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Abstract -  A radio labeling of a graph 𝐺 is a function 𝑓 from the vertex set 𝑉(𝐺) to the set of non-negative integers such that 

|𝑓(𝑢) − 𝑓(𝑣)| ≥ diam(𝐺) + 1 − 𝑑𝐺(𝑢, 𝑣), where diam(𝐺) and 𝑑𝐺(𝑢, 𝑣) are the diameter of 𝐺 and the distance between 𝑢 and 

𝑣 in 𝐺, respectively. The radio number rn(𝐺) of 𝐺 is the smallest number 𝑘 such that 𝐺 has radio labeling with max{𝑓(𝑣): 𝑣 ∈
𝑉(𝐺)} = 𝑘. A tree 𝑇 is called a caterpillar if it has a path 𝑃 of maximum length such that all the vertices other than the path 𝑃 

are at most distance 1 from the path 𝑃. In this paper, we determine the radio number of some special types of caterpillars. 

Keywords - Caterpillar graph, Radio number, Span of a function. 

 

1. Introduction 
By a graph 𝐺 = (𝑉, 𝐸) we mean a finite, connected undirected graph with neither loops nor multiple edges. For graph 

theoretic terminology, we refer to the book [7]. Motivated by the Chhanel assignment problem given in Hale [15], Chartrand et 

al. [8] introduced the concept of radio 𝑘 - labeling. For a positive integer 𝑘 with 1 ≤ 𝑘 ≤ 𝑑𝑖𝑎𝑚(𝐺), a radio 𝑘 - labeling of 𝐺 is 

an assignment 𝑓 of non-negative integers to the vertices of 𝐺 such that |𝑓(𝑢) − 𝑓(𝑣)| ≥ 𝑘 + 1 − 𝑑(𝑢, 𝑣). If 𝑘 = 𝑑𝑖𝑎𝑚(𝐺), then 

radio 𝑘 - labelling is simply called radio labeling. In other words, a radio labeling of a graph 𝐺 is a function 𝑓: 𝑉(𝐺) → {0,1,2,… } 
such that ∣ 𝑓(𝑢) − 𝑓(𝑣) ∣≥ 𝑑𝑖𝑎𝑚(𝐺) + 1 − 𝑑(𝑢, 𝑣). The span of 𝑓 is defined as 𝑠𝑝𝑎𝑛(𝑓) = 𝑚𝑎𝑥{|𝑓(𝑢) − 𝑓(𝑣)|: 𝑢, 𝑣 ∈ 𝑉(𝐺)}. 
The minimum of spans of all possible radio labelings of 𝐺 is called the radio number of G, denoted by 𝑟𝑛(𝐺). The exact value 

of the radio number of several families of graphs, such as paths, square of cycles, and generalised prism, is given in [2,5,10]. 

Further results on radio number can be seen in [6, 9, 11, 16]. 

 

A tree 𝑇 is called a caterpillar if it has a path 𝑃𝑚 = (𝑣0, 𝑣1, … , 𝑣𝑚−1) of maximum length such that all the vertices other than 

the path 𝑃𝑚 is atmost distance 1 from the path 𝑃𝑚. The path 𝑃𝑚 is called the central path of 𝑇, and the set of caterpillars with the 

central path 𝑃𝑚 is denoted by 𝒞(𝑚). If further 𝑑𝑒𝑔(𝑣𝑖) = 2 + 𝑡 for all 𝑣𝑖 with 1 ≤ 𝑖 ≤ 𝑚 − 2 and for a fixed positive integer 𝑡, 
then the set of all such caterpillars is denoted by 𝒞(𝑚; 𝑡). 

 

The radio number of 𝒞(𝑚; 𝑡) for 𝑡 = 1 is given in [12]. For 𝑚 = 2𝑝, the radio number of 𝒞(𝑚; 𝑡) has been given by Kola 

and Panigrahi [14]. They proved that 𝑟𝑛(𝒞(2𝑝; 𝑡)) = 2[𝑡(𝑝 − 1)2 + 𝑝(𝑝 − 1)] + 3. In Theorem 2.5 of [14], they also proved 

that if 𝒞 is a caterpillar with central path 𝑃: 𝑣0, 𝑣1, … , 𝑣2𝑝−1 and 𝑑𝑒𝑔(𝑣𝑖) = 𝑑𝑒𝑔(𝑣𝑝+𝑖−1) = 𝑡𝑖 + 2, 𝑡𝑖 ≥ 0, 𝑖 = 1,2,3,… , 𝑝 − 1, 

then 𝑟𝑛(𝒞) = 2[(𝑝 − 1)∑  
𝑝−1
𝑖=1   𝑡𝑖 + 𝑝(𝑝 − 1)] + 3. Later, Bantva et al.[1] found the radio number of 𝒞(𝑚; 𝑡) for both even and 

odd values of 𝑚. Also, they observed that the radio number of 𝐶(𝑚; 𝑡) for even 𝑚, described in Theorem 2.3 of [14], is bigger 

than the actual 𝑟𝑛𝒞(𝑚; 𝑡) by 1. 
 

Let 𝑇 be a caterpillar with a spline 𝑃𝑚 = (𝑣0, 𝑣1, 𝑣2,… , 𝑣𝑚−1). 
We define a subclass 𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2) of 𝒞(𝑚) as following: If 𝑚 = 2𝑝 + 1, let 

𝑑𝑒𝑔(𝑣𝑖) = {

1, 𝑖 = 0,2𝑝
𝑟𝑖−1 + 2, 2 ≤ 𝑖 ≤ 𝑝 − 1
2, 𝑖 = 1, 𝑝, 2𝑝 − 1
𝑟𝑖−𝑝 + 2, 𝑝 + 1 ≤ 𝑖 ≤ 2𝑝 − 2,

 

If 𝑚 = 2𝑝, let 

𝑑𝑒𝑔(𝑣𝑖) = {

1, 𝑖 = 0,2𝑝 − 1
𝑟𝑖−1 + 2, 2 ≤ 𝑖 ≤ 𝑝 − 1
2, 𝑖 = 1, 𝑝
𝑟𝑖−𝑝 + 2, 𝑝 + 1 ≤ 𝑖 ≤ 2𝑝 − 2
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That is, by 𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2), we mean a caterpillar with a central path 𝑃𝑚: 𝑣0𝑣1𝑣2…𝑣𝑚−1, where 𝑟𝑖 vertices are 

connected to both 𝑣𝑖+1 and 𝑣𝑝+𝑖 for each 𝑖 with 1 ≤ 𝑖 ≤ 𝑝 − 2. Throughout the article, we take 𝑚 ≥ 4, because otherwise 

𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2) will be a path. Here in Figure 1,𝑚 = 11, 𝑟1 = 4, 𝑟2 = 3, and 𝑟3 = 5. We shall find the radio number of 

𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2). 

