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Abstract - A radio labeling of a graph G is a function f from the vertex set V(G) to the set of non-negative integers such that
If(w) — f(v)| = diam(G) + 1 — d; (u, v), where diam(G) and d; (u, v) are the diameter of G and the distance between u and
v in G, respectively. The radio number rn(G) of G is the smallest number k such that G has radio labeling with max{f(v): v €
V(G)} = k. Atree T is called a caterpillar if it has a path P of maximum length such that all the vertices other than the path P
are at most distance 1 from the path P. In this paper, we determine the radio number of some special types of caterpillars.

Keywords - Caterpillar graph, Radio number, Span of a function.

1. Introduction

By a graph G = (V,E) we mean a finite, connected undirected graph with neither loops nor multiple edges. For graph
theoretic terminology, we refer to the book [7]. Motivated by the Chhanel assignment problem given in Hale [15], Chartrand et
al. [8] introduced the concept of radio k - labeling. For a positive integer k with 1 < k < diam(G), a radio k - labeling of G is
an assignment f of non-negative integers to the vertices of G such that |f(u) — f(v)| = k + 1 — d(u,v). If k = diam(G), then
radio k - labelling is simply called radio labeling. In other words, a radio labeling of a graph G is a function f: V(G) — {0,1,2, ...}
suchthat| f(u) — f(v) |= diam(G) + 1 — d(u,v). The span of f is defined as span(f) = max{|f (w) — f(v)|:u,v € V(G)}.
The minimum of spans of all possible radio labelings of G is called the radio number of G, denoted by rn(G). The exact value
of the radio number of several families of graphs, such as paths, square of cycles, and generalised prism, is given in [2,5,10].
Further results on radio number can be seen in [6, 9, 11, 16].

Atree T is called a caterpillar if it has a path B,, = (vq, vy, ..., Vm—1) Of maximum length such that all the vertices other than
the path P, is atmost distance 1 from the path P,,. The path P,, is called the central path of T, and the set of caterpillars with the
central path P, is denoted by C(m). If further deg(v;) = 2 +t for all v; with 1 < i < m — 2 and for a fixed positive integer ¢,
then the set of all such caterpillars is denoted by C(m; ¢t).

The radio number of C(m; t) for t = 1 is given in [12]. For m = 2p, the radio number of C(m; t) has been given by Kola
and Panigrahi [14]. They proved that rn(C(2p; t)) = 2[t(p — 1)? + p(p — 1)] + 3. In Theorem 2.5 of [14], they also proved
that if C is a caterpillar with central path P: v, vy, ..., v,y and deg(v)) = deg(vyyi 1) =t; +2,t; 2 0,i = 1,2,3,..,p — 1,
then rn(C) = 2[(p — 1) Zf;ll t; + p(p — 1)] + 3. Later, Bantva et al.[1] found the radio number of €(m; t) for both even and

odd values of m. Also, they observed that the radio number of C(m; t) for even m, described in Theorem 2.3 of [14], is bigger
than the actual rnC(m; t) by 1.

Let T be a caterpillar with a spline B,, = (vg, V1, V3, ey Vi 1)-
We define a subclass €(m; ry, 75, ...,rp_Z) of C(m) as following: If m = 2p + 1, let

1, i=02p
r_1+2 2<is<p-1
degw) =9,"" i=1p2p—1
np,+t2 p+1<i<2p-2
Ifm = 2p, let
1, i=02p—1
r_1+2 2<i<p-1
deg(vi)z 21’1 i:l’p

rp,+t2 p+l<i<2p-2
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That is, by C(m; 1, ...,rp_z), we mean a caterpillar with a central path P,:v,v,v, ...v,,_{, Where r; vertices are
connected to both v;,, and v, for each i with 1 <i < p — 2. Throughout the article, we take m > 4, because otherwise
C’(m; 7,7y, ...,rp_z) will be a path. Here in Figure 1, m = 11,, = 4,r, = 3, and r; = 5. We shall find the radio number of

C’(m; 7,7, ...,rp_z).

