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Abstract - Domination is an important theoretical concept in graph theory. The fastest-growing area in graph theory is the
study of domination and related problems. By [J, K] set domination, a subset D €V in a graph G = (V, E) is a [J, K] set if
every vertex vE V—D, J<| N (v) ND | <K, for non-negative integer J and K, that is every vertex v € V — D is adjacent to at
least J but not more than K vertices in D. The domination number of G is denoted by Y|; ) (G), which is the minimum
cardinality of a dominating set G. In this paper, the [J, K]-domination number of Sunlet graphs, Helm graphs, and their
applications has been studied.
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1. Introduction

The basic concepts and introduction of graph theory have been learned from D. B. West [7]. Fundamentals of domination
in graphs have been explained in T. W. Haynes et al. [2]. [1, 2] — A set of various graphs has been understood from M. Chellali
et al. [4]. [1, 2] — Domination and bounds for different graphs have been explained by Xiaojing Yang and Baoyindureng Wu
[8]. In 1962, Oystein Ore [5] first defined the domination number of a graph. Ernie Cockayne and Steve Hedetniemi [1] first
started to study dominating sets in graphs in 1975. In 1988, E. Sampath Kumar [6] introduced the concept of [1, k] —
dominating set of a graph.

2. Preliminaries

Let G = (V, E) be a simple connected graph with vertex set V, edge set E, and order n = | V |, size m = |E|. The open
neighborhood, closed neighborhood, and degree of a vertex V in G are respectively denoted by N(v) = {u€V |uv EE}, N [v]
=N (v) U {v}, and d(v) = | N(v)|. The maximum and minimum degrees are denoted by A (G) and 6 (G)

Definition 2.1: A set D € V of vertices in a graph G = (V, E) is a dominating set if and only if for every vertex
v € V-D is adjacent to at least one vertex in D.

Definition 2.2: A set D € V is called [J, K] — set domination, if for any vertex v € V—D, J <| N (v) ND | <k, there are at least
J vertices adjacent to v but not more than K vertices in D. The smallest cardinality of [J, K] — set is called [J, K]- dominating
set. It is denoted by Y|j k1 (G).

Definition 2.3: The n-Sunlet graph is a graph on 2n vertices that is obtained by attaching n pendant edges to the cycle ¢, and it
is denoted by s,,.

Definition 2.4: The Helm graph H,, is the graph obtained from an n-wheel graph by adjoining a pendant edge at each node of
the cycle.

Remarks:

Number of vertices in n-sunlet graph ---2n
Number of edges in n-sunlet graph ----- 2n
Maximum degree of n-sunlet graph  ----3
Minimum degree of n-sunlet graph ----- 1
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3. [J, K] — set domination of sunlet graph and helm graph

Theorem 3.1: The [1, 1] — dominating sets of the sunlet graph s,,, n=34,.....is

D[l,l] (Sn) = Vk1, kl= 1, 2, R P n
Vi, K2=n+1,n+2,...... 2n
Proof: Let vy, v,, 03 ... ... Upy Unats Una2s Ung eee oo v,,, are the vertices of the sunlet graphs,,, such that v; is adjacent to v,,;, i =
1,2,3 ... n. There fore vy, v,, V5 ... ... v, dominates vy, 41, Untg - o Vyn. And v, is adjacent to v;,i = 1,2,3 ... ....n. so
Vnatr Ungz wee o V,, dominates vy, v, ... ... v,.

There are two dominating sets with n vertices in each set.
Therefore | Dpy 1) (sp) [ =2 and Y[y 1) (sp) =1
The generalization of the [1,1] — dominating sets of the sunlet graph s,, is

Dpiqy ($p)= | vpq, kI=1,2,3...... n
Vya, K2=n+1,n+2,...... 2n

Theorem 3.2: The [1, 2] — dominating sets of the sunlet graph s,,, n=3,4,5.....is

Dig (50)=| {0 vplisigis” Ifkl4+s—2 <n, k2+s<2n

Kil=n, m—1).....(r +2), k2=2n, 2n—-1) ....... Cn+1-r), r=123..
S is a fixed integer.
kq1+s—2 =p2n+q;

HVq1: Vg2l iz 40= P2n+a, Ifkl+s—2>n, k24+s>2n
For fixed p
Kil=n, m—1).....(r +2), k2=2n, 2n—-1) ....... Cn+1-r), r=123..
Wheres=0,1,2,........, (n-1)
Proof: 1et v, V3, V3 ... ... Uy ANd V41, Vpya ..., ar€ the vertices of the sunlet graph s,,. The dominating sets are {
Vk1-2,Vak2-1 Vakz}s { Vk1-3, Vaka-2, Vakz-1 Vaka }oooevene {V1, Vkar2) Via 43 oo e Vopa }

Where Kl=n, n—1) ......(r +2), k2=2n, 2n—-1) ...... Cn+1-r), r=123..

Suppose if n=8 in sg We can get six dominating sets; each dominating set contains eight dominating vertices.
We have

{V1, V2, V3, Vs, Us, Vg, V15, V16 )51 V15 V2, V3, Vsy Vs V14 V1) V16 f
{Ul, 172, 'U3, 'U4,, 'U13, U14, 1715, 1716},{'U1, UZI U3, lel U13, U14' vlSl U16}
V1, V2, V11, V12, V13, V1ay Vis, Vie $> 1V V10s V11s V12s V13s V14s V15 V16 )

There are (n-2) number of [1, 2] dominating sets in the sunlet graph s,,. In each dominating set, we can find n different
dominating vertices.