 

 
Fig. 1 𝓒(𝟏𝟏: 𝟒, 𝟑, 𝟓) 

 

Definition 1.1. Let 𝑇 be a tree rooted at 𝑥, then the weight of 𝑇 at 𝑥 is defined by 

𝑤𝑇(𝑥) = ∑  
𝑢∈𝑉(𝑇)

𝑑(𝑥, 𝑢). 

 

The smallest weight among all possible roots of 𝑇 is called the weight of 𝑇, and it is denoted by 𝑤(𝑇). That is, 

𝑤(𝑇) = 𝑚𝑖𝑛{𝑤𝑇(𝑥): 𝑤 ∈ 𝑉(𝑇)} 
 

A vertex 𝑥∗ of a tree 𝑇 is called a weight center or centroid of 𝑇 if 𝑤𝑇(𝑥
∗) = 𝑤(𝑇). 

Observation 1.1. For the Caterpillar 𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2) the following are held: 

(a) If 𝑚 = 2𝑝 + 1, then 𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2) has exactly one centroid, namely 𝑎𝑝. 

(b) If 𝑚 = 2𝑝, then 𝒞(𝑚; 𝑟1, 𝑟2 , … , 𝑟𝑝−2) has two centroids 𝑎𝑝−1 and 𝑎𝑝. 

(c) |𝑉 (𝒞(𝑚;𝑟1, 𝑟2 , … , 𝑟𝑝−2))| = 𝑚+ 2∑  
𝑝−2
𝑖=1 𝑟𝑖 . 

(d) 𝑤 (𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2)) = {

1

4
{𝑛(𝑚 + 2) − 2𝑚},  if 𝑚 = 2𝑝,

1

4
(𝑛 − 1)(𝑚 + 1),  if 𝑚 = 2𝑝 + 1.

 

 

2. Lower bound for the radio number of 𝓒(𝒎; 𝒓𝟏, 𝒓𝟐, … , 𝒓𝒑−𝟐) 
This section deals with a lower bound for the radio number of 𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2). In the next section, we show that this 

lower bound is the exact value of the radio number of 𝒞(𝑚; 𝑟1, 𝑟2 , … , 𝑟𝑝−2). 

 

Theorem 2.1. For an 𝑛-vertex caterpillar 𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2) 

 

𝑟𝑛 (𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2)) ≥ {

1

2
𝑛(𝑚 − 2) + 1,  if 𝑚 = 2𝑝

1

2
(𝑛 − 1)(𝑚 − 1) + 2,  if 𝑚 = 2𝑝 + 1

 

 

Proof. Let 𝑓 be a radio labelling of 𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2) and 𝑢0, 𝑢1, … , 𝑢𝑛−1 be an arrangement of vertices such that 𝑓(𝑢0) =

0 < 𝑓(𝑢1) < 𝑓(𝑢2) < ⋯ < 𝑓(𝑢𝑛−1) = 𝑠𝑝𝑎𝑛(𝑓) of 𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2). Now, from the radio conditions, we have the 

following. 
 

𝑓(𝑢𝑖+1) − 𝑓(𝑢𝑖) ≥ 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+1), 0 ≤ 𝑖 ≤ 𝑛 − 2. (1) 
 

Now let 
𝑓(𝑢𝑖+1) − 𝑓(𝑢𝑖) = 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+1) + 𝐽𝑓(𝑢𝑖 , 𝑢𝑖+1) (2) 

 

where 𝐽𝑓(𝑢𝑖 , 𝑢𝑖+1) denotes the jump of 𝑓 from 𝑢𝑖 to 𝑢𝑖+1. The addition of these 𝑛 − 1 equations yields 
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𝑓(𝑢𝑛−1) =∑  

𝑛−1

𝑖=1

  [𝑓(𝑢𝑖) − 𝑓(𝑢𝑖−1)] + 𝑓(𝑢0)

 =∑  

𝑛−2

𝑖=0

  [𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+1) + 𝐽𝑓(𝑢𝑖 , 𝑢𝑖+1)] + 𝑓(𝑢0)

 = (𝑛 − 1)𝑚 − 2∑  

𝑛−1

𝑖=0

 𝐿𝑠(𝑢𝑖) + 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) +∑  

𝑛−2

𝑖=0

  [𝐽𝑓(𝑢𝑖 , 𝑢𝑖+1) + 2𝜙(𝑢𝑖 , 𝑢𝑖+1)] + 𝑓(𝑢0)

 = (𝑛 − 1)𝑚 − 2𝑤 (𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2)) + 𝑓(𝑢0) + 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) + 𝜎(𝑓);

 

 

where 𝜎(𝑓) = ∑  𝑛−2
𝑖=0 𝜎𝑓(𝑢𝑖 , 𝑢𝑖+1) and 𝜎𝑓(𝑢𝑖 , 𝑢𝑖+1) = 𝐽𝑓(𝑢𝑖 , 𝑢𝑖+1) + 2𝜙(𝑢𝑖 , 𝑢𝑖+1). Here total jump 𝐽(𝑓) =

∑  𝑛−2
𝑖=0 𝐽𝑓(𝑢𝑖 , 𝑢𝑖+1). So the relation between 𝜎(𝑓) and 𝐽(𝑓) is 𝜎(𝑓) = 𝐽(𝑓) + 2∑  𝑛−2

𝑖=0 𝜙(𝑢𝑖 , 𝑢𝑖+1). Under the notation of 𝜎(𝑓) and 

using 𝑓(𝑢0) = 0, the Span of 𝑓 is given by 

𝑠𝑝𝑎𝑛(𝑓) = (𝑛 − 1)𝑚 − 2𝑤 (𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2)) + 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) + 𝜎(𝑓) (3) 

Case 1 : 𝑚 = 2𝑝. 
 