y 2 1 2 1
1 Ve ve V7 V7 Vg Vg

U,
Vo V1 u 8 vy V1o

) ) 3 , 3 1@, @ g
Vi vy v Ve ve vy Vg vg Vg

Fig. 1 ¢(11:4,3,5)

Definition 1.1. Let T be a tree rooted at x, then the weight of T at x is defined by
Wy (x) = Z d(x,10).

uev(T)

The smallest weight among all possible roots of T is called the weight of T, and it is denoted by w(T). That is,
w(T) = min{wr(x):w € V(T)}

A vertex x* of a tree T is called a weight center or centroid of T if wy(x*) = w(T).
Observation 1.1. For the Caterpillar ¢(m; 1,75, ..., 7,_,) the following are held:
(@) If m = 2p + 1, then ¢(m; 1, 73, ..., 7,,_, ) has exactly one centroid, namely a.
(b) If m = 2p, then ¢(m; 1,75, ..., 7,,_, ) has two centroids a, _; and a,.
(c) |V (C‘(m; 1,1y, ...,rp_z))| =m+ 225:12 7.
1 .
-{n(m+2)—-2m}, ifm=2p,
(d)w (C‘(m; 7,73, ...,rp_z)) = ‘; ]
Z(n—l)(m+1), ifm=2p+1.
2. Lower bound for the radio number of €(m; ry, 73, ..., Tp_3)
This section deals with a lower bound for the radio number of C’(m; 71,75, ...,rp_z). In the next section, we show that this
lower bound is the exact value of the radio number of C(m; T, Ty, ...,rp_z).

Theorem 2.1. For an n-vertex caterpillar C(m; 13,73, ...,7,_5)

1

-n(m-—2)+1, ifm=72p
rn(C(m;rl,r2,...,rp_2))2 %
E(n—l)(m—1)+2, ifm=2p+1

Proof. Let f be a radio labelling of ¢(m; 1y, 73, ...,rp_Z) and u,, u,, ..., U,_, be an arrangement of vertices such that f (u,) =
0<f(uy) < f(uy) <+ < fu,_,) = span(f) of ¢(m; 1,75, ..., 1,_, ). Now, from the radio conditions, we have the
following.

fuig) = fw) 2m—du,u;44),0 <i<n—2. 1)

Now let
fip) — f(w) = m — d(uy, uipq) +]f(ui'ui+1) 2)

where J(u;, u;,.1) denotes the jump of f from w; to u;,,. The addition of these n — 1 equations yields
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[y

n—
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fln) =) [f@) — fui_)]+ f(uo)

(Ll
NI

4
n

[m = du;, uiq) + 1w, ui+1)] + f(uo)

i=

(=]

n-1 n-2

=(Mn-1)m-2 Z Ls(u;) + Lg(up) + Ls(uy_q) + Z []f(ui'ui+1) +2¢(u;, ui+1)] + f(uo)
i=0 i=0
=n—-1m-2w (C(m; 1,7, ---'rp—Z)) + f(ug) + Ls(ug) + Ly(up_1) + o (f);

where  o(f) = X7 op(upuq)  and  op(upupq) = Jp(up tigg) + 200 (ugup4,).  Here  total  jump  J(f) =
278 J (i, ui44). So the relation between o (f) and J (f) is a(f) = J(f) + 2 X7=¢ ¢ (u;, u;44). Under the notation of o(f) and
using f(u,) = 0, the Span of f is given by

span(f) = (n—1)m — 2w (C(m; 1,7y, ...,rp_z)) + Lg(up) + Ly (up_q) + o (f) 3
Casel:m = 2p.
Since L (ug) + Lg(u,,_1) = 1and a(f) = 0, using Lemma 1.1(d), equation (3) gives us
span(f) = (n—1)m — 2w (C(m; 1,1, ...,rp_z)) +1
1

=n—-1m-2 -Z{n(m+2) —-2m}+1

_2nm—2m—nm-—2n+2m

h 2

1
= En(m -2)+1

As the above is true for every radio labelling of C(m; 7,1y, ...,rp_z), so we obtain the result when m = 2p.
Case2: m=2p+ 1.
Using Lemma 1.1(d), equation (3) gives us

span(f) = (n — 1)m — 2w (C(m; LTy, ...,rp_z)) + Ls(u) + Ls(up—q) + o (f)