Thus |D[1‘2] (5p)|=n-2 and Y[Lz](sn) =n

So, the generalization of [1, 2] — dominating sets of the sunlet graph s,, is

Dy () = WVl tigrs Ifkl+s—2 <n, k2+s < 2n
Kl=n, n—1).....(r +2), k2=2n, 2n—-1) ...... Cn+1-7r), r=1.23..

S is a fixed integer}
k1+s—2 =p2n+qq

{ve1 Va2liars= pan+q, Ikl+s—2>n, k2+s>2nf
For fixed p
Kl=n, n—1).....(r +2), k2=2n, 2n—-1) ...... Cn+1-7r), r=1.23..
Wheres=0, 1,2, ........, (n-1)

Similarly, we can find the generalization of [1, 2] dominating sets for the remaining (n-1) dominating sets.
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SUNLET GRAPH
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Fig
Remarks:
Number of vertices in Helm graph - 2n+5
Number of edges in Helm graph - 3n+6
Maximum degree of Helm graph -4
Minimum degree of Helm graph -1

Theorem 3.3: The [1, 1] — dominating sets of the helm graph H,,,n=3,4,5...is
D[l,l] Hy)={vg, k1 =123 .....n}

Proof: Let vy, V5, V3 wo vev v . Upy Uns1, Una2y oe wee oee oo Vo @Nd V44 are the vertices of the helm graph H,,.

v; Is adjacent to v,,4;, [ =1, 2,...n, there fore vy, v,, V3 ... ... v, dominates the vertices Vy, 11, Vpyp v - Van

And vq, v, ....... v, adjacent to v,,,; So these vertices dominate the other vertices. v,,,. There is one dominating set with n
vertices.

Thus Dy 1) (Hy) = 1 and Y[y 4)H, =n
The generalization of the [1, 1] — dominating set of the sunlet graph H,, is
Dpy1y (Hp) = {vkq, k1=1,2,3...... n}

Theorem 3.4: The [1, 2] — dominating sets of the helm graphH,,,n = 3,4,5 ....Is

Duay (H)= | vl lighs - Ifkl+s—2 <, s;+s <2n
Kl=n, n—1).....r +2), k2=2n, 2n—1) ...... n+1-r), r=123..
S is a fixed integer.
Kkl+s—2 =pn+
Va1, Va2lizvs =p21:11-1#q6211

For fixed p}
Kl=n, n—1).....(r +2), k2=2n, 2n—1) ...... 2n+1-r), r=123..
_  Wheres=0,1,2...... (n-1)

Proof: Let V1, Vy, V3 e coe eee . U, Upg1, Ungz - Vo AN U,y 44 are the vertices of the helm graphH,,.
The dominating sets are
{Vk1-2,Vak2-1, Varz s {Vk1-35 Vak—2, Vaka—1) Vakzfoeevneeeee {V1, Vi 42, Via43 o oo - Vi )

Kl=n, (n—1).....(r +2), k2=2n, 2n—1) ...... 2n+1-7r), r=1,23..

Suppose if n=6 in Hy We can get four dominating sets; each dominating set contains six dominating vertices.

We have.

{V1,V2, V3, V4,V11, V12, },{V1,V2, V3 V10,011, V12,5 {V1,V2, Vo V105V11, Va2, )5 {V1, Ve, Vo, V105V11) V12, )

There are (n-2) number of dominating sets in the helm graph.H,,. In each dominating set, we can find n different dominating

vertices.
Thus |D[1_1] (H,) Fn-2 and Y12 (H,)=n
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So the generalization of [1, 2] — dominating sets of the helm graph H,, is

Dz (Ha)= [Vl tigre - Ifkl+s—2 <, k2+s <2n

Kil=n, m—1).....(r +2), k2=2n, 2n—1) ....... Cn+1-r), r=123..

S is a fixed integer.
4 k1+s-2 =pn+qq
{vql' Vg2 |k2+s =p2n+q;

For fixed p}
Kil=n, (n—1).....(r +2), k2=2n, 2n—1) ...... Cn+1-r), r=1.23..
Where s=0, 1, 2...... (n- 1)

Similarly, we can find the generalization of [1, 2] — dominating sets for the remaining (n-2) dominating sets.

HELM GRAPH

P16 iy Fiaiy)
Applications

There are many applications of domination in graphs used in land surveying, Electrical networks, networking, routing
problems, coding theory, and computer communication.
We must construct a route for a school bus in such a way that the child has to get the school bus at the nearest stop from the
residence. More children residing at the place have to be picked up by the two buses (dominated).

To enhance the performance of an organization each untrained staff should be seated nearer to the trained staff in [1, 1] -
Domination. In some specific cases, one untrained staff member can be seated nearer to the two trained staff in [1, 2] -
Domination.
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5. Conclusion
In this paper, we have generalized the [J, K]- dominating number of the sunlet graph, Helm graph, and its applications.
Similarly, we can study [J, K]- dominating number of the Sun graph and the Grid graph.
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