Since 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) ≥ 1 and 𝜎(𝑓) ≥ 0, using Lemma 1.1(d), equation (3) gives us 

𝑠𝑝𝑎𝑛(𝑓) ≥ (𝑛 − 1)𝑚 − 2𝑤 (𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2)) + 1

 = (𝑛 − 1)𝑚 − 2 ⋅
1

4
{𝑛(𝑚 + 2) − 2𝑚} + 1

 =
2𝑛𝑚 − 2𝑚 − 𝑛𝑚 − 2𝑛 + 2𝑚

2
+ 1

 =
1

2
𝑛(𝑚 − 2) + 1

 

 

As the above is true for every radio labelling of 𝒞(𝑚; 𝑟1, 𝑟2 , … , 𝑟𝑝−2), so we obtain the result when 𝑚 = 2𝑝. 

 

Case 2:  𝑚 = 2𝑝 + 1. 

Using Lemma 1.1(d), equation (3) gives us 

𝑠𝑝𝑎𝑛(𝑓) ≥ (𝑛 − 1)𝑚 − 2𝑤 (𝒞(𝑚; 𝑟1, 𝑟2 , … , 𝑟𝑝−2)) + 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) + 𝜎(𝑓)

 = (𝑛 − 1)𝑚 − 2 ⋅
1

4
(𝑛 − 1)(𝑚 + 1) + 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) + 𝜎(𝑓)

 = (𝑛 − 1) [𝑚 −
𝑚 + 1

2
] + 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) + 𝜎(𝑓)

 =
1

2
(𝑛 − 1)(𝑚 − 1) + 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) + 𝜎(𝑓)

 

 

We claim that 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) + 𝜎(𝑓) ≥ 2. If 𝑠 ∉ {𝑢0, 𝑢𝑛−1} or 𝑠 ∈ {𝑢0, 𝑢𝑛−1} with {𝑢0, 𝑢𝑛−1} ∖ {𝑠} is not adjacent to 

𝑠, then 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) ≥ 2 and hence our claim is true. Again recall that 𝜎(𝑓) = ∑  𝑛−2
𝑖=0 [𝐽𝑓(𝑢𝑖 , 𝑢𝑖+1) + 2𝜙(𝑢𝑖 , 𝑢𝑖+1)], and 

thus if 𝜙(𝑢ℓ, 𝑢ℓ+1) ≥ 1 for some ℓ, then 𝜎(𝑓) ≥ 2 and in this case our claim is true. The only remaining case is the one when 

both of the following hold 

 

(a) if one of 𝑢0 and 𝑢𝑛−1 is 𝑠 and the other is adjacent to 𝑠, i.e., 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) = 1 

 

(b) 𝛾: 𝑢0, 𝑢1, 𝑢2, … , 𝑢𝑛−1 is an alternating sequence. 
 

Without loss of generality, we assume 𝑢0 = 𝑠 and 𝑢𝑛−1 is adjacent to 𝑠. Then either 𝑢ℓ = 𝑎0 or 𝑢ℓ = 𝑎𝑚−1 for some ℓ with 

2 ≤ ℓ ≤ 𝑛 − 2. We show that 𝐽𝑓(𝑢ℓ−1, 𝑢ℓ) + 𝐽𝑓(𝑢ℓ, 𝑢ℓ+1) ≥ 1. From (2) with 𝑖 = ℓ − 1, ℓ; and using 𝑑(𝑢ℓ−1, 𝑢ℓ) =

𝐿𝑠(𝑢ℓ−1) + 𝐿𝑠(𝑢ℓ) and 𝑑(𝑢ℓ, 𝑢ℓ+1) = 𝐿𝑠(𝑢ℓ) + 𝐿𝑠(𝑢ℓ+1) because 𝛾 is an alternating sequence, we have 
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𝑓(𝑢ℓ) − 𝑓(𝑢ℓ−1) = 𝑚 − 𝐿𝑠(𝑢ℓ−1) − 𝐿𝑠(𝑢ℓ) + 𝐽𝑓(𝑢ℓ−1, 𝑢ℓ)

𝑓(𝑢ℓ+1) − 𝑓(𝑢ℓ) = 𝑚 − 𝐿𝑠(𝑢ℓ) − 𝐿𝑠(𝑢ℓ+1) + 𝐽𝑓(𝑢ℓ, 𝑢ℓ+1).
 

 

Adding the above two equations and using 𝑓(𝑢ℓ+1) − 𝑓(𝑢ℓ−1) ≥ 𝑚 − 𝐿𝑠(𝑢ℓ−1) − 𝐿𝑠(𝑢ℓ+1), we get 

 
𝐽𝑓(𝑢ℓ−1, 𝑢ℓ) + 𝐽𝑓(𝑢ℓ, 𝑢ℓ+1) ≥ 2𝐿𝑠(𝑢ℓ) + 2𝜙(𝑢ℓ−1, 𝑢ℓ+1) − 𝑚. (4) 

 

Since 𝐿𝑠(𝑎0)) = 𝑝 = 𝐿𝑠(𝑎𝑚−1) ), it follows that 𝐿𝑠(𝑢ℓ) = 𝑝. Also 𝜙(𝑢ℓ−1, 𝑢ℓ+1) ≥ 1 because 𝑠 = 𝑢0 and hence 𝑠 ∉
{𝑢ℓ−1, 𝑢ℓ+1}. Therefore, (4) with 𝑚 = 2𝑝 + 1 gives us 𝐽𝑓(𝑢ℓ−1, 𝑢ℓ) + 𝐽𝑓(𝑢ℓ, 𝑢ℓ+1) ≥ 1. Thus 𝐿𝑠(𝑢0) + 𝐿𝑠(𝑢𝑛−1) + 𝜎(𝑓) ≥ 2 is 

hold. On account of all of the above facts, we have 𝑟𝑛 (𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2)) ≥
1

2
(𝑛 − 1)(𝑚 − 1) + 2, when 𝑚 = 2𝑝 + 1. 

 

3. An ordering of the vertices of  𝓒(𝒎; 𝒓𝟏, 𝒓𝟐, … , 𝒓𝒑−𝟐).  
We define an ordering of the vertices of 𝒞(𝑚; 𝑟1, 𝑟2 , … , 𝑟𝑝−2), which will be used in the proof of the main theorem. Let us 

rename all the vertices of 𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2). The diameter of 𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2) is 𝑚− 1. Let 𝑁1(𝑣𝑖) denote the set of all 

pendant vertices adjacent to 𝑣𝑖 and 𝑁[𝑣] = 𝑁(𝑣) ∪ {𝑣}. Thus 

𝑁1(𝑣𝑖) = {𝑣𝑖
𝑡: 1 ≤ 𝑡 ≤ 𝑟𝑖 , 1 ≤ 𝑡 ≤ 𝑟𝑗} 

Case-1: Let 𝑚 = 2𝑝 + 1. 

