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Abstract - This paper investigates the stabilization effect of the two-dimensional incompressible MHD system with partial
dissipation near a background magnetic field. Employing time-global uniform a priori estimates, we establish the global
well-posedness of the nonlinear MHD equations inH®(R?). Building upon this fundamental result, we derive the large-time

asymptotic behavior of the solutions.
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1. Introduction
The MHD equations combine the Navier-Stokes equations for fluid dynamics and the Maxwell equations for

electromagnetism. They control the movement of electrically conductive fluids, such as liquid metals, and have numerous
applications in astrophysics, geophysics, cosmology, and engineering fields (D.Biskamp,1993; H. Qiu, M Chen,1995)
[5,14]. Extensive experimental and numerical studies have consistently shown that the applied background magnetic field
exerts a significant stabilizing influence on magnetohydrodynamic (MHD) turbulence ( A. Alemany, R. Moreau, P.L.
Sulem, U. Frisch,1979; A. Alexakis, 2011; H. Alfv’en,1942; C. Bardos, C. Sulem, P.L. Sulem,1988; P. Burattini, O Zikanov,
B. Knaepen,2010) [1-4,6]. This paper focuses on the following 2D MHD system with anisotropic dissipation,

0,U+U-VU+VP=(d:U,, 0)" +B-VB,
,B+U-VB+nd?B=B-VU, (1.1)
V-U=V-B=0.

Where U = (U, U,)" [?] denotes the velocity field, [?] denotes the magnetic field, and[?] denotes the pressure. The
nonnegative constants vand nare the viscosity coefficients. Without the magnetic field equation, the global stability and
large-time behavior of (1.1) MHD is an outstanding open problem. The major difficulty is that dissipation in only one
direction is too weak to control all the nonlinear terms in the whole space RZ.

Recent studies have shown a growing interest in the stability of incompressible MHD equations with partial dissipation.
Paicu and Zhang (2019) [23] established strong global solutions to the 3-D Navier-Stokes system with strong dissipation in
one direction. Wu-Wu-Xu (2015) [25] analyzed the stability of a two-dimensional MHD system with only velocity
damping. Boardman-Lin-Wu (2020) [8] established the stability of the two-dimensional MHD system while the velocity
field involves only one direction of damping. Lin-Ji-Wu-Li (2020) [19] investigated the stability of perturbations near a

background magnetic field of the two-dimensional incompressible MHD equations with mixed dissipation. Subsequently,
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in the two-dimensional periodic domain, Feng-Hafeez-Wu (2021,2023) [10,11] focused on the following 2D MHD system

with anisotropic dissipation,

o,U+U-VU+VP=v3;U+B-VB,
0,B+U-VB +n(0oBy,B,)" =B - VU,
V-U=V-B=0.

For o = 1, they proved that any perturbation near the background magnetic field is asymptotically stable and established
certain explicit large-time behaviors. Lin-Chen-Bai-Zhang (2023) [17] studied the stability of a system of 2D
incompressible anisotropic magnetohydrodynamic equations. Qiu and Chen (2025) [14]establish the large-time behavior
with explicit decay rates to linearized two-dimensional MHD equations. For more works, the readers can also refer to (E.
Priest, T. Forbes,2000; S.H. Lai, J.H. Wu, J.W. 2024.) [13,16] and the references therein.

The stability and large time behavior of the incompressible 3D MHD equations with partial dissipation has attracted
more and more attention, and significant progress has been made (J.H.-Wu,2001) [24]. Lin-Wu-Suo0(2023) [20]refined the
result of (Boardman, Lin, Wu,2020) [8] by establishing the large-time behavior of solutions in H*space with only
horizontal magnetic diffusion and vertical velocity damping required. Lin-Wu-Zhu (2025) [22] established the stability and
large-time behavior of 3D incompressible MHD equations with partial dissipation near a background magnetic field.
Recently, Lai-Wu-Zhang-Zhao (2024) [16] extended the global well-posedness of (2023) [21] and (2020) [26] H3(R?),
and established the optimal decay rate.
the equilibrium state (U°, B®) R2. It U° = 0,B® = e, = (1,0) is a steady solution of (1.1). Then u =U — U%, b =B —
B°, P =p,and v =n = 1satisfy

Tut+u xNu + Np = (ﬂiul,O)' + bXNb+ 1.5
T0+u XN b + ﬂbe b>xNu + I u,
Nxu=Nxb= 0,

u(x,0) = u (x),b(x,0) = b,(x).