=n—-1m-2 %(n —D(m+1) + Lg(ug) + Ly(upy_y) + ()
= (= 1) [m = "]+ L) + L) + 0)

1
=5;@m-Dm-D+ Lg(ug) + Ls(up-1) + a(f)

We claim that L;(ug) + Lg(uy_q) + o(f) = 2. If s & {ug, up,_ 1} Or s € {ug, u,_} with {ug, u,_1} \ {s} is not adjacent to
s, then Ly(uo) + Lg(u,_;) = 2 and hence our claim is true. Again recall that o(f) = X2 []f(ui,um) +2¢(u;,ui,1)], and
thus if ¢ (up, usyq) = 1 for some £, then a(f) = 2 and in this case our claim is true. The only remaining case is the one when

both of the following hold

(a) if one of u, and u,,_, is s and the other is adjacent to s, i.e., Ly (uy) + Lg(up,—1) = 1

(b) y: ug, uq, Uy, ..., Uy,_q is an alternating sequence.

Without loss of generality, we assume u, = s and u,_, is adjacent to s. Then either u, = a, or u, = a,,_, for some £ with

2 < ¢ <n-—2 Weshowthat Jr(u,_q,up) + Jr(Up upy1) = 1. From (2) with i = £ — 1,£; and using d(u,_;,up) =
Lg(up_q) + Lg(u,) and d(up, upyq) = L (up) + Lg(u,,,) because y is an alternating sequence, we have
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fQue) = f(up—q) = m = Ls(up_q) — Ls(up) + Jp (up-q,u,)
fQuey1) = f(up) = m— Lg(up) — Ls(upyy) + T (Up, upss)-

Adding the above two equations and using f (u,y1) — f(up_y) = m — Ly(up_q) — Lg(upyq), We get
JrQue_y,wg) + Jp(up tpyg) = 2L(wp) + 2¢(wp_g, upyq) —m. “

Since Ly(ay)) = p = Lg(am_,) ), it follows that Ly(u,) =p. Also ¢(up_q,upy1) =1 because s = u, and hence s ¢
{up_1,Up41}. Therefore, (4) withm = 2p + 1 gives us Jp(u,_q, up) + Jp(Up, Upy1) = 1. Thus Ls(uy) + Ls(up—q) + o(f) = 21is

hold. On account of all of the above facts, we have rn (C’(m; 7,7 ...,rp_z)) > %(n —1)(m—1)+2,whenm = 2p + 1.

3. An ordering of the vertices of €(m;ry, 73, ..., Tp_2).

We define an ordering of the vertices of C(m; 1y, 75, ...,rp_z), which will be used in the proof of the main theorem. Let us
rename all the vertices of C(m; 13,73, ..., 7,5 ). The diameter of C(m; 13,73, ..., 7,,_5) ism — 1. Let N, (v;) denote the set of all
pendant vertices adjacent to v; and N[v] = N(v) U {v}. Thus

M) ={vhl1<t<n1<t<r}

Case-1: Letm = 2p + 1.
The following steps give an ordering u,, u,, ... u,_, of vertices for C(m; 1,1, ...,rp_z).

Step-1: Partition the vertex set V (C(m; 7,7y, ...,rp_z)) into (p — 1) sets Sy, Sy, S, ... S,_o; Where,

SO = {vp, vzp, Vo, Up+1, 1.71}
S =Ny [V ]UN; (vps ) Ufvps b 1<j<p—2.
Clearly, |S;| = 2r; +2,1 < j<p—2.For1<j<p— 2, letusdefinen; = ¥/_, IS,_,| and n, = 0.

Step-2: The ordering of the vertices of S, is given below
uo = Up,ul = vzp,uz = vo,u3 = Up+1 and u4_ = 171.