The following steps give an ordering 𝑢0, 𝑢1, …𝑢𝑛−1 of vertices for 𝒞(𝑚; 𝑟1, 𝑟2 , … , 𝑟𝑝−2). 

Step-1: Partition the vertex set 𝑉 (𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2)) into (𝑝 − 1) sets 𝑆0, 𝑆1, 𝑆2, … 𝑆𝑝−2; where, 

𝑆0 = {𝑣𝑝, 𝑣2𝑝, 𝑣0, 𝑣𝑝+1, 𝑣1}

𝑆𝑗  = 𝑁1[𝑣𝑗+1] ∪ 𝑁1(𝑣𝑝+𝑗) ∪ {𝑣𝑝+𝑗+1}, 1 ≤ 𝑗 ≤ 𝑝 − 2.
 

Clearly, |𝑆𝑗| = 2𝑟𝑗 + 2,1 ≤ 𝑗 ≤ 𝑝 − 2. For 1 ≤ 𝑗 ≤ 𝑝 − 2, let us define 𝑛𝑗 = ∑  
𝑗
𝑡=2

|𝑆𝑡−1| and 𝑛1 = 0. 

Step-2: The ordering of the vertices of 𝑆0 is given below 

𝑢0 = 𝑣𝑝, 𝑢1 = 𝑣2𝑝, 𝑢2 = 𝑣0, 𝑢3 = 𝑣𝑝+1 and 𝑢4 = 𝑣1. 

The remaining vertices are ordered by using the following rule. 

For 1 ≤ 𝑗 ≤ 𝑝 − 2,1 ≤ 𝑖 ≤ 𝑟𝑗 + 2. 

𝑢4+𝑛𝑗+𝑖 =

{
  
 

  
 
𝑖 + 1

2
, 𝑖 is odd and 1 ≤ 𝑖 ≤ 𝑟𝑗

𝑣𝑝+𝑗
2 , 𝑖 is even and 1 ≤ 𝑖 ≤ 𝑟𝑗

𝑣
𝑗+1

𝑖
2 , 𝑖 = 2𝑟𝑗 + 1

𝑣𝑝+𝑗+1, 𝑖 = 2𝑟𝑗 + 2

 

Thus, we get 𝛾 = 𝑢0, 𝑢1, 𝑢2, … , 𝑢𝑛−1 as an ordering of the vertices of 𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2). 

Case-2: Let 𝑚 = 2𝑝. 

The following steps give an ordering 𝑢0, 𝑢1, …𝑢𝑛−1 of vertices for 𝒞(𝑚; 𝑟1, 𝑟2 , … , 𝑟𝑝−2). 

Step-1: Partitioned the vertex set 𝑉 (𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2)) into (𝑝 − 1) sets 𝑆0, 𝑆1, 𝑆2, … , 𝑆𝑝−2, where 

𝑆0 = {𝑣𝑝, 𝑣0, 𝑣𝑝+1, 𝑣1}

𝑆𝑗  = 𝑁1[𝑣𝑗+1] ∪ 𝑁1(𝑣𝑝+𝑗) ∪ {𝑣𝑝+𝑗+1}, 1 ≤ 𝑗 ≤ 𝑝 − 2.
 

Recall, 𝑛𝑗 = ∑  
𝑗
𝑡=2

|𝑆𝑡−1| and 𝑛1 = 0. 

Step-2: The ordering of the vertices of 𝑆0 is given below 

𝑢0 = 𝑣𝑝, 𝑢1 = 𝑣0, 𝑢2 = 𝑣𝑝+1, and 𝑢3 = 𝑣1. 
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The remaining vertices are ordered by using the following rule. 

For 1 ≤ 𝑗 ≤ 𝑝 − 2,1 ≤ 𝑖 ≤ 𝑟𝑗 + 2. 

𝑢3+𝑛𝑗+𝑖 =

{
  
 

  
 
𝑖 + 1

2
, 𝑖 is odd and 1 ≤ 𝑖 ≤ 𝑟𝑗

𝑣𝑝+𝑗
2 , 𝑖 is even and 1 ≤ 𝑖 ≤ 𝑟𝑗

𝑣
𝑗+1

𝑖
2 , 𝑖 = 2𝑟𝑗 + 1

𝑣𝑝+𝑗+1, 𝑖 = 2𝑟𝑗 + 2

 

Thus, we obtain 𝛾 = 𝑢0, 𝑢1, 𝑢2, … , 𝑢𝑛−1 as an ordering of the vertices of 𝒞(𝑚; 𝑟1 , 𝑟2, … , 𝑟𝑝−2). 

The ordering of the vertices of ℭ(11; 4,3,5) is given in Figure 2. 

Let us define 𝑘 as 

𝑘 = {
4  if 𝑚 = 2𝑝 + 1
3  if 𝑚 = 2𝑝

 

Lemma 3.1. For any three consecutive vertices 𝑢𝑡 , 𝑢𝑡+1 and 𝑢𝑡+2 in 𝛾, 

(a) 𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) ≤ ⌊
𝑚

2
⌋ + 1 and 𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) ≤ ⌊

𝑚

2
⌋, for all 𝑡, except 𝑡 = 1. 

(b) 𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) ≤ 𝑚 − 1 and 𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) ≤ ⌊
𝑚

2
⌋ + 1, for 𝑡 = 1. 

 
Fig. 2 Ordering of vertices of 𝕮(𝟏𝟏; 𝟒, 𝟑, 𝟓) 

 

Proof. (a) We partition 𝑉 (𝒞(𝑚; 𝑟1, 𝑟2 , … , 𝑟𝑝−2)) ∖ {𝑢0, 𝑢1, … , 𝑢𝑘} into ( 𝑝 − 2 ) sets given below. 

𝑆𝑗 = 𝑁1[𝑣𝑗+1] ∪ 𝑁1(𝑣𝑝+𝑗) ∪ {𝑣𝑝+𝑗+1}, 1 ≤ 𝑗 ≤ 𝑝 − 2. 

