𝛽𝑞

𝑑𝑡

𝑡
]

1

𝑞 +
1

𝜋
∫

𝜋

0 |𝐾𝑛(𝑢)|𝑑𝑢[∫
𝜋

𝑢

||𝜙 (𝑥,𝑡 ,𝑢)||𝑝
𝑞

𝑡𝛽𝑞

𝑑𝑡

𝑡
]

1

𝑞  

 

 

By Lemma 4.2  

 

   = O(1)[( ∫ (|𝐾𝑛
(𝑢)|𝑢𝛼 −𝛽 )

𝑞

𝑞−1𝜋

0 𝑑𝑢 )
1−

1

𝑞

 + ( ∫ (|𝐾𝑛
(𝑢) |𝑢

𝛼−𝛽+
1

𝑞)

𝑞

𝑞−1𝜋

0 𝑑𝑢 )

1−
1
𝑞

 ] 

 

                                ||𝑊𝑘 (𝑇𝑛 , 𝑡)||(𝛽,𝑞) = 𝑂(1)[𝐼′ + 𝐽′]    (𝑙𝑒𝑡)                              (5.5) 

 

Now, proceed to estimate I’   

 𝐼′ = [∫
𝜋

0 (|𝐾𝑛(𝑢)|𝑢𝛼 −𝛽)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

 = [(∫
𝜋

𝑛
0 + ∫

𝜋
𝜋
𝑛

)(|𝐾𝑛(𝑢)|𝑢𝛼 −𝛽)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

 = 𝑂(𝑛)(∫
𝜋
𝑛

0 (𝑢𝛼−𝛽)
𝑞

𝑞−1 𝑑𝑢)
1−

1

𝑞 + 𝑂(1)(∫
𝜋

𝜋

𝑛
(𝑢𝛼−𝛽−1)

𝑞

𝑞−1 𝑑𝑢)
1−

1

𝑞 

 

 𝐼′ = 𝐼′1 + 𝐼′2 (5.6) 

 

Let   

 𝐼′1 = 𝑂(𝑛)(∫
𝜋
𝑛

0 (𝑢𝛼−𝛽)
𝑞

𝑞−1 𝑑𝑢)
1−

1

𝑞 
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 𝐼′1 = 𝑂(
1

𝑛
𝛼−𝛽−

1
𝑞

) 

 

 𝐼′2 = 𝑂(1)(∫
𝜋

𝜋
𝑛

(𝑢𝛼 −𝛽−1)
𝑞

𝑞−1 𝑑𝑢)
1−

1

𝑞 

 

 𝐼′2 = 𝑂(
1

𝑛
𝛼−𝛽−

1
𝑞
) 

 

Put the value of 𝐼′1 and 𝐼′2 In equation (5.6),  

 𝐼′ = 𝑂(
1

𝑛
𝛼−𝛽−

1
𝑞
) (5.7) 

 Now   

 𝐽′ = (∫
𝜋

0 (|𝐾𝑛(𝑢)|𝑢
𝛼 −𝛽+

1

𝑞)
𝑞

𝑞−1 𝑑𝑢)
1−

1

𝑞 

 

 

 𝐽′ = [(∫
𝜋
𝑛

0 + ∫
𝜋

𝜋

𝑛
)(|𝐾𝑛(𝑢)|𝑢

𝛼−𝛽+
1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

  

 ≤ 𝑂(𝑛)[∫
𝜋

𝑛
0 (𝑢

𝛼 −𝛽+
1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 + 𝑂(
1

𝑢
)[∫

𝜋
𝜋

𝑛
(𝑢

𝛼−𝛽+
1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

 

 𝐽′ = 𝐽′1 + 𝐽′2 (5.8) 

 

Let   

 𝐽′1 = 𝑂(𝑛)[∫
𝜋

𝑛
0 (𝑢

𝛼−𝛽+
1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

 

 𝐽′1 = 𝑂(𝑛)(
1

𝑛𝛼−𝛽+1) 

 

 

 𝐽′1 = 𝑂(
1

𝑛𝛼−𝛽) 

 

 

Let   

 𝐽′2 = 𝑂(
1

𝑢
)[∫

𝜋
𝜋
𝑛

(𝑢
𝛼 −𝛽+

1

𝑞)
𝑞

𝑞−1 𝑑𝑢]
1−

1

𝑞 

 

 

 𝐽′2 = 𝑂(
1

𝑢
)(

1

𝑛𝛼−𝛽+1
) 

 

 

 𝐽′2 = 𝑂(
1

𝑛𝛼−𝛽) 

 

 

Put the value of 𝐽′1 and 𝐽′2 In equation (5.8), we have 

 

 𝐽′ = 𝑂(
1

𝑛𝛼−𝛽) (5.9) 
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from equation (5.5)  

  

 ||𝑤𝑘 (𝑇𝑛 , 𝑡)||(𝛽,𝑞) = 𝑂(
1

𝑛
𝛼−𝛽−

1
𝑞

) + 𝑂(
1

𝑛𝛼−𝛽) (5.10) 

 by equations (5.1) ,(5.4) and (5.9) 

 

 ||𝑇𝑛(. )||
𝐵𝑞

𝛽
(𝐿𝑝)

= 𝑂(
1

𝑛𝛼 ) + 𝑂(
1

𝑛
𝛼−𝛽−

1
𝑞
) + 𝑂(

1

𝑛𝛼−𝛽) 

 

 ||𝑇𝑛(. )||
𝐵𝑞

𝛽
(𝐿𝑝)

= 𝑂(
1

𝑛
𝛼−𝛽−

1
𝑞

)      𝑓𝑜𝑟    1 < 𝑞 < ∞ (5.11) 

 This completes the proof in case I. 