(12)

Our main results are as follows:

Theorem 1.1. Suppose that the initial data (uq,b,) € H3(R?) satisfy V - u, = OV - b, = 0. There exists a small enough
constant & > Osuch that.
l(ug, b)lI?s < €,

Then the system (1.2) has a unique global solution (u,b) € C(O, ©); H? (RZ)), satisfying

l(w, ) ©IIZs + fotllazulllf,s + 110, bl1%s + 10, u, I 2dr < Ce? (1.3)

for some uniform constant C and any t > 0. In addition, (Vu,Vb) obeys the following large-time behavior:

(Ru, g b))

HﬁDO as t - 0. (1.4)

The bootstrapping argument is applied to prove Theorem 1.1. The global a priori estimates of the solutions must be

established. Due to the lack of horizontal dissipation u,in the velocity field, we need to construct a suitable energy

function. Since the initial data (U, b, ) i H’(; ?), anatural part of the energy function is
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E )= sup(w.b)(0) 2y [+ o] .
Due to the lack of horizontal dissipation u,in the velocity field, we define
E,(t) = (‘)O’Hﬂ (o) Ldt.
Let
E(t) = E(t) + E(t).
The centrepiece is to establish the inequality
&) < CE0) + &2 (b), (1.5)

where C is a generic positive constant. The verification of estimate (1.5) fundamentally reduces to the following two

inequalities:

E(t) £ CE(0)+ CE () + E¥ (1), (1.6)
E(t)£ CE(0)+ CE(t)+ CE(t)+ EV(1). a7

For anyt = Ocombination of (1.6) and (1.7) with judiciously chosen multiplicative constants yields the targeted estimate
for (1.5). The bootstrapping argument implies that if

E(0) = |(u,b,)[;

H3

< e

For some small enoughe > 0, then e(t) ., remains small for,

E(t) £ Cé’

For some pure constantC > 0. This will be proved in more detail in section 3.3.
The structure of this paper unfolds as follows. Section 2 presents several useful mathematical tools that will be used

frequently later. In Section 3, we rigorously prove Theorem 1.1.

2. Preliminaries

In this section, we establish the proofs of Theorem 1.1. The following essential tool is introduced. Lemma 2.1(Cao and
Wu,2011) [7] and Lemma 2.2 (Feng-Hafeez-Wu,2021) [10] are some basic anisotropic upper bounds of the triple products.
Lemma 2.3 (Doering-Wu-Zhao-Zheng,2018) [9] can help us obtain the asymptotic behavior.
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Lemma 2.1. Assume f hd;g d,h allarein L*(R?). 1t holds thatf|fghl dx <
1 1 1 1
CliFll 2 1 glz, 12, g1%, I, o Rz,
Lemma 2.2 The following estimates hold when the right-hand sides are all bounded in R : Ifll- <

1 1 1 1
ClflIE, I3, £1%, a1, 13, 8, £1%,,

which implies that

1 1
Il < ClIFIR,lla flIZ,

1 1
Il < ClFIZ, N, £IIE,

Lemma 2.3 Letf = f(t) f 0 <t <oobeanonnegative continuous function. Assume that

¥
(‘)O f(Hdt< ¥

For a constantC > 0, and any0 < t < oo,

V(t)- f(s) £ Cle- 5.

Then

f)® 0 as t—0.

3. Proof of Theorem 1.1
The purpose of this section is to prove Theorem 1.1. For the sake of clarity, we establish (1.6) and (1.7) respectively.

3.1 Proofof (1.6)

Lemma 3.1. Assume(u, b) that is a solution to (1.2). Then we have

; dt £ CE(0)+ CEV(t)+ CEV(1)

2 t
Q[
0O, ﬂ21

o0t e

Proof:  First, taking theL%inner product of (1.2) with(u, b), one can get

2L 1, DI + 13,1 + 19,112 = 0. o
ApplyingVto the equations (1.2) and taking theL? inner product of the resulting equations with (Vu, Vb),
LN, VD2 + IV 0yuylIZ + IV, bllZ

=—J‘Vu~Vb‘Vbdx+JVb~Vb-Vudx+be‘Vu-Vbdx
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= A; + A, + A;.