For 1 ≤ 𝑗 ≤ 𝑝 − 2, let us denote 𝑛𝑗 = ∑  
𝑗
𝑡=2

|𝑆𝑡−1|. For 1 ≤ 𝑗 ≤ 𝑝 − 1, we define 

𝑆𝑗
′ = {𝑢𝑘+𝑛𝑗+𝑖: 1 ≤ 𝑖 ≤ |𝑆𝑗|}

 = {𝑢𝑘+𝑛𝑗+𝑖: 1 ≤ 𝑖 ≤ 2𝑟𝑗 + 2}
 

It is clear that 

𝐿(𝑣ℓ) = {
𝑝 − ℓ, ℓ ≤ 𝑝
ℓ − 𝑝, ℓ > 𝑝,

𝐿(𝑣ℓ
𝑡) = {

𝑝 + 1 − 𝑖, ℓ ≤ 𝑝 − 1
ℓ + 1 − 𝑝, ℓ > 𝑝.

 

Case-1: 𝑡 ≤ 𝑘 and 𝑡 ≠ 1. We take the following to subcases according as 𝑚 = 2𝑝 + 1 or 𝑚 = 2𝑝. 

Subcase 1: Let 𝑚 = 2𝑝 + 1. In this case 𝑘 = 4. For 𝑡 = 0, 𝑢𝑡 = 𝑢0, 𝑢𝑡+1 = 𝑢1 = 𝑣2𝑝 and 𝑢𝑡+2 = 𝑢2 = 𝑣0. Thus 𝐿(𝑢0) +

𝐿(𝑢1) = 𝐿(𝑣𝑝) + 𝐿(𝑣2𝑝) = 𝑝 and 𝐿(𝑢1) + 𝐿(𝑢2) = 𝐿(𝑣2𝑝) + 𝐿(𝑣0) = 2𝑝. Also, for 𝑡 = 0, we have 𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) =

𝐿(𝑢1) + 𝜙(𝑢0, 𝑢2) = 𝐿(𝑣2𝑝) + 𝜙(𝑣𝑝, 𝑣0) = 𝑝. If 𝑢𝑡 = 𝑢2, then 𝑢𝑡+1 = 𝑢3 = 𝑣𝑝+1, and 𝑢𝑡+2 = 𝑢4 = 𝑣1. 
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𝐿(𝑢3) + 𝐿(𝑢4) = 𝐿(𝑣𝑝+1) + 𝐿(𝑣1)

 = 1 + (𝑝 − 1) = 𝑝
 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑢3) + 𝜙(𝑢2, 𝑢4)

 = 𝐿(𝑣𝑝+1) + 𝜙(𝑣0, 𝑣1)

 = 1 + (𝑝 − 1) = 𝑝

 

If 𝑢𝑡 = 𝑢3 = 𝑣𝑝+1, then 𝑢𝑡+1 = 𝑢4 = 𝑣1, and 𝑢𝑡+2 = 𝑢5 = 𝑢𝑘+1 = 𝑣𝑝+1
1 . 

𝐿(𝑢4) + 𝐿(𝑢5) = 𝐿(𝑣1) + 𝐿(𝑣𝑝+1
1 )

 = 𝑝 − 1 + 2 = 𝑝 + 1
 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑢4) + 𝜙(𝑢3, 𝑢5)

 = 𝐿(𝑣1) + 𝜙(𝑣𝑝+1, 𝑣𝑝+1
1 )

 = (𝑝 − 1) + 1 = 𝑝

 

If 𝑢𝑡 = 𝑢4 = 𝑣𝑝+1, then 𝑢𝑡+1 = 𝑢5 = 𝑢𝑘+1 = 𝑣𝑝+1
1 , and 𝑢𝑡+2 = 𝑢𝑘+2 = 𝑣2

1. 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑢𝑘+1) + 𝜙(𝑢𝑘 , 𝑢𝑘+2)

 = 𝐿(𝑣𝑝+1
1 ) + 𝜙(𝑣1, 𝑣2

1)

 = 2 + (𝑝 − 2) = 𝑝

 

Subcase 2: Let 𝑚 = 2𝑝. Then 𝑘 = 3. 

If 𝑢𝑡 = 𝑢0, then 𝑢𝑡+1 = 𝑢1 = 𝑣0, and 𝑢𝑡+2 = 𝑢2 = 𝑣𝑝+1. 

𝐿(𝑢0) + 𝐿(𝑢1) = 𝐿(𝑣𝑝) + 𝐿(𝑣0)

 = 𝑝.
 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑢1) + 𝜙(𝑢0, 𝑢2)

 = 𝐿(𝑣0) + 𝜙(𝑣𝑝, 𝑣𝑝+1)

 = 𝑝

 

If 𝑢𝑡 = 𝑢2 = 𝑣𝑝+1, then 𝑢𝑡+1 = 𝑢3 = 𝑣1, and 𝑢𝑡+2 = 𝑢4 = 𝑢𝑘+1 = 𝑣𝑝+1
1 . 

𝐿(𝑢3) + 𝐿(𝑢4) = 𝐿(𝑣1) + 𝐿(𝑣𝑝+1
1 )

 = 𝑝 − 1 + 2 = 𝑝 + 1
 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑢3) + 𝜙(𝑢2, 𝑢4)

 = 𝐿(𝑣1) + 𝜙(𝑣𝑝+1, 𝑣𝑝+1
1 )

 = (𝑝 − 1) + 1 = 𝑝

 

If 𝑢𝑡 = 𝑢3 = 𝑣1, then 𝑢𝑡+1 = 𝑢4 = 𝑢𝑘+1 = 𝑣2
1, and 𝑢𝑡+2 = 𝑢5 = 𝑢𝑘+2 = 𝑣2

1. 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑢4) + 𝜙(𝑢3, 𝑢5)

 = 𝐿(𝑣𝑝+1
1 ) + 𝜙(𝑣1, 𝑣2

1)

 = 2 + 𝑝 − 2 = 𝑝

 

 

We see that in both the sub-cases, 

𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) ≤ 𝑝 + 1

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) ≤ 𝑝
 

hold for all 𝑡 ≤ 𝑘, except when 𝑚 is odd and 𝑡 = 1. 



Alamgir Rahaman Basunia / IJMTT, 72(2), 6-18, 2026 
 

12 

When 𝑚 is odd and 𝑡 = 1, 

𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) = 𝑚 − 1

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) =
𝑚 + 1

2
= ⌊

𝑚

2
⌋ + 1

 

Case-2: Let 𝑡 > 𝑘. 

