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Abstract - Topological indices are mathematical numbers obtained from the molecular graph structure, which characterize
properties of the molecules, such as their branched, symmetric, and connected structure. Topological indices have
considerable importance in Quantitative Structure-Activity Relationship (QSAR) and quantitative structure-property
relationship (OSPR) studies, which allow the prediction of the properties of the molecule without performing laborious
experiments. In this paper, we introduce a new topological index called the Multiplicative Euclidean Reciprocal Index (ERI),
which is the square root of the sum of reciprocals of squared degrees of adjacent nodes for all edges in the molecular graph.

Keywords - Graph, Hexagonal Network, Oxide Network, Rhombus Oxide Network, Silicate Network, Graphene, Prism
Network.

1. Introduction

This paper deals solely with finite, simple, undirected graphs. Let G = (V,E) be such a graph with p vertices and
q edges. The standard terminology and notation are based on Harary [3]. Topological indices are numerical graph invariants
that encode structural properties and are powerful tools for analyzing molecular behavior, network robustness, and biological
interactions. The field traces its origins to the Wiener index (1947), which correlated hydrocarbon structures with physical
properties, followed by seminal contributions such as the Randi¢ index (1975) for predicting molecular behaviour and
the Zagreb indices (1972) for quantifying branching patterns. A significant advancement came with Gutman Sombor
index (2021), which defined a new vertex-degree-based graph invariant, denoted by SO(G) and is defined by

S0(G) = Z JAd@)? + d(w)?

uveE(G)

Where d(u) and d(v) are the degrees of adjacent vertices u and v, respectively [1].

Inspired by the mathematical elegance and practical utility of Gutman's Sombor index (SO), we propose the Euclidean
Reciprocal Index (ERI) as a novel advancement in graph-theoretical characterization. The ERI of a graph G is formally defined
as the sum over all edges uv € E(G), of the square roots of the reciprocal squared degrees of adjacent vertices.

1 1
ERI(G) = T
uveE(G) d(u) d(V)

Where E(G) is the edge set of G, d(u) and d(v) denote the degrees of adjacent vertices u and v, respectively.

The Multiplicative approach in the topological index provides a completely distinct point of view from which the structure
of molecules and networks can be analyzed; however, it has not been studied extensively. The multiplicative indices generally
show an exponential relationship with respect to the size of the network and can complement additive indices, especially for
large-scale networks, as the multiplication will be more affected by structural variations. In this study, we examined the
multiplicative Sombor and Euclidean Reciprocal indices as well as their coindices in the same set of networks.
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2. Main Results
Definition 1.1. The Multiplicative Euclidean Reciprocal Index (mERI) of a graph G is defined as the product over all edges of
the Euclidean norm of the reciprocal degree vector.

1 1
TI‘LERI(G) = Wﬁ'm

uveE(G)
Where E(G) is the edge set of G, d(u) and d(v) denote the degrees of adjacent vertices u and v, respectively.
Definition 1.2. The Multiplicative Euclidean Reciprocal coindex mERI (G) is defined as the product of all non-adjacent vertex

pairs of the Euclidean norm of the reciprocal degree vector

1 1

mERI(G) = @ Iy

uv€E(G)
Where E(G) is the edge set of G, d(u) and d(v) denote the degrees of non-adjacent vertices u and v, respectively.

Theorem 1.3. For the hexagonal network HX,, (n = 2), then
mSO(HX,) = (21 x 37 x 5)V65(n — 3)(n — 2)%(3n — 5)
mSO(HX,) = (21° x 3% x 52 x 7)v/130 3n— 7)(n — 1)(n
—2)3(6n? — 27n + 32)(3n%? — 9n + 5)(3n® — 12n? + 10n + 3)

15v65
mMERI(HX,) = ——(n = 3)(n = 2)(3n - 5)
S 225130
mERI(HX,) = —r Bn—7)(n—1)(n—2)3(6n%—27n + 32)(3n% —9n + 5)(3n® — 12n% + 10n + 3)

Proof. Let u;,uy, ..., U, be vertices of HX,,. It has 3n? — 3n + 1 vertices and 9n? — 15n + 6 edges. There are 6 vertices of
degree 3, 6n — 12 vertices of degree 4, and 3n? — 9n + 7 vertices of degree 6.