Where we used the significant fact that

—fl7u-l7u-|7udx=0.

By Hoolder’s inequality and Lemma 2.1 and Lemma 2.2, we have

A = —falu-Vb - 9, bdx —faz ulalb-azbdx—faz u,0,b - 8, bdx
= —fal u- Vb -0, bdx — f d, u,0,b -0, bdx — 2f u, 0,0,b -0, bdx
1 1 1 1
< C<||l7b||Loo||01u||Lz||61b||L2 + 19,61l = 18, 1210, bll 2 + 18,0, bl 21l 1% 10, u, 112, 110, 611%, IIazaleiz)

> 6
HI%

£ C(fp

* |
H3

el

2
I

12 )@ﬂ i

In similar calculations
A, = f@l b-Vb-0,udx + f 0, b,0,b - 0, udx + f 0, b,0,b - d,udx

= 010N udx + 31,0969 udx + 1,09, udx

£ C(HNb ¥ ﬂ‘b 12 ﬂ‘u 12 * Hﬂ2b1 ¥ ﬂzu L ﬂlb 12 * HﬂZb ¥ ﬂZu 12 ﬂzbZ LZ)
2 2 2 0
£ C“b H? @ﬂl% r - HﬂZul I - Hﬂlb LZ%

And

Ay =f61b -Vu-albdx+f02 blalul-azbldx+f82 b,d,u, - 8,b,dx

+]a2 b,d,u - 8, bdx
=f61b-|7u-albdx—qulazalblazbldx+fazbl aluzazbzdx+fazb2 d,u - 8, bdx

1 1 1 1
<c <||l7u||Loo 1,bl1% + 119, 0,5, 2 Iy 12, 19,4112, 10, by I 16,3, b, 1,

+10,b, ll 2 1101, 1l 2110, b, Il 2 + 10, bl = 10, ull 2110, b, Il 2)
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o, Jg .

CombiningA,, A,withA;, we can get

LTS

0 6
+ 1ol

S N @w, VDI + 1179, u, 172 + Vo, bll

ol Yt

o

0
bH = 32
+ e, 5 62)
Similarly

1d
T (72w, 72 D)2 + 172 0, u, 1% + V20, bll 2

Ul ,ps )gﬂ u

2 2
+
2 H? ﬂ 2u1 12

+ [

Q 33
- (3:3)

Applying (1= 1,2)to the equations (1.2)and taking theL?inner product of the resulting equations with ({

.7 b),

Ed_ (73w, 722 + 1IV2 0, u, 1% + V3 0, blI%

-0 ﬂ?(u xNu) W?udx 0 ﬂf(bXNb) Xﬂfudx - (‘)ﬂf(u XN b) Xﬂfbdx + (‘)ﬂf(bXNu) Xﬂfbdx

:ZBI+Bz+B3+B4.

(3.4)
Due to the Newton-Leibniz formula and the fact that V - u = 0it follows

2
— f@?u-Vu-afudx—z_faizu-V@iu-afudx
=1 i=

2
—Zfa,-u-va,?u-a?udx
i=1

2 1 1 1 1
) 1 1 1 1
< CZ <|||7u||Loo 67 ull > + ll67 ull - l67ull%, 167 8, ull % 176, ull % 173, 8, ull 22>
i=1
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2

|, 89 0]

By Hoolder’s inequality and Lemma 2.1 and Lemma 2.2, we have

By=—2X2,/0%u-Vb-0%bdx —X?%,3[0?u-Vo,b -0 bdx —

e

L (3.5)
2 .