Subcase 1: All 𝑢𝑡 , 𝑢𝑡+1 and 𝑢𝑡+2 are in the same 𝑆𝑗
′ for some 𝑗 with 1 ≤ 𝑗 ≤ 𝑝 − 2. Then 𝑢𝑡 = 𝑢𝑘+𝑛𝑗+𝑖 for some 𝑖 with 1 ≤ 𝑖 ≤

2𝑟𝑗 . Note that 𝑡 and 𝑖 are simultaneously odd or even because 𝑛𝑗  is even. First, we assume 1 ≤ 𝑖 ≤ 2𝑟𝑗 − 2. Then 

𝑢𝑡 = 𝑢4+𝑛𝑗+𝑖

 = {
𝑣
𝑝+𝑗

𝑖+1
2 ,  if 𝑡 is odd 

𝑣
𝑗+1

𝑖
2 ,  if 𝑡 is even ;

𝑢𝑡+1 = 𝑢4+𝑛𝑗+(𝑖+1)

 = {
𝑣
𝑗+1

𝑖+1
2 ,  if 𝑡 is odd 

𝑣
𝑗+1

𝑖+1
2 ,  if 𝑡 is even ;

𝑢𝑡+2 = 𝑢4+𝑛𝑗+(𝑖+2)

 = {
𝑣
𝑝+𝑗

𝑖+3
2 ,  if 𝑡 is odd ;

𝑣
𝑝+𝑗

𝑖+3
2 ,  if 𝑡 is even.

 

Therefore, we get the following when 𝑡 is odd. 

𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) = 𝐿 (𝑣𝑝+𝑗

𝑖+1
2 ) + 𝐿 (𝑣

𝑗+1

𝑖+1
2 )

 = 𝑗 + 1 + 𝑝 − (𝑗 + 1) + 1

 = 𝑝 + 1,

 

and 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿 (𝑣𝑗+1

𝑖+1
2 )+ 𝜙(𝑣

𝑝+𝑗

𝑖+1
2 , 𝑣

𝑝+𝑗

𝑖+3
2 )

 = 𝑝 − (𝑗 + 1) + 1 + 𝑗 = 𝑝.

 

Also, for even integer 𝑡, we have 

𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) = 𝐿 (𝑣𝑗+1

𝑖
2 )+ 𝐿 (𝑣

𝑝+𝑗

𝑖+2
2 )

 = 𝑝 − 𝑗 + 𝑗 + 1

 = 𝑝 + 1,

 

and    

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿 (𝑣𝑝+𝑗

𝑖+2
2 ) + 𝜙 (𝑣

𝑗+1

𝑖
2 , 𝑣

𝑗+1

𝑖+2
2 )

 = (𝑗 + 1) + 𝑝 − (𝑗 + 1) = 𝑝.
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Now we take 𝑖 = 2𝑟𝑗 − 1. Then we have 

𝑢𝑡  = 𝑢4+𝑛𝑗+2𝑟𝑗−1 = 𝑣𝑝+𝑗
𝑟𝑗

𝑢𝑡+1 = 𝑢4+𝑛𝑗+2𝑟𝑗 = 𝑣𝑗+1
𝑟𝑗

𝑢𝑡+2 = 𝑢4+𝑛𝑗+2𝑟𝑗+1 = 𝑣𝑝+𝑗+1

 

and consequently 

𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) = 𝐿 (𝑣𝑝+𝑗
𝑟𝑗 ) + 𝐿 (𝑣

𝑗+1

𝑟𝑗 )

 = 𝑗 + 1 + 𝑝 − (𝑗 + 1) + 1

 = 𝑝 + 1,

𝐿(𝑢𝑡+1) + 𝐿(𝑢𝑡+2) = 𝐿 (𝑣𝑗+1
𝑟𝑗 ) + 𝐿(𝑣𝑝+𝑗+1)

 = 𝑝 − 𝑗 + 𝑗 + 1

 = 𝑝 + 1,

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿 (𝑣𝑗+1
𝑟𝑗 ) + 𝜙 (𝑣

𝑝+𝑗

𝑟𝑗 , 𝑣𝑝+𝑗+1

 = 𝑝 − (𝑗 + 1) + 1 + 𝑗 = 𝑝.

 

Again for 𝑖 = 2𝑟𝑗 , 

𝑢𝑡  = 𝑢4+𝑛𝑗+2𝑟𝑗 = 𝑣𝑗+1
𝑟𝑗

𝑢𝑡+1 = 𝑢4+𝑛𝑗+2𝑟𝑗+1 = 𝑣𝑝+𝑗+1
𝑢𝑡+2 = 𝑢4+𝑛𝑗+2𝑟𝑗+2 = 𝑣𝑗+1

 

and then 

𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) = 𝐿 (𝑣𝑗+1
𝑟𝑗 ) + 𝐿(𝑣𝑝+𝑗+1)

 = 𝑝 − 𝑗 + 𝑗 + 1

 = 𝑝 + 1

 

Also, 

𝐿(𝑢𝑡+1) + 𝐿(𝑢𝑡+2) = 𝐿(𝑣𝑝+𝑗+1) + 𝐿(𝑣𝑗+1)

 = 𝑗 + 1 + 𝑝 − (𝑗 + 1)

 = 𝑝

 

 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑣𝑝+𝑗+1) + 𝜙 (𝑣𝑗+1
𝑟𝑗
, 𝑣𝑗+1)

 = (𝑗 + 1) + 𝑝 − (𝑗 + 1) = 𝑝
 

Subcase 2: Let 𝑢𝑡 , 𝑢𝑡+1, 𝑢𝑡+2 are in different 𝑆𝑗
′ for some 𝑗 with 1 ≤ 𝑗 ≤ 𝑝 − 2. 

This is possible only when 𝑢𝑡 ∈ 𝑆𝑗
′ and 𝑢𝑡+2 ∈ 𝑆𝑗+1

′  with 1 ≤ 𝑗 ≤ 𝑝 − 3. 

