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Abstract - A Cayley graph is a graph constructed out of a group I and its generating set A. In this paper, the domination number
of Cay(Z,, A) = Cir(n, A), for the generating set A with cardinality three is determined.
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1. Introduction

Cayley graphs are useful in routing problems of parallel computing. Circulant graphs are Cayley graphs. Tamizh Chelvam
and Rani[2,3,4] obtained the domination number, independent domination number, totaland connected domination numbers for
circulant graphs with respect to a class of generating sets of Z,,.

1.1. Foundational Surveys and Classical Bounds
The research on domination in graphs has its roots in early work on combinatorial optimization and network theory.
Plummer's survey (2006)[6] specifies upper bounds on the domination numberof cubic graphs and deals with related invariants

such as toughness and matchings. Reed (1996)[7] showed that y(G) < 3?nfor each connected cubic graph G of order n, and

conjectured y(G) < ceil (g) This was later disproved by Kostochka & Stodolsky[8], who produced infinite families of cubic
graphs with y(G) ~ (i + i) n.
1.2. Bounds and Conjectures under Girth and Bipartiteness Constraints

In order to make a breakthrough towards the g barrier, further structural assumptions have been made. Lowenstein &
Rautenbach (2008)[9] showed that cubic graphs of at least girth 83 satisfy y(G) < s The two best-known "one-third conjectures"”
ensued: Verstraete's conjecture claims the same bound for girth >6, and Kostochka's conjecture asserts y (G) < 2 forevery cubic

bipartite graph. Recent developments by Dorbec & Henning (2024)[10] confirm Verstraete's conjecture in the absence of 7 - and
8-cycles and sets Kostochka's bound for bipartite cubic graphs without 4 - or 8-cycles.

1.3. Connections with Total Domination and Irredundance
. .. . . . (@) .
Variants of domination have been considered in parallel. Henning & Yeo (2017)[11], showed that ];f(—GG) < 2 for every cubic

graph and also stated the conditions for equality.

1.4. Advanced Variants and Recent Structural Results
Sheng & Lu (2020)[12] settled the Goddard—Henning conjecture by finding paired-domination number forall cubic graphs.

For large-girth graphs, Joos et al.[13] achieved the bound of y(G) < 0.29987n + 0 (?)
Most recently, new decomposition theorems (2025)[14]capture the internal structure of minimum dominating sets in any
cubic graph, opening the door to further structural insight.
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1.5. Open Problems and Future Directions
Even with these advances, key questions remain open:

1. General one-third conjecture: Is y(G) < g true for every cubic graph?

2. Extremal characterizations: Which structures have equality in bounds for total and paired domination?
3. General classes: Can the new structural theorems be generalized to irregular or directed cubic networks?

Future work will likely combine combinatorial constructions, probabilistic methods, and computation experiments to bridge
these gaps and improve domination bounds in cubic graphs.

For the concept of domination and Cayley graph one may refer[1,5]. Throughout this paper, the generating set A of Z,, taken
as A :{a, g,n - a} where 1 < a < n—1. Since the elements of A are arbitrary, A need not be a generating set of Z,,. It is

sometimes referred to asthe Cayley subset of Z,,. Inview of this, the circulant graph under consideration need not be connected.
Addition is performed modulo n.

n
1+A(G)

Theorem 1.1. [1]For any graph G with n vertices, ceil ( ) < y(6) < n —A(G) where A(G) is the maximum degree of G.

2. Main Results
In this section, the domination numberand upperbound of the domination number of a class of circulant graphs Cir(n, A) is
obtained.

Theorem 2.1. Let n, k and a be positive integers such that n # 8k ,n is
even and with 1 < a < floor (%1) be the generating set with gcd(a,g,n - a) = 1and G=Cir(n, A). Then y(G) = ceil (E)
Proof. Let A = {a,%,n — a} and D0, 5,25, (¢ = 1)s) where

£ = ceil (E) and s = S + 2a . Note that some of the elements of D exceed n

and hence addition modulo n is operated.

Claim D is a dominatingset. To provethatV = N[D]. As it is alwaystrue that N[DIN[D] € V | it is enough to prove thatV €
N[D].Letv € V . Any element v € V could be written asv = (2 + Za) i+jwhere0<i<(-1) andj=0,a,§,n-a.Whenv =

(g + Za) i+jwhere0<i<(®-1) andj=a,§,n-a then v € N(D) and when j=0,v € D .