2 3[0,u-vd*b-03bdx

—f&fu-Vb-@fbdx—3f6fu-V@lb-6fbdx—3f61u-|76fb-613bdx
—fa; w,d,b - 33 bdx —fa; w,d,b - 33bdx —3f6§u16162b - 93b dx
—3[622 u2622b~823bdx—3J62 ulalazzb-agbdx—3fazuzaz3b-a;bdx

1

1 1
<|Il7b|| wllo3ull 21163 bl 2 + ||63b||L2||62u||2 |I63uII2 lva, bII2 Iva, 0, bll2,

+ll0,ull - Iva? bl 2 103bll 2 + 118, bll - 103, | 21183 bl 2

1 1 1

1
+1103 bINOZ w, 1% 1103w, 1% 107 11 %, W07 bIZ, + 110, u, 1l - 110, 03 bl 2 IlagbIILz>

—fa; u,d,b - B3bdx — 3f 92 u,02b - 33 bdx — 3[ d,u,03b - 3 bdx

el

By applyingV - u = 0 integration by parts, we have

o+ el

6+ B31+ B32+ B33 (3-6)

le+ B32+ B33 - - 611;71111 ﬂszﬂibdx - (‘)ﬁ“ﬂszﬁ'ﬂlbdx

—3]62 ulalagb-agbdx—sjaz u,02b -a;albdx—ejulagalb-agbx

<||62b|| 2||62u1||22||6261u1|| ||6162b||22 ||6162b|| + 18, bl = 102w, Il 2 103 0, bl 2
+10,uy ll 21020, bl 2 103 bl 2 + lloyuy ll = 105 bl 2 |65 0, bl 2

1 1 1 1
+1103 0, bll 2 llu, 1% 10, 11% 1103 BIZ ll0, 03 b”iz)
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£Clp

8l

2
g (B

2 . b 2 0
> 3.7
H? Hﬂl HH36 3-7)

Putting (3.7) into (3.6), one can get

2

B, £ Cju ot [,

b
H3

1 )@ﬂ it

; + Hﬂ leZ o (3.8)

H3g

Due to the Newton-Leibniz formula,

2 2
BZ+B4=Zf6i3b-l7b-6?udx+23f@i2b-Vaib-aisudx
i=1 i=1

2
+Z3faib-vai2b-ai3udx
i=1

2 2
+Zfa§b-Vu-afbdx+23fai2b-Vaiu-afbdx
i=1 i=1

2
+23f6ib-|76i2u-6i3bdx
i=1

:=B,; + By, + By3 + By; + By, + Bys. 3.9)

Due to the lack of dissipation d, b,, integration by parts is required for each term in (3.9)
By, + By, + B,g =f613 b-Vb-afudx+3f612b -Valb-afudx+3f61b- VoZb - 93w dx
+f 03 by 0,b - Budx + 3 J@ZZ b,0,0,b - 93 udx + 3f 0,b,0,02b - 3 udx
+f6§' b,d,b - 3udx + 3 f 0% b,02b - d3udx + 3 f d,b,03b - d3udx

1 1 1 1
<C <|||7b||Loo 07 ull 21V a3 bll 2 + V3 ull 2 IV, bII%, 170, 8, bII%, 172 blIZ 1|9, V2 bIZ,
+110,bll = 183 b, 1 2 A3 ull 2 + 10, by Il = 116,02 bll 2 183 wll 2 + 13, Bl = 183 b, |1 21103 ull 2

1 1 1 1
+llagull 2 1026112, 1020, I, 102 b, 12,1132 0,bIIZ, + 13, b, I - 103 bll 2 ||0§u||L2>
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2 2

1 )@ﬂ it

0 (3.10)
= .

* o,

HZ

2 + Hﬂzul

H H?

And

By + By + By =fafb-Vu-afbdx+3fafb-Valu-afbdx+3falb-Vafu-afbdxdx
+faz3 blalu-agbdx+3ja§ blazalu-agbdx+3fazblala§u-az3bdx

+faz3 bzazu.agbdx+3fa§ bzazzu-823bdx+3f62b2623u~823bdx

1

1 1 1

< C<||l7u||Loc 103 bIZ: + 1103 bll 2 102B11%, 103 bI1Z, 173, i, 170, 3, ull%,
13, bll - 1702l 2 182 Bl 2 + 13yl = 183 b, 2163 Bl 2 + 113, byl <63 wll 2 1621 2

+||62b||z||62bI|22||6261b ||22||62u||22||62u|| > fazbal . 33 bx

+3 )02 b,0,0,u- 03 bdx+3 [ d,b,0,03u - 33 bdx. (3.11)

