International Journal of Mathematics Trends and Technology Volume 72 Issue 2, 39-45, February 2026
ISSN: 2231-5373/ https://doi.org/10.14445/22315373/IIMTT-V7212P106 © 2026 Seventh Sense Research Group®

Original Article

Concircular Curvature Tensor on N(k)-Contact Metric
Manifolds with Respect to Semi-Symmetric Non-Metric
Connection

Gajendra Nath Tripathi
Supaul College of Engineering, Supaul Bihar Engineering University, Patna, Bihar, India.

Corresponding Author : drgnt1979@gmail.com

Received: 19 December 2025 Revised: 24 January 2026 Accepted: 13 February 2026 Published: 28 February 2026
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1. Introduction

The concircular curvature tensor is an important (1, 3) type curvature tensor from the Riemannian point of view. Let us
consider M to bea(2n + 1)-dimensional Riemannian manifold. The transformation for every geodesic circle of M into
a geodesic circle is called a concircular transformation [1], [2]. In [2], W. Kuhnel found that a concircular transformation is

always a conformal transformation. In 1940, K. Yano [1] introduced the concircular curvature tensor Zdefined by: [1]

Z(X, Y)W = R(X, Y)W — ———[g(Y, W)X — g(X,W)Y] 1)

2n(2n+1)

For X, Y, W € T (M), and r is the scalar curvature. Riemannian manifolds with vanishing concircular curvature tensor

are of constant curvature. We define Z, the concircular curvature tensor with respect to a semi-symmetric non-metric
connection.

F
2n(2n+1)

ZX, Y)W = R(X,Y)W —

[9(Y, W)X — g(X,W)Y] 2

In [3], A. Barman studied N (k)-contact metric manifolds admitting a type of semi-Symmetric non-metric
connection. Let M be an (2n+1)-dimensional Riemannian manifold with Levi-Civita connection V. The semi-symmetric
non-metric connection V is given by [3]

VY = VY + (V)X (3)
The torsion tensor 7' with respect to V is given by:
T(X,Y) =VyxY —VyX — [X,Y] = n(V)X —nX)Y (4)
Thus, equation (4) defines a semi-symmetric connection.
Using (3), it follows
Vy) X, Y) = —nX)g(Y,U) —n(V)g(X,Y) # 0 ©)

The connection V satisfying (4) and (5) is a type of semi-symmetric non-metric connection. The curvature tensors R
and R are related by [3]:

RX,Y)Z =R(X,Y)Z + g(X, 9Z)Y + g(hX, pZ)Y —n(X)n(2)Y — g(Y,9Z)X — g(hY,Z)X + n(Y)n(Z)X

—(D@@
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In the present paper, it will be organized as follows: In Section 2, some preliminary results and the definitions that will
be needed further are presented. In Section 3, study of the concircular curvature tensor on N (k)-contact manifolds with
respect to a semi-symmetric non-metric connection which is ¢-concircularly flat. Section 4 is devoted to the study of
@-concircularly N (k)-contact manifolds with respect to a semi-symmetric non-metric connection.

In Section 5, studied concircularly pseudo symmetric N (k)-contact manifolds with respect to a semi-symmetric non-metric
connection and obtained that the manifold is & concircular.

2. Preliminaries
A (2n+ 1)-dimensional smooth manifold M is said to be a contact manifold if it admits a global differentiable 1-form
7 which satisfies the condition.
nA(dn))" =0

Everywhere on M. Also, a contact manifold admits an almost contact structure (¢, & #), where ¢ is a (1, 1) tensor field,
¢ is a characteristic vector field, and # is a global 1-form such that

P*==14+1Q¢ n@) =1, ¢ =0,n0p =0 ©)

An almost contact structure is said to be normal if the induced almost contact structure J on the product manifold M
xR is defined by

X/1d = (pX — A d
JXAZD) = (X~ A @

is integrable, where X is tangent to M, t is the coordinate on R, and A is a smooth function on M X R. The condition
that the almost contact metric structure is normal is equivalent to the vanishing of the torsion tensor

[0+ @] +2dn QE,

where [, ¢] is the Nijenhuis tensor of ¢.