Multiplicative Sombor coindex of a hexagonal network is given by
mSO(HX,) = 124/3% + 42 x 6+/32 + 62 x 6(n — 3)y/42 + 42 x 12(n — 2)4/4% + 62 x (9n2 — 33n + 30)/62 + 62
= (2" x 37 x 5)V65(n — 3)(n — 2)>(3n — 5)

Multiplicative Sombor coindex of a hexagonal network is given by
mS0(HX,) = ((§) —0) V37 + 32 x (6(6n — 12) — 12)v3Z + 42 x (6(3n> — 9n + 7) — 6)}V3Z + 62 x ((*";'2) — 6(n —
3)) 22147 x ((6n —12)(3n? — 9n +7) — 12(n — 2) V42 + 62 x ((3“2‘29"”) —(9n% — 33n + 30))\/62 ¥ 62
= (219 x 3° x 52 x 7)v130 3n — 7)(n — 1)(n — 2)3(6n* — 27n + 32)(3n? — 9n + 5)(3n® — 12n? + 10n + 3)

The multiplicative Euclidean reciprocal index of a hexagonal network is given by
mERI(HX,,) = 12\[12+4i2>< 6\/3iz+6i2x 6(n —3) | =+ x12(n—2) 4iz+6izx (9n2 — 33n + 30) 6—12+
_ 15V65
2

1
62

(n—3)(n—2)?(3n—15)

Multiplicative Euclidean Reciprocal coindex of hexagonal network HX,, is given by

mERI(HX,) = ((§) - 0) /31 + 2% (6(6n — 12) — 12) |2+ X (6(3n% = 9n +7) = 6) |+ x ((*";**) — 6(n —

3)) [+ Sx ((6n—12)Bn? —9n+7) — 12(n—2) | 5+ = ((3“2‘29"”) — (9n? — 33n + 30)) IS+



Example 1.4. Figure 1 shows a hexagonal network,
217 x 37 x 53 x 7 x 11 X 31 x 43 x 59.4/130,
2x 3% %53 % 11x31x43x%x59 %130
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Fig. 1 Hexagonal Network

Theorem 1.5. Let 0X,, denote the oxide network of dimension n, then
mS0(0X,) = 576n?(3n — 2)V10
mS0(0X,) = 2592V5n3(6n — 1)(3n — 2)(3n + 1)(9n3 — 6n2 — 4n + 3)

9
mERI(0X,) = 5n*(3n - 2)V10
3

- In*v5
mERI(0X,) = (6n— 1)(3n — 2)(3n + 1)(81n3 — 54n? — 36n + 27)

16

Proof. Let uy,u,, ..., u, be vertices of 0X, ,Oxide network has 9n? + 3n vertices and18n? edges. There are 6n vertices of
degree 2 and 9n? — 3n vertices of degree 4.
Multiplicative Sombor index of oxide network is given by

mS0(0X,) = 12nV22 + 42 x 6n(3n — 2)V4? + 42
= 576n%(3n — 2)V10

Multiplicative Sombor coindex of oxide network is given by
mso(0X,) = ((62") - 0)\/22 ¥ 22 x (6n(9n% — 3n) — 12n)V2Z + 42 x ((
= 2592V5n3(6n — 1)(3n — 2)(3n + 1)(9n3 — 6n2 — 4n + 3)

9n?-3n
2

) — 6n(3n — 2)) Vaz ¥ 42

The multiplicative Euclidean reciprocal index of the oxide network is given by

mERI(0X,) = 12n /ziz + 412 x 6n(3n — 2)