Now, if  𝑢𝑡+1 ∈ 𝑆𝑗
′, then 

𝑢𝑡 = 𝑢4+𝑛𝑗+2𝑟𝑗+1 = 𝑣𝑝+𝑗+1,

𝑢𝑡+1 = 𝑢4+𝑛𝑗+2𝑟𝑗+2 = 𝑣𝑗+1,

𝑢𝑡+2 = 𝑢4+𝑛𝑗+1+1 = 𝑣𝑝+𝑗+1
1 ,

 

and hence, 



Alamgir Rahaman Basunia / IJMTT, 72(2), 6-18, 2026 
 

14 

𝐿(𝑢𝑡+1) + 𝐿(𝑢𝑡+2) = 𝐿(𝑣𝑗+1) + 𝐿(𝑣𝑝+𝑗+1
1 )

 = 𝑝 − (𝑗 + 1) + 𝑗 + 1 + 1

 = 𝑝 + 1,

 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑣𝑗+1) + 𝜙(𝑣𝑝+𝑗+1, 𝑣𝑝+𝑗+1
1 )

 = 𝑝 − (𝑗 + 1) + 𝑗 + 1

 = 𝑝

 

If 𝑢𝑡+1 ∈ 𝑆𝑗+1
′ , then 

𝑢𝑡 = 𝑢4+𝑛𝑗+2𝑟𝑗+2 = 𝑣𝑗+1,

𝑢𝑡+1 = 𝑢4+𝑛𝑗+1+1 = 𝑣𝑝+𝑗+1
1 ,

𝑢𝑡+2 = 𝑢4+𝑛𝑗+1+2 = 𝑣𝑗+2
1 ,

 

and 

𝐿(𝑢𝑡+1) + 𝐿(𝑢𝑡+2) = 𝐿(𝑣𝑝+𝑗+1
1 ) + 𝐿(𝑣𝑗+2

1 )

 = (𝑗 + 1) + 1 + 𝑝 − (𝑗 + 2) + 1

 = 𝑝 + 1

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑣𝑝+𝑗+1
1 ) + 𝜙(𝑣𝑗+1, 𝑣𝑗+2

1 )

 = (𝑗 + 1) + 1 + 𝑝 − (𝑗 + 2)

 = 𝑝.

 

From all the above cases, we conclude that 

𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) ≤ (𝑝 + 1) =
𝑚 + 1

2
 

and 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) ≤ 𝑝 =
𝑚 − 1

2
. 

If 𝑚 = 2𝑝, then 𝑘 = 3. In a similar way, we can show that, 

𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) ≤
𝑚

2
+ 1 

and 

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) ≤
𝑚

2
. 

Combining all these, we get, 

𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1) ≤ ⌊
𝑚

2
⌋ + 1

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) ≤ ⌊
𝑚

2
⌋
 

(b) Let us consider 𝑡 = 1. 

If 𝑚 = 2𝑝 + 1, then 𝑢𝑡 = 𝑢1, 𝑢𝑡+1 = 𝑢2 = 𝑣0, and 𝑢𝑡+2 = 𝑢3 = 𝑣𝑝+1. 
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𝐿(𝑢1) + 𝐿(𝑢2) = 𝐿(𝑣2𝑝) + 𝐿(𝑣0)

 = 𝑝 + 𝑝 = 2𝑝.

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑢2) + 𝜙(𝑢1, 𝑢3)

 = 𝐿(𝑣0) + 𝜙(𝑣2𝑝, 𝑣𝑝+1)

 = 𝑝 + 1.

 

If 𝑚 = 2𝑝, then 𝑢𝑡 = 𝑢1 = 𝑣0, 𝑢𝑡+1 = 𝑢2 = 𝑣𝑝+1, and 𝑢𝑡+2 = 𝑢3 = 𝑣1. 

𝐿(𝑢1) + 𝐿(𝑢2) = 𝐿(𝑣0) + 𝐿(𝑣𝑝+1) = 𝑝 + 1.

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) = 𝐿(𝑢2) + 𝜙(𝑢1, 𝑢3)

= 𝐿(𝑣𝑝+1) + 𝜙(𝑣0, 𝑣1) = 𝑝.

 

So, 

𝐿(𝑢1) + 𝐿(𝑢2) ≤ 𝑚 − 1,

𝐿(𝑢𝑡+1) + 𝜙(𝑢𝑡 , 𝑢𝑡+2) ≤ ⌊
𝑚

2
⌋ + 1.

 

Main Results and Discussion 

 

Now we prove our main theorem, which gives the radio number of the caterpillar 𝒞(𝑚; 𝑟1 , 𝑟2 , … , 𝑟𝑝−2) with an optimal radio 

labelling. 

Theorem 3.1. 𝑟𝑛 (𝒞(𝑚; 𝑟1, 𝑟2, … , 𝑟𝑝−2)) = {

1

2
𝑛(𝑚 − 2) + 1,  when 𝑚 = 2𝑝

1

2
(𝑛 − 1)(𝑚 − 1) + 2,  when 𝑚 = 2𝑝 + 1.

 

Proof. It is enough to prove that there exists a radio labeling 𝑓 whose Span is equal to the lower bound given in Theorem 2.1. 

Define 𝑓: 𝑉 (𝒞(𝑚; 𝑟1, 𝑟2 , … , 𝑟𝑝−2)) → {0,1,2,3,… } as follows: 𝑓(𝑢0) = 0 and 𝑓(𝑢𝑖+1) = 𝑓(𝑢𝑖) +𝑚 − 𝐿(𝑢𝑖) − 𝐿(𝑢𝑖+1) + 𝛿𝑖, 

where, 

𝛿𝑖 = {
1, 𝑚 is odd and 𝑖 = 2
0,  otherwise 

 

For any two integers 𝑖 and 𝑗 with 0 ≤ 𝑖, 𝑗 ≤ 𝑛 − 1, we prove that 𝑓(𝑢𝑗) − 𝑓(𝑢𝑖) ≥ 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑗). From the definition of 𝑓, we 

have 

𝑓(𝑢𝑗) − 𝑓(𝑢𝑖) =∑  

𝑗−1

𝑡=𝑖

  {𝑓(𝑢𝑡+1) − 𝑓(𝑢𝑡)}

 =∑  

𝑗−1

𝑡=𝑖

  {𝑚 − 𝐿(𝑢𝑡) − 𝐿(𝑢𝑡+1) + 𝛿𝑡}

 = (𝑗 − 𝑖)𝑚 −∑ 

𝑗−1

𝑡=𝑖

  {𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1)} +∑  

𝑗−1

𝑡=𝑖

 𝛿𝑡

 

First, let us take 𝑗 = 𝑖 + 1. Then 

𝑓(𝑢𝑖+1) − 𝑓(𝑢𝑖) = 𝑚 − {𝐿(𝑢𝑖) + 𝐿(𝑢𝑖+1)} + 𝛿𝑖
 = 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+1) + 𝛿𝑖
 ≥ 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+1), as 𝛿𝑖 ≥ 0

 