Hence V = N[D]and so Dis a dominating set. Also |D| = ¢ = ceil (f) .Hence y(G) < ceil (f)
By Theorem 1.1 [1], we have y(G) > ceil G) . Therefore y(G) = ceil G)

Example 2.2. Suppose n =42 and A= {5,21,37}, then £ = ceil (%):11

s = §+ 2a =31 andy-set,D= {0, 31,20,9,40,29,18,7,38,27,16}.

Theorem 2.3. Let n, k, a be positive integers such that n =8k and A ={a,§, n-— a}

with 1 <a < floor (%)be the generating set with g.c.d(a,g,n - a) =1.

Proof. Let A ={a,§,n - a} and D=1{0,s, 25 --- s} where ¢ = ceil G) and s = §+ 2a

Claim D is a dominating set

Consider D; = {0,s,2s - (¢ — 1)s} . Then the element (g - 1) a is not dominatedby D; . Let D =D, U {fs} . Since ¢s=
2k(4k + 2a) = k(8k + 4a) = n + 4ak = 4ak = ga, we have G - 1) a is dominated by €s . Therefore D is a dominatingset.
Also ID| = £+ 1 = ceil (f) + 1 Hence y(G) < ceil (f) +1.

Example 2.4. Suppose n=56 and A= {9,28,47},then ¢ = ceil (%6) =14
and y—set, D= {0, 46,36,26,16,6,52,42,32,22,12,2, 48,38,28}.
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Theorem 2. 5 Let n, k and a be positive integers such that n # 8k ,n
is even with = 1s not a prime numberand A = { -,n-— a} with 1 < a < floor ( )
n
4g

2
Proof. Suppose A = {a,;l n-— a}wnh 1< a< floor ( ) and g.c.d. (a, ,n—

a)=g # 1. Then G is a disconnected graph with g components. Let the components are Gy, Gy,+,Gg_y. The component G, has
vertex set I, = N[4A U {0}] and is connected. Similar to the proof of Theorem 2.1, one can prove that D, = {0, s, 2s, - (£ — 1)s}

where £ = ceil ( g)and s== + 2ais a dominatingset with [D| = . Hencey(G,) < ¢. Also G;, 1< i < g — 1is a connected
component of G with vertex set WV, =NV, +il =N[@A+Du{i}]andD, =Dy +i=1{i,s+i,2s +i,-,(f —1)s+ i} asa

and gc.d (a,;,n - a) =g # 1. Suppose G=Cir(n,A) then y(G) < g (ceil (

dominating set with |D;| = ¢ and hence y(G;) < ¢ . Therefore y(G) =y (Gy) + y(G,) + -+ y(Gg_l) <gf=g <C€il (ﬁ))

Example 2.6. Suppose n =20 and A= {6, 10, 14}, then g.c.d.(6, 10, 14) =

g=2and ¢ = ceil (%) = 3. Hence there are two components with one component having V, = {0, 2, 4, 6, 8§, 10, 12, 14, 16,
18} with s = §+ 12 = 2 andy — set, D,= {0,2,4} andthe othercomponenthaving V; ={1, 3,5,7,9,11,13,15,17, 19} with
y — set,D; = {1,3,5}. Therefore the

y— setof Gis D = Dy U D, = {0,1,2,3,4,5} with y(6) = gf = g (ceil (ﬁ)) =6

Similarly one can prove the following theorem.

Theorem 2.7. Let n, k and a be positive integers such that n =8k and
A:{a,g,n }w1th1<a<floor( )andgcd(a,, n—a)=g#l.

Remark 2.8.In Theorem 2.7, one can find that fora fixed value of n, dependingon the set A, the value of y (G) = g <ceil (i)) or

g (cell ( ) + 1) , which is clear from the following example.

Example 2.9. Suppose n =24 and A= {3, 12,21}, then gc.d.(3, 12,21)=

g=3and® = ceil (%) = 2. Hence there are three components with the first componenthaving V, = {0,3,6,9, 12,15, 18,21}
with s = §+ 6 = 18 andy — set, Dy= {0, 18, 12}; the second componenthavingV; ={1,4,7, 10, 13,16,19,22} with y — set,
D, = {1, 19, 13}; the third component having V,={2,5,8, 11, 14,17, 20,23} with y — set, D,= {2, 20, 14}. There-

fore the y — set of GisD = Do U Dy U D, =1{0,1,2,12,13,14,18,19,20} with y(6) = (& + 1) = g (ceil (2 )+ 1)=9.