9
Enz (3n—2)V10
The multiplicative Euclidean reciprocal coindex of the oxide network is given by
=57 1 1 1 1
mERI(0X,) = () = 0) |5+ % x (6n(on? — 3n) — 12m) |2 + £ x ((

B 9n3/5
T 16

1 1
2t
4 4

1

42

on?-3n
2

) — 6n(3n — 2)) S+

(6n — 1)(3n — 2)(3n + 1)(81n3 — 54n? — 36n + 27)

Example 1.6. Figure 2 shows the oxide network 0Xg, mSO(0Xs) = 2° x 32 x 52 X 13 x /10, mSO(0Xs) = 2% x 3* x
53 x 13 X 29 X 479 X V5, mERI(0Xs) = 2222\/10 and mERI(0Xs) = 2 X 3* x 53 x 13 X 29 x 479 x /5.

2
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Flg. 2 Oxide Network

Theorem 1.7. The thombus oxide network (RHOX,,) of dimension n has

mSO(RHOX,) = 512/5(n —1)(2n — 1)(3n — 1)
mSO(RHOX,)) = 128V5(n — 1)?(4n? — n — 1)(3n% + n — 1)(9n3 — 3n? — 14n + 4)
mERI(RHOX,) = (n—1)(2n — 1)(3n — 1)V5

_ V5
mERI(RHOX,) = ?(4712 —n—-10Gn®-2n%2-2n+1)On* —12n — 11n? + 18n — 4)

Proof. Let uy,u,, ..., u, be vertices of 0X,, . Oxide network has 3n? + 2n vertices and 6n? edges. There are 4n vertices of
degree 2 and 3n? — 2n vertices of degree 4.

Multiplicative Sombor index of rhombus oxide network is given by
mSO(RHOX,,) = 2V22 + 22 x 4(2n — 1)V22 + 42 X (6n® — 8n + 2)V42 + 42
=512vV5(n - 1)(2n — 1)(3n — 1)

Multiplicative Sombor coindex of rhombus oxide network is given by
mSO(RHOX,) = ((42”) - 2) 22+ 22 x (4n(3n2 — 2n) — 4(2n — 1))V22 + 42 x ((3"22‘2") — (6n% —8n +
2)) V42 + 42
=128V5(n — 1)%(4n? —n — 1)(3n2 + n — 1)(9n3 — 3n% — 14n + 4)
The multiplicative Euclidean reciprocal index of the rhombus oxide network is given by
mERI(RHOX,,) = 2 /—+—><4(2n— 1) —+—>< (6n? —8n + 2) —+—
=m-12n-1)3Bn-1)V5
The multiplicative Euclidean reciprocal coindex of the rhombus oxide network is given by
=57 1 1 1 1 2_ 1 1
mERI(RHOX,) = ((42") - 2) =t X (4n(3n? —2n) — 4(2n - 1)) StaX ((3" ; 2") — (6n% — 8n + 2)) /4—2 +

V5
= ?(4712 —n—1)0Bn%-2n2-2n+1)9n* —12n® — 11n?2 + 18n — 4)

Example 1.8. Figure 3 shows rhombus oxide network RHOX;, mSO(RHOX;) = 2'3 x 5 x+/5,mSO(RHOX,) =
215 x 29 x 89 x /5, mERI(RHOX;) = 2* x 5 x \/5 and mERI(RHOX;) = 2° X 29 X 89 x /5.
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Fig. 3 Rhombus Oxide Network

Theorem 1.9. Let SL,, denote the silicate network of dimension n, then
mSO(SL,) = 23328n3(3n + 1)(3n — 2)\/§

mSO(SL,) = 972V5n3(6n + 12n2 + 5n — 3)(9n3 + 6n2 — 6n — 1)(81n3 — 54n? — 36n + 27)

MERI(SL, ) = 4n3(3n + 1)(3n — 2)V5

— V5
mERI(SL,) = 7113(6713 +12n? + 51— 3)(27n% — 18n® — 12n + 9)(9n® + 6n% — 6n — 1)

Proof. Silicate network has 15n2 + 3n vertices and 36n? edges. There are 6n% + 6n vertices of degree 3 and 9n? — 3n
vertices of degree 6.