By integration by parts, we can obtain

J 03 b,o,u-03bdx +3) 02 b,0,0,u-03bdx+3Jd,b,0,03u-3b dx

= —Jag 61b1u-623bdx—J623 blu-agalbdx—sjag d,b,0,u - 3 bdx
—3fa§ blazu-agalbdx—3fazalbla§u-agbdx—3fazbla§u-a§albdx

1 1 1 1
<c <||62301b||L2||u|| 2 la,ull?, 1133 b2, 103 0, b2, + la,ul - 120, by 121163 bl 2

1 1 1

1
+10, ull =103 b, 11,2103 0, bl 2 + 1103 bll ;2 105 ull %, 105 0, ull %, 119, 0, b, 112, 1105 0, bII%,
+110, by Il =102 ull 211838, bll,2)

e,

2

]

8
36, (3.12)

e
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Putting (3.12) into (3.11), one can get

)gﬂl 2 Hﬂz 1 Hﬂlb ;% (3.13)
Now, substituting (3.5), (3.8), (3.10), and (3.13) into (3.4), we find
RS i T i Y el b
(3.14)
Combining (3.1) - (3.3) with (3.14) and integrating it over [0, t], one can deduce
Ldt
£ Clw, b)(O)H + Csup + s,

0£r£t

£ CE1(0)+ CE1 (t)+ E2 (t)
The proof of Lemma 3.1 is therefore complete.

3.2 Proofof (1.7)

The background magnetic field produces the dissipation ofez(t). In order to establish the bound ez(t)’ we need to

observe the special structure of equation (1.2).

dyu, = 0,b, +u-Vb, —b-Vu,— 08?b,.
Lemma 3.2. Assume(u, b) that is a solution to (1.2). Then we have

o |9 .dr € CE@+ CE()+ CE (1) + CEY (1),

Proof. First, multiply (1.2), byd, u,and integrate over. R?, it follows

lo,u,lI% = falu2 atbzdx+f61u2u-Vbzdx—faluzb- Vuzdx—faluz 02b,dx

=M, + M, + M; + M,. (3.15)

By integration by parts and applying the velocity equation in (1.2),,

d . \ N\ N
Ml - EOﬂﬂzbzdx‘ Obzﬂl(ﬂpz + bXsz_ u XNu2_ ﬂzp)dx

d \ \ Q \ N \
= ” O Tubdx + UL odx + 515, XNb,dx - Y buNudx- b9, pdx

=M +M,+M_ +M,+M,_. (3.16)
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It is easily concluded that

M12 + M13 - 6 ﬂle(ﬂ lb2 + b XNbZ)dx

< ”albzlliz + C”b”LOO ”albzllLZHVbz"Lz

<19, b, 1% + ClIbll,2 9 bl 2,
wherellVb,|l,2 = 118, bll 2. By Holder's and Young's inequalities, one has

(3.17)
. - - 2 - 2 0
M, = &1 hwNu)dx £ C Hu e [N £ € Hu B gw ol + [Nuy|. 2

(3.18)

Now, we need to estimateM, s that, applying V - to(1.2); , one can obtain

p= (D) NxwxNu)- (- D) NxoNb)- (D) 191,

By means of Hoolder's inequality,

M5 = — [ 8, b,d,pdx < Clla, bl 2110, pll 2, 3.19)
Where

1.

xe H( D) N (uxNu)

+C H( D) N+ (bxNb)

el p) v,

L2
1= Mgy + Mysp, + M.

1
Using the fact that the Riesz operator 9;(—4) 2with i = 1,2 isbounded inL", 0 <r < oo, one can find

M5, = ClI(=2)7'7- 0 (w-Vw)llz < Cllull = lvull 2 < Cllull 2oy wy M2 + 110, w, 1l2),
And

Mys, = C||(=A)"10,9,0,(b;by)|| < cllbll =lla,bll 2 < lIbll 2119, bl 2.
Obviously,

M,y = CII(=2)710202u,ll 2 < Cllo?u, Il 2.