The remaining vertices are ordered by using the following rule.
Fori<j<p-21<is<n+2

i+1 )
i{ > lisoddand 1<i<rw;
_ 17§+j, iisevenand 1 < i <7
Uginj+i = ;
| L
2 .
| Ve i=2r+1

Vpije1, L=277+72

Thus, We get y = ug, Uy, Uy, ..., Up_q as an ordering of the vertices of C(m; 13,75, ..., 7, _5).
Case-2: Letm = 2p.
The following steps give an ordering ug, uy, ... u,_, of vertices for €(m;r, 7, ...,rp_z).

Step-1: Partitioned the vertex set V (C(m; 71,75, ...,rp_Z)) into (p — 1) sets Sy, S, S5, ..., Sp—_5, Where

So = {vp, vo,vp+1,v1}
Sj = Nl[vj+1] V) Nl(vp+]') U {Up+]'+1}, 1 S] S p - 2
Recall, n; = Z{=2 [S;_;| and n; = 0.

Step-2: The ordering of the vertices of S, is given below
Uy = Vp, Uy = Vo, Uy = Vpyq, aNd u3 = vy,
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The remaining vertices are ordered by using the following rule.
Fori<j<p-21<is<n+2

i+1 ,

i( > ilsoddandlﬁiSrj

Vs iisevenand 1< i <r;
u e
3+n;+i i

1

2 .

[V i=2r+1

Vpij+rr L= 215

Thus, we obtain y = ug, uy, Uy, ..., U, as an ordering of the vertices of €(m; 1,75, ..., 7_5).
The ordering of the vertices of €(11; 4,3,5) is given in Figure 2.
Let us define k as

k—{4 ifm=2p+1
"3 ifm=2p

Lemma 3.1. For any three consecutive vertices u;, u;,; and u,,, iny,
(@) L(uy) + L(ugy,) < EJ +1and L(upyq) + o, tpyp) < EJ for all t, except t = 1.

(b) L(ute) + LQtgyr) < m = 1and L(tteyr) + bty tes) < || + 1, For £ = 1.

5 U7 Uys Uys U3

Ug Ug u Uyg Y > : [ .
18 1 u26 uZ4
[ @ U ® Uu- u U
7 4 . ll
u; Uy . Uz2 ey, ¥ - ki ll1
Uy “12 Uz u'}.n u:iZ Ug Uy U9 u27 uzt) “‘H

U3o
Fig. 2 Ordering of vertices of €(11; 4, 3,5)

Proof. (a) We partition V (C(m; Ty, ...,rp_z)) \ {ug, Uy, ..., u; } into (p — 2) sets given below.

Sj = Ni[vj11] UNi(vp4) U{vpeja ) 1< <p -2,

For1<j<p—2, letusdenoten; = Zi:z [S;_4]. For 1 <j < p — 1, we define

5]-’ = {uk+nj+i: I=is |51|}

= {upsmpi 1 <1 < 21 + 2

It is clear that

-, £<
L(W)z{g—p £’>5

~N_fp+1—-i, £<p-—-1
L(w)_{€+1—p, 2>

Case-1: t < k and t # 1. We take the following to subcases according as m = 2p + 1 or m = 2p.

Subcase 1: Letm = 2p + 1. Inthiscase k = 4. For t = 0,u; = Uy, Upyq = Uy = Vyp, AN Upyp = U, = V. Thus L(u,) +
L(uy) = L(vp) + L(vzp) =pand L(u;) + L(u,) = L(vzp) + L(v,) = 2p. Also, for t = 0, we have L(up4q) + ¢(up, upyy) =
L(uy) + ¢plug,uy) = L(vzp) + d)(vp,vo) =p. Ifu, = up, then ugyy = uz = vy, aNd Upyp, = Uy = ;.