Multiplicative Sombor index of silicate network is given by
mSO(SL,) = 6nv3? + 32 x 6n(3n + 1)v32 + 62 x 6n(3n — 2)vV6?2 + 62
=23328n3(3n+ 1)(3n — 2)V5

Multiplicative Sombor coindex of silicate network is given by
mSO(SL,) = ((6“2+6") - 6n> 37+ 32 x ((6n + 6n)(9n? — 3n) — 6n(3n + 1))V3Z + 67 x ((9“22‘3") — 6n(3n —

2
D WE 6
= 972V5n3(6n3 + 12n% + 5n — 3)(9n3 + 6n2 — 6n — 1)(81n3 — 54n? — 36n + 27)

Multiplicative Euclidean Reciprocal index of silicate network SL,, is given by
1 1 1 1 1 1
mERI(SL,) = 6n §+§x 6n(3n+1) ?+§ X 6n(3n —2) §+§
=4n33n + 1)(3n - 2)V5

The multiplicative Euclidean reciprocal coindex of the silicate network is given by

R 2 2_
mERI(SL,) = ((6" ;6") - 6n) 3i2 + 3% x ((6n2 + 6n)(9n% — 3n) — 6n(3n + 1)) 3i2 + Giz X ((9" ; 3") —6n(3n —
1 1
2)) Jatea
V5
= 7n3(6n3 +12n2+5n—-3)27n® - 18n2 - 12n+ 9)(9nd + 6n?> —6n—1)

Example 1.10. Figure 4 shows Silicate Network SL,, mSO(SL,) = 2% x 3% x 7 x v/5, mSO(SL,) = 2° x 37 x 43 x 83 x
103 x v/5, mERI(SL,) = 27 x 7 x \/5, and mERI(SL,) = 22 x 3 X 43 X 83 x 103 x /5.
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Fig. 4 Silicate Network

Theorem 1.11. Let Gpq denote the graphene network of dimension n has

mS0(G,,) = 24V13(p + 4)(p + 2q — 2)(3pq + 2p + 2q — 1)

mS0(G,,) = 24V13(2p* + 2q* + 4pq + 2p + 3q — 3)(18p%q + 18pq? + 18pq — 19p — 20q — 16)(2p?q® — 8pq
+2p+q+4)

V13
mERI(G,,) = T(p +4)(p+29—-2)Bpq +2p+2q—1)

— V13
mERI(G,,) = T(2p2 + 4pq + 2q% + 2p + 3q — 3)(18p?q + 18pq? + 18pq — 19p — 20q — 16)(2p%q? — 8pq + 2p
+q+4)
Proof. Graphene network has 2pq + 2p + 2q vertices and 3pq + 2p + 2q — 1 edges, p, g > 1. There are 2p + 2q + 2 vertices

of degree 2 and 2pq — 2 vertices of degree 3.
Multiplicative Sombor index of the graphene network is given by

mS0(Gpg) = (p+4)V22+22x 2p +4q — 4)y/22 + 32 X 3pq + 2p + 2q — 14/32 + 32
=24V13(p+4)(p+2q—-2)Bpqg+2p+2q—-1)

Multiplicative Sombor coindex of the graphene network is given by
mS0(G,q) = ((2P+22q+2) -(p+ 4)) 22+22x (92p +2q+2)(2pq —2) — (2p + 4q — H))V22 + 32 x ((Zpg'z) —
Brg—2p—q-— 1))V32 + 32
= 24v13(2p% + 2q* + 4pq + 2p + 3q — 3)(18p?q + 18pq? + 18pq — 19p — 20q — 16)(2p%q* — 8pq + 2p + q + 4)
The multiplicative Euclidean reciprocal index of the graphene network is given by
1 1 1 1 1 1
MERI(Gpq) = (p+4) |55+, X 2p+4q-4) |5;+5%x3pq+2p+2q -1 /3—2+3—2

