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Abstract - The degree of approximation of functions belonging to certain classes by using wavelet techniques is quite
interesting in the present scenario. People working in this direction have used the Haar wavelet method in their

investigations. But no work seems to have been done so farto find an approximation of functions feLip;”w to find the degree
of approximation using the Haar wavelet method. Therefore, in this paper, two new theorems on wavelet approximation of

the functions, p;"w ,0<a<1,1<p< o, have been established.
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1. Introduction

In 1909, the Hungarian mathematician Alfréd Haar presented the Haar wavelet, the first and most basic example of a
wavelet function. Initially, it was suggested as an orthonormalsystem for the space of square-integrable functions L?[0,1].
A fundamental concept in the development of the modern wavelet theory, particularly in signal and image processing, is the
Haarwavelet. The Haarwavelet may be expressed mathematically as a piecewise constant function defined on the interval
L?[0,1]. The Haarwaveletis a simple but powerful tool that can effectively represent functions with discontinuities because
it is orthogonaland has compact support. Multiresolution Analysis (MRA) is essential becauseit allows the examination of
signals or functions at different levels of detail. The Haarwavelet’s computational efficiency makes it popular for real-world
applications, including edge detection, picture processing, data compression, and numerical differential equation solutions.
For the last few decades, a number of researchers have been working on wavelet methods to investigate the character of
functions belonging to different classes. The combination of multiresolution analysis and wavelet methods makes the
investigation very appropriate and much closer to the result. However, many researchers have estimated the degree of
approximation of certain functions by using Summability methods in the past years.

Nowadays, people estimate the degree of approximation of functions belonging to different classes by using wavelet
analysis. The researchers like Morlet et al[7], Natanson [6], Win [9], Meyar [10], Igbalet al. [12], and Khanna [13] have
studied the wavelet approximation. Later on, Lal and Kumar [8] determined the degree of approximation of functions
belonging to the generalized Lipschitz class using the Haarscaling function. The present investigation is a generalization of
their work in a more different manner. The results of Lal & Kumar [8] may be derived from the present investigations.

2. Definitions and Notations
2.1. Function of Lipschitz Class
A function feLipr'w if
lF & +0) — F@)) = o(lel“y®)], for0 < a < 1.

A function feLipr’w if
1
1 2
ff(x +0) - f)Pdx | =o(ltl*y®)
0
where 1 is a positive monotonic increasing function of t such that |t|*y(lt]) > 0ast - 0*.
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2.2. Multiresolution Analysis (MRA)
A multiresolution analysis of L?(R) consists of a nested sequence of a subspace V; € V4, for approximating L*(R)
functions. The multiresolution analysis satisfies the following conditions:

1.U%, V; is dense in L*(R).

2.N7_, ={0}

3.fG) €V if and only if f(2x) €Vj,,,Vj €Z

4.3 a function f(x) such that {¢ (x — k): keZ} forms an unconditional basis for V.
5f) eV, o flx+1DeV,.

2.3. Haar Wavelet and Scaling Function
The Haar wavelet [11] is denoted by ¥, (t), family for t € [0,1] and it is defined by-
( 1
1, 0<t<=
' 2

@® = 1
Yu -1, 5=t<1

0, elsewhere

Laland Kumar [8] define the following

Lo
Let L*(R) and ¥; ) = 229(2/ —k)and X; = class < ;,:k € Z >.

The above family of subspaces of L2(R) gives a direct sum decomposition of L2(R)which is the same as every feL?(R)
has a unique decomposition.

FG) = h_g()+ h_p(x) + h_y(x) + hy (x) + hy (%) + hy () + hy (x) + -
where h; € X; Vj € Z and it can be written as
L*(R) = ®2_oX;
Thus

-1

oo Xk

—m/
V=@
L .
{Wjx € Zwhere ;;, = 22(2’x — k)} is a Riesz basis of X;.

Now, we define ¢ € V,,V, c V;, a sequence {g, } € L?(Z) such that

Ppl) =2 Z e ®Qx — k) (D

j:—oo
This equation is known as the refinement equation, the dilation equation or the two-scale difference equation.

Integrating equation (1)and dividing by the integral of ¢, we get

> =1 @

If V; is a subspace, then a function ¢ € L2(R) is called the scaling function, defined as

Vi =clos2pi¢jk€L),jEL
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which satisfies the properties 1 to 5 given above.

Haar scaling function ¢ is defined as

(1, o0<t<1
¢ = {O otherwise

The system of Haar scaling function is defined as

i .
{pjr = 22¢(2) —k) where j, k € Z}

Or
bix = 2%¢(21’ -k = Dijkq')(t),

1
where the dilation operator D, f (x) = azf(ax) and translation operatorT, f (x) = f(x — k).If ¢ € L*(R), then it isuniquely
defined by its dilation equation and the normalization

f $C)dx = 1 3)

The orthogonal projection B, (f) of L?(R) onto V, is defined by

e}

B, (f) = Z Qb n=123 ...

k=—o

where,

an,k = (f' ¢n,k )
Therefore,

P = D f i

k=—o0

2.4 Wavelet Approximation under Supremum Norm
It is defined by,
E,(f)=If -npll,
=16 = B f)]

Therefore, the degree of wavelet approximation of f by P, f under norm ||. ||p is given by

min

E,(f) = [(F &) — B f o)
B.f
If lim E,(f) - 0, then E, (f) is known as the best approximation of f of order n.
n-oo

3. Previous Results
Theorems and results of Lal and Kumar:

Theorem 1. Ifa function f € Lip,[0,1], 0 <a <1 n = 1,2,3,.... then the best wavelet approximation E, (f) of f is given
by
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1
E.)=lf-B,Oll,=0 (ﬁ) 0<a<1n=123..
Theorem 2. Let £ be a monotonic increasing function of t such that

1
2

21
— [l 0 -feolraxl =0G@), 1=p<on
0

and £(t) - 0 ast — 0*. Then the best wavelet approximation E, (f) of a function f € Lipg ) [0,1], satisfies:

min 1
B =y~ gl = o(¢ (5))
Theorem 3. If a function f € Lip,[0,1] 0 <a < 1i.e.
lfe+t) —fx)l=0t®) o E,(f) =0 <(21—n> )

Theorem 4. If a function f € Lip ,,[0,1]11 < p < o

s E, (=0 <§ (Zl—n))n =123..

