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Abstract - Domination is an important theoretical concept in graph theory. The fastest-growing area in graph theory is the 

study of domination and related problems. By [J, K] set domination, a subset D ⊆ V in a graph G = (V, E) is a [J, K] set if 

every vertex v ∈ V – D, J ≤ | N (v) ∩D | ≤ K, for non-negative integer J and K, that is every vertex v ∈ V – D is adjacent to at 

least J but not more than K vertices in D. The domination number of G is denoted by Ɣ[𝐽,𝐾]  (G), which is the minimum 

cardinality of a dominating set G. In this paper, the [J, K]-domination number of Sunlet graphs, Helm graphs, and their 

applications has been studied. 

 

Keywords - Dominating Set, Domination Number, [J, K] – Dominating Set, [J, K] – Domination Number. 

 

1. Introduction 
The basic concepts and introduction of graph theory have been learned from D. B. West [7]. Fundamentals of domination 

in graphs have been explained in T. W. Haynes et al. [2]. [1, 2] – A set of various graphs has been understood from M. Chellali 

et al. [4]. [1, 2] – Domination and bounds for different graphs have been explained by Xiaojing Yang and Baoyindureng Wu 

[8]. In 1962, Oystein Ore [5] first defined the domination number of a graph. Ernie Cockayne and Steve Hedetniemi [1] first 

started to study dominating sets in graphs in 1975. In 1988, E. Sampath Kumar [6] introduced the concept of [1, k] – 

dominating set of a graph. 

2. Preliminaries 
 Let G = (V, E) be a simple connected graph with vertex set V, edge set E, and order n = | V |, size m = |E|. The open 

neighborhood, closed neighborhood, and degree of a vertex V in G are respectively denoted by N(v) = {u ∈ V | u v ∈ E}, N [v] 

= N (v) ∪ {v}, and d(v) = | N(v)|. The maximum and minimum degrees are denoted by Δ (G) and δ (G) 

 
Definition 2.1: A set D ∈  V of vertices in a graph G = (V, E) is a dominating set if and only if for every vertex  

v ∈ V-D is adjacent to at least one vertex in D. 

 
Definition 2.2: A set D ∈ V is called [J, K] – set domination, if for any vertex v ∈ V – D, J ≤ | N (v) ∩D | ≤ k, there are at least 

J vertices adjacent to v but not more than K vertices in D. The smallest cardinality of [J, K] – set is called [J, K]- dominating 

set. It is denoted by Ɣ[J,K]  (G). 

 
Definition 2.3: The n-Sunlet graph is a graph on 2n vertices that is obtained by attaching n pendant edges to the cycle 𝑐𝑛 and it 

is denoted by 𝑠𝑛. 

 
Definition 2.4: The Helm graph 𝐻𝑛 is the graph obtained from an n-wheel graph by adjoining a pendant edge at each node of 

the cycle. 

 
Remarks: 

Number of vertices in n-sunlet graph  ---2n 

Number of edges in n-sunlet graph   -----2n  

Maximum degree of n-sunlet graph    ----3 

Minimum degree of n-sunlet graph   -----1 
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3. [J, K] – set domination of sunlet graph and helm graph 
 
Theorem 3.1: The [1, 1] – dominating sets of the sunlet graph 𝑠𝑛, n = 3,4,…..is  

 

𝐷[1,1] (𝑠𝑛) =     𝑣𝑘1,    k1 = 1, 2, 3……………n 

                         𝑣𝑘2,     k2= n+1, n+2,……2n 

 

Proof: Let 𝑣1, 𝑣2, 𝑣3 … … 𝑣𝑛 , 𝑣𝑛+1, 𝑣𝑛+2, 𝑣𝑛+3 … … 𝑣2𝑛 are the vertices of the sunlet graph𝑠𝑛, such that 𝑣𝑖 is adjacent to 𝑣𝑛+𝑖 , 𝑖 =
1,2,3 … … 𝑛. There fore 𝑣1, 𝑣2, 𝑣3 … … 𝑣𝑛 dominates 𝑣𝑛+1, 𝑣𝑛+2 … … 𝑣2𝑛. And 𝑣𝑛+1 is adjacent to 𝑣𝑖 , 𝑖 = 1,2,3 … … . 𝑛. so 

𝑣𝑛+1, 𝑣𝑛+2 … … 𝑣2𝑛 dominates 𝑣1, 𝑣2 … … 𝑣𝑛. 

There are two dominating sets with n vertices in each set. 