V13
=>W@+HP+2q-2)Bpg +2p+2q-1)

The multiplicative Euclidean reciprocal coindex of the graphene network is given by

mERI(Gyq) = ((7757) = (0 +4)) 55+ 35 % (92p +2q +2)(2pq = 2) = (2p +4q = ) [55+ 35 % ((*37) -

1 1
(3pq—2p—q—1)) /3—2+3—2

= ?(sz + 4pq + 2q* + 2p + 3q — 3)(18p?q + 18pq® + 18pq — 19p — 20q — 16)(2p?q* — 8pq + 2p + q + 4)

Example 1.12. Figure 5 shows a graphene network G, 3, mSO(G,3) = 2° X 31 x 72 x /13, mS0(G,3) = 2% x 33 x 71 x
23! x 197 x V13, mERI(G,5) = 2° X 7% x 3i2 x V13 and mERI(G,3) = 27 X 7* x 23 x 197 X V13
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Fig. 5 Graphene Network

Theorem 1.13. The prism network P, X C,, with dimension m and n has
mSO(P,, X C,) = 480n3(2m —5)

mSO(P,, X C,) = 240n3(2n — 3)(2n(m —2) — 1)[(m — 2)2n(m — 2) — 1) — 2m — 5)]

5
mERI(P,, X C,) = 1—8n3(2m -5)

3
mERI(P,, X C,) = 5712(271 -3)2n(m-2)-1D[(m-2)2n(m—-2)—-1) — 2m —5)]

Proof. The Prism network has 2n(m — 1) vertices and 3n edges. There are 2n vertices of degree 3 and 2n(m — 2) vertices of

degree 4.

Multiplicative Sombor index of the prism network B,, X C, is given by
mSO(P,, X C,) = 2nV32 + 32 x 2nV32 + 42 X (2mn — 5n)V42 + 42
= 480n3(2m —5)

Multiplicative Sombor coindex of the prism network is given by B, X C,,
mSO (B, X C,) = ((22") - 2n) 32+ 32 x ((2n)(2n(m -2))- 2n) 32+ 42 x ((2"(’;‘2)) — (2mn — 5n)) VaZT ¥ 42
=240n3(2n - 3)2n(m —-2) — D[(m - 2)2n(m —2) — 1) — 2m — 5)]

The multiplicative Euclidean reciprocal index of the prism network is given by

mERI(meCn):2n\/3iz+3i2x2n\/3i2+4izx(2mn—5n) 4iz+4iz

— 5 3(2 5)
—1811 m

The multiplicative Euclidean reciprocal coindex of the prism network is given by

mERI(P,, X C,) = ((22”) - Zn) /312 + 312 X ((Zn)(Zn(m -2)) - Zn) /312 + 412 X ((2"(7;_2)) — (2mn — 5n)) ’4—12 + 4%

= 57—1123(271 -3)2n(m—-2)—-1D[(m-2)2n(m —2) — 1) — (2m — 5)]

Example 1.14. Figure 6 shows a prism network P; X Cs, mSO(P; X Cg) = 28 X 3* x 5, mSO(P; x Cg) = 28 x 3° x 52 x
11, mERI(P; X Cg) = 60 and mERI(P; X Cg) = 2 x 33 x 52 x 11

Fig. 6 Prism Network



Akhshaya P S & S S Sandhya / IJMTT, 72(10), 1-8, 2026

3. Conclusion

In this paper, we derived closed-form expressions for the Multiplicative Sombor index (mSO0), its coindex (mS0),

Multiplicative Euclidean Reciprocal index (mERI), and its coindex (mERI) for diverse networks. The Multiplicative indices
exhibit exponential growth with network size, in stark contrast to the polynomial growth of their additive counterparts. This
extreme sensitivity makes multiplicative indices particularly useful for distinguishing large networks and detecting small
structural changes, such as defects or edge effects in nanomaterials.
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