Combining the estimates forM,5,M;s,,M;55, we have

llo, pll 2 < CclloFull 2 + cllull yz + bl 2 )Moy uyll 2 + N0, u,ll 2 + 10 bl 2).
Putting (3.20) into (3.19) yields

(3.20)

M5 < Cllozu,llz + ¢lla, b,ll2 + ¢ Ulull 2 + bl 2) (0,u, 1% + 110w, 1% + 110,bl1%). (3.21)
Therefore, it follows from (3.16)-(3.18) and (3.21) that
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< cllo?u,llz + cllaybll 2 + Clull 2 + bl 2 ) (18, 1 + 9, u, 1% + 19,6112 ). (3.22)

By Hoolder's and Young's inequalities, we arrive at
M, + M; = faluzu - Vb,dx — J 0 u, b - Vu,dx

< CUlull = 10, u, | 217, 2 + 61 = |0y u, Il 211V, Il 2)
< CUlull 4z + Ibll2)(0y bIIZ + 0w, 1% + o, uy %), (3.23)
wherellVb,ll,2 = 13, bll ;2. Similarly,

— [ 0,u, 02b,dx < Clloz b, 1% + - Ilaluzllfz. (3.24)

Combining the estimates for (3.22)-(3.24) and integrating them into (3.15), it follows.

t 2 2 2
o, IMf. a1 £ ¢lunrOf, + byl + €/l « ol + 4],

+ Csup n Hﬂl n Hﬂluz
£ CE(0)+ CE(t)+ CE"(t) + CEY (1), (3.25)
Similarly,
O, IN¥ ][ dt £ € [awtyof . + € by, (AR AR PR
“su Ol + [0l + [l ar
£ CE(0)+ CE(t)+ CE"(t) + CEY(1). (3.26)

Next, applyingd? (i = 1,2) to(1.2),and dotting it withd?d, u,inL? we can get that

2 2 2
A 1990 = & QNI wI by + & O wT (N dx
1 i=1 i=1

i=

[\S]

-8 O0TMu DONu)dx+ d oV e

i=1 i=1
=N +N+N+N,. (3.27)
By virtue of the structure of the equation(1.2);and integration by parts, we can get
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i=1

d ° N\ 02 N\ N N
N, “ad O 179 w9 bdx - a OIDIN (b, +bXNb, - uxNu,- §,p)dx
d 02 \ 2 2 o2 N 2 2, 02 \ 2 2 N
d_a OﬂiﬂIMZﬂindx ta Oﬂlﬂibzﬂiﬂlbzdx ta Oﬂlﬂibﬂi(b Xsz)dx
i=1 i=1 i=1
o2 2 2 N 02 2 2
-a 01959 (wNuy)dx- g 1959 1,pdx

i=1
= N11+N12+N13+N14 + N15’

Where

2 J0,02b,0?% 0,b,dx < CX?_,| 07 9.b,1%. (3.28)

It follows from Sobolev's and Hoolder's inequalities that

LS}

2
Ny+N,= é 6 ﬂ?ﬂ 1b2ﬂ?(b Xsz)dx B é (‘) ﬂlzﬂ 1b2ﬂi2(u XNuz)dx
- i=1

i=1

8]

= & OTILDNb, + 205Ny b, + b>N{’b,)dx

i=1

[SS]

-4 0 ﬂfﬂ 1bz(ﬂl.zu XNuz + 29 .u XNﬂiuz + u XNﬂfuz)dx
i=1
< €I 92 3, byl (IVb, |l =11 0B 11,2 + 110; bl = IV ;b |l + [Ibl= IV 92, 1,2
+CN102 8, b, |12 (I Vuy |l =l 2ull2 + 1| Qull= 1V 112 + llullge 1V02u,ll2)
2 2 2
< Cllw D)l (191b1152 + 1| 9gusllZz + 1| 0wy ll52), (3.29)

Where [[Vb,ll,2 = 119, bll 2. Now, we need to estimateN, s,

Nis = f aiz a1b26izazpdx =< C”ai2 0, by || 2 |I6i262p”L2'
I a7 22|l < C||(—A)_1V- 9, al_z(u Vw2 + C||(—A)_1V- 9, a?(b “Vb)|| 2 + C"(_A)_l 612 01 0uq|2-

The following simple facts hold:
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0,V - (u-Vu) =4 0%u, 0,u, +20,0,u, duy + 2 0,uy05u,.