10
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L(uz) + L(uy) = L(Up+1) + L(vy)
=1+(@-D=p
LQuiq) + dQup, Upyn) = L(uz) + P (uy, uy)
= L(Vp+1) + ¢(vo,v1)
=1+(p-D=p

— — — — — — — .1
Ifu, =us = v, thenue,y =u, = vy, and gy = Us = Ugyq = Vpyq-

L(uy) + L(us) = L(vy) + L(U;H)
=p—-1+2=p+1
LQupiq) + dQup, Upyr) = L(uy) + ¢ (us, us)

=L(v,) + ¢(vp+1'v117+1)
=@-D+1=p

Ifu, = uy = vppq, thenuyy = Us = Wepq = Vpog, ANd Uy = Upyp = V3.
Lugsr) + dQup tey) = Lugeyr) + Py, Ugy2)

= L(vzlz+1) + ¢(vy,v3)
=2+(-2)=p

Subcase 2: Let m = 2p. Then k = 3.
Ifu, = wuo, then u, = uy = v, and Upy, = Uy = Vpyy.
L(uo) + L(uy) = L(v,) + L(vy)
= p'
Lugyr) + d(up, tey) = L(wy) + (o, uz)

= L(wo) + (0, vy01)
=P

— . = - = - = — 1
Ifu, = uy = vy, thenueyy = uz = vy, and iy = Uy = Ugyq = Vpyq-

L(u3) + L(uy) = L(vy) + L(Vzl:+1)
=p—-1+2=p+1

L(uepr) + oQup, upyz) = L(uz) + d(uy, uy)
=L(vy) + ¢(Up+1' v119+1)
=@-D+1=p

- = — 0 = — 1 — 0 = — 1
Ifu, =u; =vy, thenu, g = Uy = Uy = V3, ANAd Upyp = Us = Upyy = V3.

L(ueyr) + dQup, upyn) = L(uy) + ¢(us, us)
= L(U;H) + ¢ (vy,v3)
=2+p—-2=p

We see that in both the sub-cases,
Lu) +L(uyq) <p+1
L(ugyr) + d(upupyn) <p

hold for all t < k, except when m is odd and t = 1.

11
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Whenmisoddandt =1,
Lu) + L(ugy) =m—1

m+1 m
L(upyq) + d(up, upyr) = —— = l?J +1

Case-2: Lett > k.
Subcase 1: All uy, uy 4 and u,,, are in the same S; for some j with 1 < j <p — 2. Then u, = Upesn+i forsomeiwithl <i <

27;. Note that ¢t and i are simultaneously odd or even because n; is even. First, we assume 1 < i < 2r; — 2. Then

Ut = Usinj+i
i+1

> .
_ Uyt if t is odd
) i
> . )
Vi if t is even ;
Upy1 = Ugynj+(i+1)
i+1
> .
Vil if t is odd
i+1
> el )
Vi if tis even ;
Utz = Ugynj+(i+2)
i+3
> . )
Vi iftis odd;
) i3
> .
Uyt if t is even.

Therefore, we get the following when ¢ is odd.

i1 i1
L@J+L@HJ=L<%L)+L<%E>
=j+1+p-(G+1D+1
=p+1,

and
L(uprr) + p(up upyr) = L (17]31> +¢ <Upij» Upij)
=p—(G+D+1+j=p.
Also, for even integer t, we have
i i+2
L@Q+L@HJ:L<ﬁL>+L<%L)

=p—j+j+1
=p+1,

and

i+2 L iz
L(uprr) + o(up upyp) = L (Upf_]-) +¢ <V]2+1.V]+21>
=(+D+p-(G+D=p

12



Alamgir Rahaman Basunia / IIMTT, 72(2), 6-18, 2026

Now we take i = 2r; — 1. Then we have

7y

Ue = Uginjrorj-1 = Vpyj
— Y
Urr1 = Ugenjezr; = Vg

Utz = Uginjrorj+1 = Uptj+1

and consequently

T T
L(uy) + L(upyq) =1L (vpij) +1L (vjjl)
=j+1+p-(G+1+1
= p + 1'

,
Lugpq) + Lugyn) = L (17]11) + L(vp+j+1)
=p—-jtj+1
=p+1
ri i
L(uesr) + o(up, Upyr) = L (17]11) +¢ (vpij'vp+j+1
=p—-(G+D+1+j=p