4. Main Theorems
In this paper, we establish the following two theorems:

Theorem 4.1-Ifa function fELip(f’w, f+t)—fl) = 0(|t|“lﬁ(t)) 0 < a <1, then thebest wavelet approximation
E,(f) of f is given by

1 1
E,(f) =llf —B,(Nlle = 0<(2W)"’ (2—n)> 0<a<ln=123,..
where 1 is a positive monotonic increasing function of ¢ such that (|t|“1,b(t)) -0 as t- 0%
Theorem 4.2- If ¢ is a positive monotonic increasing function of t such that
1
2

(i + 0 - poPaxy =o(ldew®), 1=p<e
0

and () - 0 as t - 0*.Then the best approximation E, (f) of a function feLip(f'w is given by

1
min k4 (2_”)
En(f) = Pnf”f_Pnf”p:O ona

4.1. Proof of Theorem 4.1
The operator of the projection B, f: L2(R) — V,, is defined by

PTLf = z an'k ¢7‘L,k’ n= 1,2,3, .

kEZ

where

An .k = (fl d)nk>
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= [ rorFamay
Therefore

BI(f) = Z { f fO) ¢n,k(Y)dY} B ()

k€Z \_»
- | f(y)(Z B () T,kcy)) dy
= [ ro» (Z 2 (2"~ )22 =) k))dy
=2 [ 1o (Z D@x — DFET =B k))dy

=" f fG) K(2"x, 2"y)dy
Since
KGy) = ) pGc— =B

And

fK(x,y)dy =1, x€R.
Therefore replacing y — 2"y and x - 2"x, then

2" fK(Z”x,Z"y)dy =1
Next,

[o0]

fl) = f(x) fK(znx,zny)dy ( 2" fK(znx,zny)dy= 1)

— 00
[oe]

=2 JK(Z"x,Z"y)f(x) dy

— 00

Therefore,

[ee)

(PG —fl) =2n ff(y) KQ"x,2"y)dy — 2™ fK(znx, 2"y f(y) dy

— 00 —00
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[oe]

e j K (2, 2"y) dylf ) — F()1dy

— 00

foe]

= fK(Z"x,Z"y) [f(27"y) — f(x)]dy, replacing yby 27"y,

— 0o

[ee)

= f KQ@"x, 2" —=w)[f(x — 27"y) — f(x)ldw, 27"y =x —27"w,

— 00
fee]

= J- KQ"x,2"x —y) [f(x —27"y) — f(x) 1dy, replacing w by y.

— 00

1B, PG — F() < f K (2%, 2% — y)lIf G = 271y) — £ ()l dy

sup _
< f K" x,2"x — y)|dy y If (x —27y) — f(x)l
By Hélder’s inequality
sup
=2" f K (2", 2"w)ldy y lf e —27y) — F (0,
Taking 2"x — y = 2", first factor only,
sup B
(B, PG - G < 20 f k2, 2y)ldy 1 G = 279) — f ol
Replacing w by y in the first factor only,

(B, () — FOII < S;plf(x —27"y) — (), {2" f K (@2"x,2"y)ldy = 0(1)

= e lony @279, I =27y - feol = o (Jay v (|2y_n|)|), f e Lip?*[0,1]

=0 (fl(z-Y)“lp (Zy—n)>
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Thus

"PUEN® - @, =B, - £,

= o(()w (3)

Hence,

En(f)=0 <(2L) v (%))

4.2. Proof of Theorem 4.2

1
If (f01|f(x +t) — f(x)|pdx)p = 0(tl*y ), when 1y is a function of t such that [t|*y(lt]) - 0 as t —» 0.

Then, the following proof of theorem (1),

(PG — FG) = f K2 277y) — FOOIF (x = 27y — £G)|dy

1
< 0(1)f|f(x —27"y = f()ldy
0

Applying generalized Minkowski’s inequality in the above expression, we have

1B.f =71l = 0 [ G = 279) = f 0l dy
0

= 0(1)f(2-"lyl)“1p (Zy—n) dy
0

1

“o(awv () [ @

0
v ()
271.(1

1
min 4 (2_n)
E,(f) = Pnfllf—PanI,, =0\

Hence

5. Results and Discussion
1. Ify(t) = 1in Theorem 4.1, then the degree of approximation is given by

1
B =lf ~Bflo=0(57); 0<ast
2. Ify(t) = 1in Theorem 4.2, then the degree of approximation feLipg is given by

ED=lf-nfl,=0(5); 0<as1
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6. Conclusion

The error estimation or degree of approximation of functions of generalized Lipschitz class ha sbeen determined in this
paper. The results give a proper comparison with the existing results of Lal & Kumar [8]. Their results can be derived from
the present determinations. Therefore, this gives the best approximation compared to previously existing results.
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