Due to the boundedness of the Riesz operator d;(—4)~? withi = 1,2inL? then
I(=24)"V - 8,07 (u - Vu)l 2

< C|| 03, 0yuy |2 + Cl| 05 01u, O,uy |2 + Cl| 04 u, 05U, |2
< Cll o ull =l a%”z”ﬁ + 101 0 usll2) + || 01 us ||~ ”a%ullle

< Cllullgs (19 2uqllgr + 11 01z |l 52)-

And
I(=8)7'V-9,07(b - VD)2
< C||0%b, 0,b, 1,2 + C|| 0, 0,b,3,b, |2 + C|| 0,b, 05D, || 2
< Cll0ybll=(ll 93ball2 + 1191052 1112) + 191 b2l 211 954l 2
< ClIbll 5= 1101 b]| 2.
Obviously,
|(=4)710,02 0, uq|l;2 < C|10; Opuq |2
Therefore,

Nis < C(l19puall7z + 1197 01b,1172) + Cll @, D)l (101w llfs + 11 0zusllfn + 1195 b1I72)-
Combining the (3.28)-(3.30), one has
d
Ny < —=J 07 0,u,07 bydx + C(l|0,uy 172 + 1107 9, b II72)
+CII (D)1= (1 91 u l7n + Ny I + 1101 b152)-

It follows from Sobolev's and H.o older's inequalities that

(S8

2
N, T N;= é (‘)ﬂ?ﬂl”zﬂ?(u Xsz)dx B é (‘)ﬂ?ﬂluzﬂ?(b ><Nuz)dx

i=1 i=1

[\

=a O u,(TiuNb, + 29 u>xNY b, + uxNY’b,)dx

i=1

[

-4 0 19, (125 Nuw, + 29 b><NY u, + b>xNJu,)dx

i=1

< CJI10F 011, |12 (VD Ml = 10 Full,2 + N 0;ull = IV 8; by [l 2 + llull= IVOE D, |l 2)
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+C 1107 01u, |l 2 IVl =11 97 bl 2 + 11 93Dl IV Ozuz |l + (|11 = IVOFu, |l 2)
< Cll(w, b)lly3 (1 9:b N1z + 1101 uzllfz + 11 05uq|l52).
In a similar manner,

Ny = J 07 0yu,07 bydx <~ 1070, u,ll,2 + 167 b, .2,

Where ||0?b, ||iz = |02 b”iz. Combining the estimates forN;,N,,N5, andN,, and integrating it over[0, t], it follows.

[

8 O, 199wt £ Clla bR, + ClabE, + €& (0 19 IR ) d

i=1

+C sup by O g P+ 9 a0 B+ 19 b ) d o

O£t £t

< CE(0) +CE )+ CE () + CE (D). (331)
Combining (3.25), (3.26), and (3.31), thus

O, 11 ,l5dt £ Clugb)I, + Clab), +C ¢ (8, 1P+ 119 BIP ) d 2

+C sup o)l @y (0, B 119 a0 4119 BIE, Y

OLt£t
< CE0) +CE (D) +CE () + CE ().

The proofof Lemma 3.2 is complete.

3.3 Global Well-Posedness
Now, the bootstrap argument is applied to prove (1.3). By the proof of Lemma 3.1 and Lemma 3.2, we can get that

E() SCEO)+CE )+ CE* (b, (3.32)
£,() < CE(0) + CEL(t) + CEY*(t) + CEY* (). (3.33)

For anyt > 0, adding (3.33) to (3.32) by the appropriate constant obtains,
&(t) < CEO) + CE/2 (), (3.34)

whereE(t) = E,(t) +&,(t), andC > 0Ois a pure constant. Let

1
16¢3°

Il (o bo)lls <

It follows from (3.34) that.

&(t) < CE0) + CEM2 () E(E) < CE(0) + ci &(t) = CE0) + %g(t),
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then
E(t) < 2CE&(0).
The bootstrapping argument then implies that, forany t > 0,

1

&) < =

3.4 Large-time Behavior

Now let's prove (1.4). First of all, applyingPto(1.2),and dotting it withVuinL? meanwhile applying 9, to(1.2), and
dotting it withd; binL?, it follows.