Let g be the compatible Riemannian metric with the almost contact structure (¢, &, 1), that is,
g(@X, @Y) = g(X,Y) —n(X)n(Y), gX.§) =n(X), gX, 9Y) = —g(@X,Y) @)

for all vector fields X, Y € T(M). A manifold M together with this almost contact metric structure is called an almost
contact metric manifold and denoted by M (¢, & #, g). An almost contact metric structure reduces to a contact metric
structure

9(X,9Y) = dn(X,Y).
Moreover, if V denotes the Riemannian connection of g, then the following relation holds:

Vx§ = —@X — phX, ®)
Where 4 is a (1, 1)-tensor field associated with the structure.

Now, we discuss the notion of an N (k)-contact metric manifold. Tanno [4] introduced the k-nullity distribution on a
contact metric manifold. The k-nullity distribution N (k) of a Riemannian manifold is defined by

N(k):p = Np(k) ={U € T,(M)|R(X,Y)U = k(g(Y,U)X — g(X,U)Y)} (9)

forany X, Y, U € T(M) and constant k, where R denotes the Riemannian curvature tensor and 7 (M) is the tangent space
of M?"! at any point p € M. If the characteristic vector field & of a contact metric manifold belongs to the k-nullity
distribution, then the relation
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RX,Y)§ = k[n(Y)X —n(X)Y] (10)

holds. A contact metric manifold with & € N (k) is called an N (k)-contact metric manifold. If (11) holds on an N (k)-
contact metric manifold, it becomes a contact metric manifold. From (10) and (11), it follows that an N (k)-contact metric
manifold is a Sasakian manifold if and only if £ = 1. There are many authors who have studied N (k)-contact metric
manifolds. P. Majhi and UC De [6] studied N (k)-contact metric manifolds satisfying certain curvature conditions on the
projective curvature tensor. N(k)-contact metric manifolds have also been studied by other authors such as Izgurand Sular
[6], Ghosh, De, and Taleshian [7], Blair, Konfogiorgos, and Papantoniou [8], Blair [9],[10], and De and Gazi [11]. In an
N (k)-contact metric manifold, the following relations hold [8][9]:

(V)Y = g(X + hX,Y)§ —n(¥)(X + hX), an
(Txp(¥) = g(X + hX, ¢Y), (12)

R, X)Y = k[g(X,Y)§ —n(¥)X], (13)
R(X,Y)§ = k[n(V)X —n(X)Y], (14)
r=2n2n-2+k), (15)

SX,Y)=2n—1DgX,Y)+2(n—1)g(hX,Y) + [2nk —2(n — D)In(X)n(Y);n = 1, (16)

S(@X,9Y) = S(X,Y) — 2nkn(X)n(Y) — 4(n — Dg(hX,Y), (17)
S(Y, &) = 2nkn(Y), (13)

RX,Y)Z = k[g(Y,Z)n(X) — g(X,Z)n(Y)], (19)
h)Y = [(1 = k)gX, oY) + g(X, heY)]$ + n(Y)[h(@X + phX)]. (20)

Here, R and S are the curvature tensor and Ricci tensor, respectively, with respect to the Levi-Civita connection. The
idea of a semi-symmetric connection on a Riemannian manifold (M, g) was studied by Hayden [12]in 1932. If g = Othen
the semi-symmetric connection is said to be a semi-symmetric metric connection. After a long gap, Prvanovic [13]
initiated the study of a semi-symmetric connection ¥ satisfying