Again for i = 2r;,
— — 7
ut - u4—+TLj+2Tj - 1‘7]'+1
Urt1 = Uginjrorj+1 = Uptj+1

Utz = Uginjrorj+2 = Vjr1

and then
Tj
L(ut) + L(ut+1) =L (ij) + L(vp+1'+1)
=p—j+tj+1
=p+1
Also,

L(ugyq) + Lupyy) = L(Up+j+1) + L(Uj+1)
=j+1+p—-(G+1)
=p

e
Lugsr) + d(up ueyr) = L(”p+j+1) +¢ (v]’.:]_' Uj+1)
=(+D+p-(G+D=p
Subcase 2: Let ug, U1, Up,o are in different S for some j with 1 < j <p — 2.

This is possible only when u, € S/ and u.,, € §/,; With1 < j <p —3.
Now, if u.,, € S;, then

Ur = Uginjrzrj+1 = Uptj+n
U1 = Ugsnjrarj+2 = Vjro
— _ 1
Utz = Usinj 41 = Vprjrn

and hence,

13
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L(upyr) + Lupyp) = L(vj+1) + L(U113+j+1)
=p—(G+D+j+1+1
=p+1,

LQuesr) + Pp(up, upyr) = L(Uj+1) + ¢(vp+j+1'v117+j+1)
=p—(+D+j+1
=p

Ifu,,q € Sj,q, then

+2 = Vityn

Ut = Ugnjtor;

_ _ 1
Urys = Usinjpy+1 = Vprjrn

— — 1
Uryz = Usynjy 42 = Vjro

and

L(uppr) + L(upyy) = L(vzla+j+1) + L(vj1+2)
=(+D+14p-(+2)+1
=p+1

Luerr) + p(up, upy,) = L(vzlz+j+1) + ¢(vj+1,vj1+2)
=(G+D+1+p—-(G+2)

From all the above cases, we conclude that

m+1
L(ut) + L(ut+1) <s@+D= T
and
m—1
L(uepr) + o(up, upsr) <p = —

If m = 2p, then k = 3. In a similar way, we can show that,
L(uy) + L) < %+ 1
and
Lttesn) + Dt 1) < 5
Combining all these, we get,

L(wy) + L(upy,) < [%J +1

Lugsr) + d(up,ueyr) < l%J

(b) Let us consider t = 1.

Ifm=2p+1,thenu, = uj, Uy = Uy = Vo, AN Uy = Uz = Vpyq.

14
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L(uy) +L(uy) = L(Uzp) + L(vy)
=p+p=2p.
LQuesr) + P(up, upyn) = L(uy) + ¢(uy, us)
= L(UO) + ¢(v2p' vp+1)
=p+1.

Ifm = 2p, then u, = uy = vy, Upyq = Up = Vpyq, AN Upyp, = Uz = V.

L) + L(uy) = L(vo) + L(vpss) =p + 1.
LQuesq) + d(up, ueyn) = Luy) + dp(ug, u3)
= L(vp+1) +¢(vo,v1) = p.

So,

L(uy) + L(u,) <m-—1,

m
L(upyr) + d(up, tpyr) < I?J + 1.
Main Results and Discussion

Now we prove our main theorem, which gives the radio number of the caterpillar C(m; 1,71, ...,rp_z) with an optimal radio
labelling.

1
-n(m-2)+1, when m = 2p
Theorem 3.1. rn (C(m; VAL TRRYYS —2)) =11
P i(n—l)(m—1)+2, when m = 2p + 1.

Proof. It is enough to prove that there exists a radio labeling f whose Span is equal to the lower bound given in Theorem 2.1.
Define f:V (C‘(m; 1,1y, ...,rp_z)) - {0,1,2,3,...}as follows: f(u,) = 0and f(u;y,) = f(w;) + m — L(u;) — L(u;yq) + 65,
where,

s _{1, misoddandi =2
t7 10, otherwise

For any two integers i and j with 0 < i,j < n — 1, we prove that f(u;) — f(w;) = m — d(u;, ;). From the definition of £, we
have

j-1
F) = @) = ) () = F@))
5
= Z {m — L(u,) — L(ugyq) + 63

j-1 j-1
= G- m= ) L) + L)} + ) 8
t=i t=i
First, let us take j = i + 1. Then
fQuie) = f) =m —{L(w;) + L)} + 6;
=m —d(u;, uj4q) +6;
>m—d(u;u;4q), as6; =0