1d, - -
Ed—tll(Nu,'ﬂlb)lliﬁll NG R7R IR

2 2
=Zf0i(b-Vb)-aiudx—Zfal(u-Vb)-albdx
i=1 i=1

2 2 2
+Zfa1 (b'Vu)-albdx+z_f6i alb-aiudx+2fa§u-albdx
i=1 i=1 i=1

=P +P+P+P+P, (3.35)

where

?zlf(')i (u-Vu)-gudx = 0.

It follows from Sobolev's and H.o older's inequalities that
P, + P, + Py < C(|[Vull= VbII% + [[Vull= [Ibll 2 | 92|l 2

+1 01bll = [ 01 ull 2|IVBIl 2 + 1| 01 bl » [[ull 21194 9:bIl 12
+1 01bll =191 b1l 2 IVull 2 + 1| 01 D]l » [l 2 || 91 0 ull 12
< CUIbllys + Nullg>) Ulullzz + 1b1I52)- (3.36)

Similarly
P, + Ps < C(llulliz + IBIIG2). (3.37)

Inserting (3.36) and (3.37) into (3.35), it follows that

1d
S N Vw,0,b)lI72 + IVuyll2 + 11036112 < C(UIb Il + llullyz + D lullzz + 1b115z2)- (3.38)

S
Combining (1.3) with (3.38) and integrating it over % E, we can get
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Il (Vu(t), 0:6()IIz — II(Vu(s), 0:b(sNIIz < C(t — ). (3.39)

We next verify that || (Vu ®,9,b® ) ||iz satisfies the integrable condition,
Iy 1Cvu@), 0:bE) 7 de < C.

By Hoolder’s and Young's inequalities and integration by parts, one can obtain
I 61u1||i = —faz u, 0,u,dx = —f61 u, d,u,dx

< 1 a 2 a 2
=5 al 2u1||L2 + || 1u2||L2)
which implies
IVullz < 20l 05uyllfn + 1191, I72). (3.40)
Invoking (1.3) and (3.40), it follows
f0w||(Vu(t),81b(t))||fz dt <C. 341

Next, applyingd? to(1.2); and dotting it withd? u inL?, meanwhile applyingd; d; to (1.2),and dotting it withd; d;b inL?, it

follows.

2 2 2
=Zfa%(b-vz))-agudx—Zfaial(u-vza)-ai albdx—Zfal? (u - Vu) - 9%udx
i=1 i=1 i=1

2 2 2
+Zjai 9, (b ~Vu)~6i61bdx+ZJaizalb-aizudx +Zf0i6%u~6i 9, bdx
i=1 i=1 i=1

:=H, + H, + Hy + H, + H; + H,. (3.42)

By Hoolder's and Young's inequalities, one has
Hy +Hy + Hy < CQIVDI| =~ I72b | 2 [IV2ull 2 + 11l 173D ll2 172l 2

+Ivull 11092, V212 + lull=IV3bI1 2 IV2bll 2 + llullV3ull2 [V2ull,2)
< C(Ibllgs + Nullgs) (lull?z + 1bl1E3). (3.43)

Similarly
Hy +Hs + He < C(llullgs + [1bl5s + DClullzs + 11511 52). (3.44)

Inserting (3.43) and (3.44) in (3.42), it follows that

1d
S 107w, 0,0, D)1 + 1107wyl + 10,07 b7z < C(llullzs + N1b1Es + D(lullfs +1bl7). (3:45)

Combining (1.3) with (3.45) and integrating it over[s, t], we can get
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I@Fu(t), 9; 9;b(t)Iz — I1(9Fu(s),9;0,b(sNlzz < C(t = s). (3.46)

It follows from (3.40) that

I7ullZs < 2(llugll?z + 110, ul30). (3.47)

Invoking (1.3) and (3.47), one has

J 1002 u(e), 3,0, b () |22 dx < C. (3.48)

0

Combining (3.39), (3.41), (3.46), and (3.48), we can arrive at

I(7u(®), b (N7 = 0 as t— oo

This completed the proof of Theorem 1.1.
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