Vg #0, (21)

with the name pseudo metric semi-symmetric connection, and was followed by Andonie[14]. If (22) holds, a semi-
symmetric connection ¥ becomes a semi-symmetric non-metric connection. Agashe and Chafle [15] in 1992 studied a semi-
symmetric non-metric connectionV, whose torsion tensor Tsatisfies. They proved that the projective curvature tensor of the
manifold with respect to these connections is equal to each other. Further, semi-symmetric non-metric connections have been
developed by several other authors, such as Liang [16], De and Kamilya [17], Barman [18],[19], Barman and De [20], De
and Biswas [21], and many others. A. Barman [3] studied N (k)-contact metric manifolds admitting a type of semi-symmetric
non-metric connection and gave the following proposition:

Proposition (2.1) For an N (k)-contact metric manifold M with respect to the semi-symmetric non-metric connection, Vthe

curvature tensor R is given by
R(X,Y)Z = R(X,Y)Z + g(X,pZ)Y + g(hX,pZ)Y —n(X)n(2)Y — g(Y,pZ)X — g(hY, pZ)X + n(Y)n(Z)X (22)
The Ricci tensor S is given by

S(Y,z) =5S(Y,Z) — 2ng(Y,@Z) — 2ng(hY,Z) + 2nm(Y)n(2), (23)
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R(EY)Z =kg(Y,2)E — (k+ Dn(2)Y — g(Y,9Z)§ — g(hY, 9Z)E + n(Y)n(Z)E, (24)

With the symmetry property

R(X,Y)Z =R(Y,X)Z, (25)
The scalar curvature 7 is given by
) r=1r+2n, (26)
The Ricci tensor S is symmetric and satisfies
SY,8) =2n(k+ 1) =5E,Y), 27
Vo) (X) = g(U, pX) + g(hU, 9X) = n (X V). (28)

3. Concircular Curvature Tensor on N(k)-Contact Metric Manifolds with Respect to Semi-
Symmetric Non-Metric Connection

Definition [3.1] The generalized concircular curvature tensor on an N (k)-contact metric manifold with
respect to a semi-symmetric non-metric connection is defined

F
2n(2n+1)

Z(X,Y)W = R(X, Y)W — [g(Y, W)X — g(X,W)Y]. (29)

Like the definition of a -conformally flat contact metric manifold [ 2 2 ], we define al-concircularly flat N (k)-
contact metric manifold

Definition [3.2] An N (k)-contact metric manifold M with respect to a semi-symmetric non-metric connection is
called &-concircularly flat if Z(X, Y) £= 0 holds on M. Put ' = ¢ in, and using equations (7) and (23), we obtain

[P ()X = n0Y] =0 (30)

2n+1

Now, [n(Y)X —n(X)Y] # Oin a contact metric manifold, in general. Therefore, from (30),

k=—- (3D

n
Since k = —1 leads to n = 1, and M?"*! must be non-Sasakian. Thus, we can state the following theorem:

Theorem[3.1] If a non-Sasakian N(k)-contact metric manifold M with respect to a semi-symmetric non-metric connection
is &-concircularly flat, then k = —% and7 =2n(2n+ 1)(k + 1).

Since, M-concircularly flat N (k)-contact metric manifold is always &-M-concircularly flat.
We have the following corollary:

Corollary[3.1] In a M-conicularly flat non-saskian N(k)-contact metric manifold M with respect to a semi—symmetric non-
metric connection, we have k = —% and7 = 2n(2n + 1)(k + 1).

4. ¢p-Concircularly Semi-symmetric N(k)-Contact Metric Manifolds With Respect To Non-Metric
Connection

Definition [4.1] A N (k)-contact metric manifold is said to be ¢-concircularly semi-symmetric if(Z(X,Y).@)W = 0, for
all smooth vector fields X, ¥, W. In this section, we deal with g-concircularly semi-symmetric N (k)-contact metric
manifolds. Suppose
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ZX,Y).)W =0,
Then,
Z(X, V)W — p(Z(X,Y)W) = 0. (32)

Putting Y = W = ¢£ in the above equation and using (6) and (22) yields

[1 - m] (¢x)=0 (33)

Taking the inner product with Y in (33) yields
[1-—L—]g@x.)=0.