Now let j =i + 2. Then
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i+1 i+1

F i) = fu) = 2m — Z {LCup) + LCugs )} + Z 5
= 2m — {L(u;) + L)} — 2L(ugy) + i 5;
t=t .
= 2m — {d(uy wis,) + 260 (i, 42)} — 2L(ugsy) + i 5,
=m — d(u, U2) + M — 2{L(Uipq) + S Uy u)} + i 5;

If m isoddand i = 1, then we have

flug) — fu) =m—d(ug,uz) +m—2{L(u,) + p(uy,u3)} + 6, + 6,
=m—d(u,u;) +m-— Z{L(vo) + q,’)(vzp, vp+1)} +1

m-—1
=m—d(u1,u3)+m+1—2{T+1}

=m—-d@u,u;) +m+1-(m+1)
=m —d(uy,uz).

Now, for all other value of i and for any m, we have L(u;,q) + ¢(u;, ujy5) < EJ

i+1

fQuiz) = fw) =m —d(ug ugyn) + m— 2{L(wpq) + duy, uii2)} + Z 5;
i+1 =
m
=m—du,u,) +m—2 l?J +Z ;
i
m
>m—d(u;,u,) asm—2 l?J > O,Z 6; =20
t=i
Ifj =i+ 3.Then
i+2 i+2
flups) = f@) = 3m =Y (L) + L)} + ) 6
t=i t=i
i+2

= 3m — (L) + L)) — 2Lt + L)} + ) 5,
i+1 -

=m—d(u;uys) +2m—2 {L(uiﬂ) + L(ugyo) + z 5;
-
i+1 l

m
=>m—d(w;,u;s) +2m—4 l?J + Z S
t=i

i+1

=m—du;,u3) +2 (m -2 l%]) +Z ;

t=i

m
>m—d(u;,u,3),asm—2 l?J >0
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Now let j = i + 4. Then two cases may arise. Eitheri > 1 ori = 0,1.
Ifi > 1, then
In either case m = 4, so

Flw) = fw) = m—d(u,w).
Ifi =0, or1,then
j-1 j-1
F() = f@) =G —iym= ) (L) + L)} + ) 6,
t=i t=i

j-1

> (- im— (L) + L} - G- - D{| 3|+ 1}+ ) &

t=i

Jj-1
2m—(m—1)+(i—i—1){m—l%]—1},asZ 5,>0

t=i

m . .
21+3{m—[7j—1},as1—124
3 L itmis odd:
By 2,1mlso,
3m ) )
- 2, if m is even;

>m— d(ui,u]-).

The radio labeling of ¢(11:4,3,5) and C(12; 4,3,4,4), giving the radio number, is shown in Figures 3 and 4, respectively.

u u U
Ug Ug uqg Uig tize Usg U7 Uus 217 15 ‘lzs 23
39 29 85\ 73/ 126

7 19 131 136 6
@ A4 i 64 T u u u
g hd 70 ) N4 " 13 33 1
- o 954 136 B4
ujp W12 gy, Uz U U3y U9 U7 U9 ygy

U3zg
Fig. 3 The radio number of €(11;4, 3,5).

17 us 17 W5 y,s U2z 180u3g Uis upg U22 U3y _qyg,

uy Ugzg Ug Uy Uie
37\ 27/ 88 78 129 119 170 32\ 22 83 73 124 114/ 175\ 165
z : 3
1 Uz 68/\U13 109] U2y 160/ U3y 211\ ugy ug 11 Uy 62|uyz 103/\U20 154/\U3p Ugg
98
47 139 / 149 190 200 sl 93 134/ 144\ 18519
ig

=@

57
u [ ) uig
ug Uin Y Yoo Uz  ugy U39 ug ujp Uze Uzg Uze Y38

Fig. 4 The radio number of ¢(12;4, 3,4,4)
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