 

case II 

 

For 𝑞 = ∞, 

Now, consider the case 𝑞 = ∞.  

 ||𝑇𝑛(. )||
𝐵∞

𝛽
(𝐿𝑝)

= ||𝑇𝑛(. )||𝑝 + ||𝑤𝑘 (𝑇𝑛 , . )||(𝛽,∞) (5.12) 

  

 

 𝑇𝑛(𝑥) =
1

𝜋
∫

𝜋

0 𝜙𝑥(𝑢)  𝐾𝑛(𝑢)𝑑𝑢 

applying Lemma 4.1 (iii) in 𝑇𝑛(𝑥), 

 

 

 ||𝑇𝑛(. )||𝑝 ≤
1

𝜋
∫

𝜋

0 ||𝜙𝑥(𝑢)||𝑝   |𝐾𝑛(𝑢)|𝑑𝑢 

 

 

 ||𝑇𝑛(. )||𝑝 ≤
2

𝜋
∫

𝜋

0 |𝐾𝑛(𝑢)|  𝑤𝑘 (𝑓, 𝑢)𝑝 𝑑𝑢 

 

 

     ≤ 𝑂(1)[∫
𝜋

0 |𝐾𝑛(𝑢)|  𝑢𝛼𝑑𝑢] 

 

  

     ≤ 𝑂(1)[(∫
𝜋
𝑛

0 + ∫
𝜋

𝜋

𝑛
)|𝐾𝑛(𝑢)|  𝑢𝛼𝑑𝑢] 

 

  

     ≤ 𝑂(𝑛) ∫
𝜋
𝑛

0   𝑢𝛼𝑑𝑢 + 𝑂(1) ∫
𝜋

𝜋

𝑛
  𝑢𝛼−1𝑑𝑢 

 

 

 ∴     ||𝑇𝑛(. )||𝑝 = 𝑂(
1

𝑛𝛼)        𝑓𝑜𝑟    𝑞 = ∞ (5.13) 

  

Now 

  

 ||𝑤𝑘 (𝑇𝑛 , 𝑡)||(𝛽,∞) = 𝑠𝑢𝑝  
𝑡 >0

||𝑇𝑛(𝑥,𝑡)||𝑝

𝑡𝛽  

 

 

 = 𝑠𝑢𝑝 
𝑡 >0

𝑡 −𝛽

𝜋
[∫

𝜋

0 | ∫
𝜋

0 𝜙(𝑥, 𝑡, 𝑢)  𝐾𝑛(𝑢)𝑑𝑢|𝑝 𝑑𝑥]
1

𝑝 

 

 

applying generalized Minkowski’s inequality, 
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 ||𝑤𝑘 (𝑇𝑛 , 𝑡)||(𝛽,𝑞) = 𝑠𝑢𝑝
𝑡 >0

∫
𝜋

0 𝑑𝑢[∫
𝜋

0 |𝜙(𝑥, 𝑡, 𝑢)|𝑝 |𝐾𝑛(𝑢)|𝑝 𝑑𝑥]
1

𝑝 

 

 

 = 𝑠𝑢𝑝
𝑡>0

𝑡 −𝛽

𝜋
∫

𝜋

0 |𝐾𝑛(𝑢)|  ||𝜙(𝑥, 𝑡, 𝑢)||𝑝   𝑑𝑢 

 

 

 ≤
1

𝜋
∫

𝜋

0 |𝐾𝑛(𝑢)|𝑑𝑢(𝑠𝑢𝑝
𝑡>0

 𝑡−𝛽||𝜙(𝑥, 𝑡, 𝑢)||𝑝 ) 

 

 Using Lemma 4.3,   

 ||𝑤𝑘 (𝑇𝑛 , . )||(𝛽,∞) ≤ 𝑂(1) ∫
𝜋

0 𝑢𝛼 −𝛽|𝐾𝑛(𝑢)|  𝑑𝑢 

 

 

 = 𝑂(1)(∫
𝜋
𝑛

0 + ∫
𝜋

𝜋

𝑛
)𝑢𝛼−𝛽|𝐾𝑛(𝑢)|  𝑑𝑢 

 

 

 = 𝑂(1) ∫
𝜋
𝑛

0 𝑢𝛼−𝛽|𝐾𝑛(𝑢)|𝑑𝑢 + 𝑂(1) ∫
𝜋

𝜋
𝑛

𝑢𝛼−𝛽|𝐾𝑛(𝑢)|𝑑𝑢 

 

 

 = 𝑂(𝑛) ∫
𝜋

𝑛
0 𝑢𝛼 −𝛽𝑑𝑢 + 𝑂(1) ∫

𝜋
𝜋
𝑛

𝑢𝛼−𝛽−1𝑑𝑢 

 

 ||𝑤𝑘 (𝑇𝑛 , . )||(𝛽,∞) = 𝑂(
1

𝑛𝛼−𝛽) (5.14) 

 

using equations (5.12), (5.13) and (5.14),  

 

 ||𝑇𝑛(. )||
𝐵∞

𝛽
(𝐿𝑝)

= 𝑂(
1

𝑛𝛼
) + 𝑂(

1

𝑛𝛼−𝛽
) 

 

 ||𝑇𝑛(. )||
𝐵∞

𝛽
(𝐿𝑝)

= 𝑂(
1

𝑛𝛼−𝛽) (5.15) 

This completes the proof of Case II.  

 

Hence, the proof of the main theorem. 
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