Therefore | 𝐷[1,1] (𝑠𝑛) | = 2 and Ɣ[1,1] (𝑠𝑛) = n 

The generalization of the [1,1] – dominating sets of the sunlet graph 𝑠𝑛 is  

 

𝐷[1,1] (𝑠𝑛) =     𝑣𝑘1,    k1= 1, 2, 3……n 

                         𝑣𝑘2,    k2= n+1, n+2,……2n 

 

Theorem 3.2: The [1, 2] – dominating sets of the sunlet graph 𝑠𝑛, n = 3,4,5…..is 

 

𝑫[𝟏,𝟐] (𝒔𝒏) =        {𝑣𝑟1, 𝑣𝑟2|𝑟2=𝑘2+𝑠
𝑟1=𝑘1+𝑠−2

                                           If 𝑘1 + 𝑠 − 2 ≤ 𝑛, 𝑘2 + 𝑠 ≤ 2𝑛 

                       K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 … 

                                 S is a fixed integer. 

                             {{𝑣𝑞1, 𝑣𝑞2|𝑘2+𝑠=      𝑝2𝑛+𝑞2

𝑘1+𝑠−2 =𝑝2𝑛+𝑞1                               If 𝑘1 + 𝑠 − 2 ˃ 𝑛, 𝑘2 + 𝑠 ˃ 2𝑛 

                             For fixed p 

                       K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 … 

 

                                Where s = 0, 1, 2, ……..,  (n-1) 

 

Proof: let 𝒗𝟏, 𝒗𝟐, 𝒗𝟑 … … . 𝑣𝑛 𝑎𝑛𝑑 𝑣𝑛+1, 𝑣𝑛+2………𝑉2𝑛
 are the vertices of the sunlet graph 𝑠𝑛. The dominating sets are { 

𝑣𝑘1−2, 𝑣2𝑘2−1, 𝑣2𝑘2}, { 𝑣𝑘1−3, 𝑣2𝑘2−2, 𝑣2𝑘2−1, 𝑉2𝑘2}……..{𝑣1, 𝑣𝑘2+2, 𝑣𝑘2+3 … … . 𝑣2𝑘2} 

 

Where K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 … 

 

          Suppose if n=8 in 𝑠8 We can get six dominating sets; each dominating set contains eight dominating vertices. 

We have 

{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣15, 𝑣16},{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣14, 𝑣15, 𝑣16} 

{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣13, 𝑣14, 𝑣15, 𝑣16},{𝑣1, 𝑣2, 𝑣3, 𝑣12, 𝑣13, 𝑣14, 𝑣15, 𝑣16} 

{𝑣1, 𝑣2, 𝑣11, 𝑣12, 𝑣13, 𝑣14, 𝑣15, 𝑣16},{𝑣1, 𝑣10, 𝑣11, 𝑣12, 𝑣13, 𝑣14, 𝑣15, 𝑣16} 

 

          There are (n-2) number of [1, 2] dominating sets in the sunlet graph 𝑠𝑛. In each dominating set, we can find n different 

dominating vertices. 

 

Thus |𝐷[1,2] (𝑠𝑛) | = n-2 and Ɣ[1,2](𝑠𝑛) = n 

So, the generalization of [1, 2] – dominating sets of the sunlet graph 𝑠𝑛 is  

 

𝐷[1,2] (𝑠𝑛)  =        {𝑣𝑟1, 𝑣𝑟2|𝑟2=𝑘2+𝑠
𝑟1=𝑘1+𝑠−2

                                           If k1+𝑠 − 2 ≤ 𝑛, 𝑘2 + 𝑠 ≤ 2𝑛 

                        K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 … 

                                 S is a fixed integer} 

                             {{𝑣𝑞1, 𝑣𝑞2|𝑘2+𝑠=      𝑝2𝑛+𝑞2

𝑘1+𝑠−2 =𝑝2𝑛+𝑞1                               I 𝑘1 + 𝑠 − 2 ˃ 𝑛, 𝑘2 + 𝑠 ˃ 2𝑛 f  

                             For fixed p  

                        K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 … 

                                Where s = 0, 1, 2, …….., (n-1) 

Similarly, we can find the generalization of [1, 2] dominating sets for the remaining (n-1) dominating sets. 
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Remarks: 

Number of vertices in Helm graph                    - 2n+5 

Number of edges in Helm graph                       - 3n+6 

Maximum degree of Helm graph                      - 4 

Minimum degree of Helm graph                      - 1 

 

Theorem 3.3: The [1, 1] – dominating sets of the helm graph 𝐻𝑛, n = 3, 4, 5…is  

𝐷[1,1] (𝐻𝑛) = { 𝑣𝑘1, 𝑘1 = 1,2,3 … … . 𝑛 } 

 

Proof: Let 𝑣1, 𝑣2, 𝑣3 … … … . 𝑣𝑛, 𝑣𝑛+1, 𝑣𝑛+2, … … … … 𝑣2𝑛 𝑎𝑛𝑑 𝑣2𝑛+1 are the vertices of the helm graph 𝐻𝑛. 