2n(2n+1)

Since g(¢X,Y) # 0. Itis a non-Sasakian N(k)-contact metric manifold. Therefore, we have

r=2n2n+1) (34)
Using (26) in (34), we get T = 4n?
Hence, we can state the following theorem

Theorem 4.1. If a (2n + 1) dimensional (n > 1) N(k)-contact metric manifold M is ¢concircularly semi-symmetric,
then the scalar curvature is r = 4n2

5. Concircularly Pseudo-symmetric N (k)-Contact Manifolds With Respect To Semi-symmetric

Non-metric Connection
A Riemannian manifold is said to be pseudo-symmetric [23] if at every point of the manifold the following
relation holds:

(RX,V.RAYWUVIW =Lg((XAY).R)(U VW
for any vector fields X, Y, U, V, W € T (M), where L is a function on M.

The endomorphism (X AY) is defined by
XAY)Z = g(V,2)X — g(X,2)Y 35)

Now, a Riemannian manifold is said to be concircularly pseudo-symmetric if it satisfies the condition
RX,V).Z)U,VIW = L((XAY).Z)(U,V)W. (36)

where Lis a function on M. where L;f # (k + 1) is a function on M. Let us suppose that an N (k)-contact metric
manifold with respect to a semi-symmetric non-metric connection satisfies the condition

RX,V.Z)UVIW = Lz((X AY).Z)(U,VIW. (37)
Putting ¥ = W = ¢ in (37), we have
(R(X,8).Z)(U, V)¢ = Lz((X A &).Z)(U,V)E (38)
Now, the right-hand side of (38) is given by
Lz((XAO.Z)(U,V)E = Lz[(X AOZU,VIE = Z((X AU, VIE = Z(U, (X AEVIE = Z(U, V)X A§E]. (39)

In view of (2), the concircular curvature tensor with respect to the semi-symmetric non-metric connection of an (2n
+ 1)-dimensional N (k)-contact manifold is
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?
2n(2n+1)

ZX, Y)W = [g(Y, W)X — g(X,W)Y],

Where X,Y,Z € T(M).
Using (2), (6), (22), and (36) in (39), we have
Z((X A 6).Z)(E,V)E = —Lz[Z(X,V)E + n(VZ(E,X)E — n(X)Z(E,V)E. | (40)
Further, the left-hand side of (38) is given as

(R(X,8).Z)(U,V)§ =R(X,§)Z(U,V)E — Z(R(X, &)U, V) — Z(U,R(X,E)V)E — Z(U,VIR(X, €)E. 41)
Using (2), (6), and (22) in (41), we have (R(X,£).Z)(§, V)¢ = —(k + D[Z(X,V)E + n(V)Z(E, X)E —n(X)Z (&, V)E].
(42)
Using (40) and (42) in (38) yi_elds B B
(Lz = (k + D) [ZX,V)E +n(V)Z(E, X)E —n(X)Z(E,V)E] = 0 (43)
By assumptionLz;f # (k + 1), we get
ZX,V)E+n(NZ(E X)E —n(X)Z(E,V)E = 0. (44)

Hence, we can state the following theorem.

Theorem [5.1] If a (2n + 1)-dimensional (n > 1) N (k)-contact metric manifold M with respect to a semi-symmetric non-
metric connection is concircularly pseudo symmetric, then

ZX, V) +n(NZEXE —n(XDZ(E,V)E = 0.
Using (2), (7), and (10) in (45), we obtain

Z(X, V)¢ = 29D [ yyx — nxv). (45)

2n+1

whereé € N (k). the manifold is &-concircular.

Hence, we have the following theorem.

Theorem [5.2] If a (2n + 1)-dimensional (n > 1) N (k)-contact metric manifold M with respect to a semi-symmetric non-
metric connection is concircularly pseudo symmetric, then the manifold is ¢-concircular.
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