Suppose n =24 and A= {4, 12,20}, then g..d.(4, 12,20)= 4 and £ = ceil (22) = 2.

Hence there are four components with the first component having V,= {0, 4, 8, 12, 16, 20} with s = §+ 8 =20 and y — set,

Dy= {0, 20};

the second component having V; = {1,5,9,13,17,21} with y — set, D, =

{1, 21}; the third component having V, = {2, 6, 10, 14, 18,22} with y — set,

D, = {2, 22} andthe fourth componenthaving V;= {3, 7,11, 15, 19,23} with y — set, D; = {3, 23}. Therefore they — set of

GisD =D, UD, UD, UD, = {0,1,2,3,20,21,22,23} with y(G) = g¢ = g <ceil (ﬁ)) =8.

n n 3n

Remark 2.10. Suppose n =4k, for some positive integer k and A :{Z’ > T}’

then g.c.d. (E g ‘%) = =, The graph has = ; components and

y — set foreach component will be {0}, {l}, cee {; — 1} respectively. Hence
y— setof G={0} U {1} U ... {1—171}. Hence y(G) = -
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Remark 2.11. WheneverDisay — setof G, D+ m,where 1 <m<n-—-1
isalsoay — setof G.

Remark 2.12. Let n, k be positive integers, n# 8k and g is a prime
number, A= {1 ,g , n— 1} be the generating set for G = Cir(n, A) and D

be ay — set of G. Then forany positive integer a which is relatively prime to n, aA is the generating set for G, = Cir(n, aA) and
aDis ay — set of Ga.

Remark 2.13. Let n be a positive integer, A = {1, n, n — 1} be the generating set for G = Cir(n, A) and D bea y — set of G.
Then for any positive integer a, such thatg.c.d.(a,n, n—a)=1, aA is the generating set for G, =Cir(n, aA) andaDis a y — set
of G,.

3. Conclusion
In this paperthe domination number forthe cubic circulant graphs is found. Work hasbeen initiated to find the domination
number of circulant graphs for higher odd order generating sets.

References

[1] Teresa W. Haynes, Stephen Hedetniemi, and Peter Slater, Fundamentals of Domination in Graphs, CRC Press, 1998. [CrossRef] [Google
Scholar] [Publisher Link]

[2] T. Tamizh Chelvam, and I. Rani, “Dominating Sets in Cayley graphs on Z,,” Tamkang Journal of Mathematics, vol. 38, no. 4, pp. 341-
345, 2007. [CrossRef] [Google Scholar] [Publisher Link]

[3] T. Tamizh Chelvam, and I. Rani, “Independent Domination Number of Cayley Graphs on Z,,” The Journal of Combinatorial and
Combinatorial Computing, vol. 69, pp. 251-255, 2009. [Google Scholar] [Publisher Link]

[4] T. Tamizh Chelvam, and I. Rani, “Total and Connected Domination numbers for Cayley graphs on Z,,” Advanced Studies in Contemporary
Mathematics, vol. 20, no. 1, pp. 57-61, 2010. [Google Scholar]

[51 S.Lakshmivarahan, and Sudarshan K. Dhall, “Rings, Torus and Hypercubes Architectures/ Algorithms for Parallel Computing,” Parallel
Computing, vol. 25, no. 13-14, pp. 1877-1906, 1999. [CrossRef] [Google Scholar] [Publisher Link]

[6] Michael D.Plummer, “Some Recent Results on Domination in Graphs,” Discussiones Mathematicae Graph Theory,vol. 26, pp. 457-474,
2006. [Google Scholar]

[71 Bruce Reed, “Paths, Stars, and The Number Three,” Combinatorics, Probability and Computing, vol. 5, no. 3, pp. 277-295, 1996.
[CrossRef] [Google Scholar] [Publisher Link]

[8] A.V.Kostochka, and B.Y. Stodolsky, “On Domination in Connected Cubic Graphs,” Discrete Mathematics, vol. 304, no. 1-3, pp. 45-50,
2005. [CrossRef] [Google Scholar] [Publisher Link]