Now let 𝑗 = 𝑖 + 2. Then 
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𝑓(𝑢𝑖+2) − 𝑓(𝑢𝑖) = 2𝑚 −∑ 

𝑖+1

𝑡=𝑖

  {𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1)} +∑ 

𝑖+1

𝑡=𝑖

 𝛿𝑖

 = 2𝑚 − {𝐿(𝑢𝑖) + 𝐿(𝑢𝑖+2)} − 2𝐿(𝑢𝑖+1) +∑ 

𝑖+1

𝑡=𝑖

 𝛿𝑖

 = 2𝑚 − {𝑑(𝑢𝑖 , 𝑢𝑖+2) + 2𝜙(𝑢𝑖 , 𝑢𝑖+2)} − 2𝐿(𝑢𝑖+1) +∑ 

𝑖+1

𝑡=𝑖

 𝛿𝑖

 = 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+2) + 𝑚 − 2{𝐿(𝑢𝑖+1) + 𝜙(𝑢𝑖 , 𝑢𝑖+2)} +∑  

𝑖+1

𝑡=𝑖

 𝛿𝑖

 

If 𝑚 is odd and 𝑖 = 1, then we have 

𝑓(𝑢3) − 𝑓(𝑢1) = 𝑚 − 𝑑(𝑢1, 𝑢3) +𝑚 − 2{𝐿(𝑢2) + 𝜙(𝑢1, 𝑢3)} + 𝛿1 + 𝛿2
 = 𝑚 − 𝑑(𝑢1, 𝑢3) +𝑚 − 2{𝐿(𝑣0) + 𝜙(𝑣2𝑝, 𝑣𝑝+1)} + 1

 = 𝑚 − 𝑑(𝑢1, 𝑢3) +𝑚 + 1 − 2 {
𝑚 − 1

2
+ 1}

 = 𝑚 − 𝑑(𝑢1, 𝑢3) +𝑚 + 1 − (𝑚 + 1)

 = 𝑚 − 𝑑(𝑢1, 𝑢3).

 

Now, for all other value of 𝑖 and for any 𝑚, we have 𝐿(𝑢𝑖+1) + 𝜙(𝑢𝑖 , 𝑢𝑖+2) ≤ ⌊
𝑚

2
⌋, 

𝑓(𝑢𝑖+2) − 𝑓(𝑢𝑖) = 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+2) + 𝑚 − 2{𝐿(𝑢𝑖+1) + 𝜙(𝑢𝑖 , 𝑢𝑖+2)} +∑  

𝑖+1

𝑡=𝑖

 𝛿𝑖

 = 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+2) + 𝑚 − 2 ⌊
𝑚

2
⌋ +∑ 

𝑖+1

𝑡=𝑖

 𝛿𝑖

 ≥ 𝑚− 𝑑(𝑢𝑖 , 𝑢𝑖+2), as 𝑚− 2 ⌊
𝑚

2
⌋ ≥ 0,∑  

𝑖+1

𝑡=𝑖

 𝛿𝑖 ≥ 0

 

If 𝑗 = 𝑖 + 3. Then 

𝑓(𝑢𝑖+3) − 𝑓(𝑢𝑖) = 3𝑚 −∑  

𝑖+2

𝑡=𝑖

  {𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1)} +∑ 

𝑖+2

𝑡=𝑖

 𝛿𝑖

 = 3𝑚 − {𝐿(𝑢𝑖) + 𝐿(𝑢𝑖+3)} − 2{𝐿(𝑢𝑖+1) + 𝐿(𝑢𝑖+2)} +∑ 

𝑖+2

𝑡=𝑖

 𝛿𝑖

 = 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+3) + 2𝑚 − 2 {𝐿(𝑢𝑖+1) + 𝐿(𝑢𝑖+2) +∑ 

𝑖+1

𝑡=𝑖

 𝛿𝑖

 ≥ 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+3) + 2𝑚 − 4 ⌊
𝑚

2
⌋ +∑ 

𝑖+1

𝑡=𝑖

 𝛿𝑖

 = 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+3) + 2 (𝑚 − 2 ⌊
𝑚

2
⌋) +∑ 

𝑖+1

𝑡=𝑖

 𝛿𝑖

 ≥ 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑖+3), as 𝑚− 2 ⌊
𝑚

2
⌋ ≥ 0
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Now let 𝑗 ≥ 𝑖 + 4. Then two cases may arise. Either 𝑖 > 1 or 𝑖 = 0,1. 

If 𝑖 > 1, then 

In either case 𝑚 ≥ 4, so 

𝑓(𝑢𝑗) − 𝑓(𝑢𝑖) ≥ 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑗). 

If 𝑖 = 0, or 1, then 

𝑓(𝑢𝑗) − 𝑓(𝑢𝑖) = (𝑗 − 𝑖)𝑚 −∑ 

𝑗−1

𝑡=𝑖

  {𝐿(𝑢𝑡) + 𝐿(𝑢𝑡+1)} +∑ 

𝑗−1

𝑡=𝑖

 𝛿𝑡

 ≥ (𝑗 − 𝑖)𝑚 − {𝐿(𝑢1) + 𝐿(𝑢2)} − (𝑗 − 𝑖 − 1) {⌊
𝑚

2
⌋ + 1} +∑ 

𝑗−1

𝑡=𝑖

 𝛿𝑡

 ≥ 𝑚 − (𝑚 − 1) + (𝑗 − 𝑖 − 1) {𝑚 − ⌊
𝑚

2
⌋ − 1} , as ∑ 

𝑗−1

𝑡=𝑖

 𝛿𝑡 ≥ 0

 ≥ 1 + 3 {𝑚 − ⌊
𝑚

2
⌋ − 1} , as 𝑗 − 𝑖 ≥ 4

 = {

3𝑚

2
−
1

2
,  if 𝑚 is odd; 

3𝑚

2
− 2,  if 𝑚 is even; 

 ≥ 𝑚 − 𝑑(𝑢𝑖 , 𝑢𝑗).

 

The radio labeling of 𝒞(11: 4,3,5) and 𝒞(12; 4,3,4,4), giving the radio number, is shown in Figures 3 and 4, respectively. 

 
Fig. 3 The radio number of 𝓒(𝟏𝟏; 𝟒, 𝟑, 𝟓). 

 

 
Fig. 4 The radio number of 𝓒(𝟏𝟐; 𝟒, 𝟑, 𝟒, 𝟒) 
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