𝑣𝑖 Is adjacent to 𝑣𝑛+𝑖, I = 1, 2,…n, there fore 𝑣1, 𝑣2, 𝑣3 … … 𝑣𝑛 dominates the vertices 𝑣𝑛+1, 𝑣𝑛+2 … … . 𝑣2𝑛 

And 𝑣1, 𝑣2 … … . 𝑣𝑛 adjacent to 𝑣2𝑛+1 So these vertices dominate the other vertices. 𝑣2𝑛+1. There is one dominating set with n 

vertices. 

Thus 𝐷[1,1] (𝐻𝑛) = 1 and Ɣ[1,1]𝐻𝑛 = n 

The generalization of the [1, 1] – dominating set of the sunlet graph 𝐻𝑛 is 

𝐷[1,1] (𝐻𝑛) = {𝑣𝑘1, 𝑘1 = 1, 2, 3……n} 

 

Theorem 3.4: The [1, 2] – dominating sets of the helm graph𝐻𝑛 , n = 3, 4, 5 … . Is  
 

𝐷[1,1] (𝐻𝑛) =        {𝑣𝑟1, 𝑣𝑟2|𝑟2=𝑘2+𝑠
𝑟1=𝑘1+𝑠−2

      If 𝑘1 + 𝑠 − 2 ≤  𝑛, 𝑠2 + 𝑠 ≤ 2𝑛 

                            K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 … 

                                 S is a fixed integer. 

                             {𝑣𝑞1, 𝑣𝑞2|𝑘2+𝑠 = 𝑝2𝑛+𝑞2

𝑘1+𝑠−2 =𝑝𝑛+𝑞1  

                             For fixed p} 

                            K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 … 

                                Where s= 0, 1, 2…… (n-1) 

 

Proof: Let 𝑣1, 𝑣2, 𝑣3 … … … . 𝑣𝑛, 𝑣𝑛+1, 𝑣𝑛+2 …. 𝑣2𝑛 𝑎𝑛𝑑 𝑣2𝑛+1 are the vertices of the helm graph𝐻𝑛. 

The dominating sets are 

{𝑣𝑘1−2,𝑣2𝑘2−1, 𝑣2𝑘2}, {𝑣𝑘1−3, 𝑣2𝑘−2, 𝑣2𝑘2−1, 𝑣2𝑘2},……… {𝑣1, 𝑣𝑘2+2, 𝑣𝑘2+3 … … . 𝑣2𝑘2}  

K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 …  

Suppose if n=6 in 𝐻6 We can get four dominating sets; each dominating set contains six dominating vertices.  

We have. 

{𝑣1,𝑣2, 𝑣3,𝑣4,𝑣11, 𝑣12,},{𝑣1,𝑣2, 𝑣3,𝑣10,𝑣11, 𝑣12,},{𝑣1,𝑣2, 𝑣9,𝑣10,𝑣11, 𝑣12,},{𝑣1,𝑣8, 𝑣9,𝑣10,𝑣11, 𝑣12,}, 

There are (n-2) number of dominating sets in the helm graph.𝐻𝑛. In each dominating set, we can find n different dominating 

vertices. 

Thus |𝐷[1,1] (𝐻𝑛) |= n-2 and Ɣ[1,2] (𝐻𝑛) = n        
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So the generalization of [1, 2] – dominating sets of the helm graph 𝐻𝑛 is  

 

𝐷[1,2] (𝐻𝑛) =        {𝑣𝑟1, 𝑣𝑟2|𝑟2=𝑘2+𝑠
𝑟1=𝑘1+𝑠−2

      If 𝑘1 + 𝑠 − 2 ≤  𝑛, 𝑘2 + 𝑠 ≤ 2𝑛 

                              K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 … 

                                 S is a fixed integer. 

                             {𝑣𝑞1, 𝑣𝑞2|𝑘2+𝑠 = 𝑝2𝑛+𝑞2

𝑘1+𝑠−2 =𝑝𝑛+𝑞1  

                             For fixed p} 

                             K1= 𝑛, (𝑛 − 1) … … . (𝑟 + 2), 𝑘2 = 2𝑛, (2𝑛 − 1) … … (2𝑛 + 1 − 𝑟), 𝑟 =  1,2,3 …  

                             Where s= 0, 1, 2…… (n- 1) 

 

Similarly, we can find the generalization of [1, 2] – dominating sets for the remaining (n-2) dominating sets. 
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Applications 
There are many applications of domination in graphs used in land surveying, Electrical networks, networking, routing 

problems, coding theory, and computer communication. 

We must construct a route for a school bus in such a way that the child has to get the school bus at the nearest stop from the 

residence. More children residing at the place have to be picked up by the two buses (dominated). 

 

To enhance the performance of an organization each untrained staff should be seated nearer to the trained staff in [1, 1] - 

Domination. In some specific cases, one untrained staff member can be seated nearer to the two trained staff in [1, 2] - 

Domination.  
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5. Conclusion 
        In this paper, we have generalized the [J, K]- dominating number of the sunlet graph, Helm graph, and its applications. 

Similarly, we can study [J, K]- dominating number of the Sun graph and the Grid graph. 
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