[9] Christian Lowenstein, and Dieter Rautenbach, “Domination in Graphs of Minimum Degree at Least Two and Large Girth,” Graphs and
Combinatorics, vol. 24, pp. 37-46, 2008. [CrossRef] [Google Scholar] [Publisher Link]

[10] Michael A. Henning, and Anders Yeo, Total Domination in Graphs, Springer Monographs in Mathematics, 2013. [CrossRef] [Google
Scholar] [Publisher Link]

[11] Paul Dorbec, and Michael Antony Henning, “The 1/3 - Conjectures for Domination in Cubic Graphs,” arXiv:2401.17820, 2024.
[CrossRef] [Google Scholar] [Publisher Link]

[12] Bin Sheng, and Changhong Lu, “The Paired Domination Number of Cubic Graphs,” arXiv preprint arXiv:2011.12496, 2020. [CrossRef]
[Google Scholar] [Publisher Link]

[13] Simone Dantas et al., “Domination and Total Domination in Cubic Graphs of Large Girth,” Discrete Applied Mathematics, vol. 174, pp.
128-132, 2014. [CrossRef] [Google Scholar] [Publisher Link]

[14] Misa Nakanishi, “Generalized Domination Structure in Cubic Graphs,” arXiv:1901.10781, 2019. [CrossRef] [Google Scholar] [Publisher
Link]

101


https://doi.org/10.1201/9781482246582
https://scholar.google.com/scholar?q=Fundamentals+of+Domination+in+Graphs&hl=en&as_sdt=0,5
https://scholar.google.com/scholar?q=Fundamentals+of+Domination+in+Graphs&hl=en&as_sdt=0,5
https://www.taylorfrancis.com/books/mono/10.1201/9781482246582/fundamentals-domination-graphs-teresa-haynes-stephen-hedetniemi-peter-slater
https://doi.org/10.5556/j.tkjm.38.2007.68
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Dominating+sets+in+Cayley+graphs+on+Zn&btnG=
https://journals.math.tku.edu.tw/index.php/TKJM/article/view/68
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Independent+domination+number+of+Cayley+graphs+on+Zn&btnG=
https://combinatorialpress.com/article/jcmcc/Volume%20069/vol-069-paper%2026.pdf
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Total+and+Connected+Domination+numbers+for+Cayley+graphs+on+Zn&btnG=
https://doi.org/10.1016/S0167-8191(99)00069-1
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Rings%2C+torus+and+hypercubes+architectures%2F+algorithms+for+parallel+computing&btnG=
https://www.sciencedirect.com/science/article/abs/pii/S0167819199000691
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Some+recent+results+on+domination+in+graphs&btnG=
https://doi.org/10.1017/S0963548300002042
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Paths%2C+stars%2C+and+the+number+three&btnG=
https://www.cambridge.org/core/journals/combinatorics-probability-and-computing/article/abs/paths-stars-and-the-number-three/6BDDD72CC73D2F579000429D47F22FD4
https://doi.org/10.1016/j.disc.2005.07.005
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=On+domination+in+connected+cubic+graphs&btnG=
https://www.sciencedirect.com/science/article/pii/S0012365X05004887
https://doi.org/10.1007/s00373-007-0770-8
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Domination+in+graphs+of+minimum+degree+at+least+two+and+large+girth&btnG=
https://link.springer.com/article/10.1007/s00373-007-0770-8
https://doi.org/10.1007/978-1-4614-6525-6
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Total+Domination+in+Graphs&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Total+Domination+in+Graphs&btnG=
https://link.springer.com/book/10.1007/978-1-4614-6525-6
https://doi.org/10.48550/arXiv.2401.17820
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=The+1%2F3+-+conjectures+for+domination+in+Cubic+graphs&btnG=
https://arxiv.org/abs/2401.17820
https://doi.org/10.48550/arXiv.2011.12496
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=The+paired+domination+number+of+cubic+graphs&btnG=
https://arxiv.org/abs/2011.12496
https://doi.org/10.1016/j.dam.2014.04.011
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Domination+and+total+domination+in+cubic+graphs+of+large+girth&btnG=
https://www.sciencedirect.com/science/article/pii/S0166218X14001711
https://doi.org/10.61091/jcmcc124-48
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Generalized+domination+structure+in+cubic+graphs&btnG=
https://arxiv.org/abs/1901.10781
https://arxiv.org/abs/1901.10781

