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Abstract - This article discusses Galerkin, multi-Galerkin methods, and their iterated versions to approximate the solution of
Urysohn-type integral equations on the half-line using Laguerre polynomials as basis functions. Here, we consider that the
kernel function is sufficiently smooth. We have shown that the approximate solution in Galerkin and iterated Galerkin methods

i
converges to the exact solution with the order O (n_E) and order O(n"), respectively. Here, r represents the smoothness of the

solution, and n denotes the degree of the polynomials. We improve the result using the multi-Galerkin method and its iterative
method. In fact, we prove that multi-Galerkin and iterated multi-Galerkin methods converge to the exact solution with the order

3r
0 (n_7) and O(n™2"), respectively. Numerical results are presented to support theoretical results.

Keywords - Multi-Galerkin method, Superconvergence results, Laguerre polynomials, Urysohn integral equation.

1. Introduction
The objective of this paper is to discuss the nonlinear Urysohn-type integral equations on R* = [0, o) given below:

u(m — K@@ =y@m,n € [0,) (1.1)

Integral equations of the type (1.1) are well documented, for instance (see [2,5,9,8, 23, 25, 28,30]). In [28], the author
discussed the existence and approximation of the solution of the nonlinear-Urysohn equations (1.1) on the half-line by
considering finite section approximations for (1.1). However, the author did not derive any error bounds therein. In [26], the
authors discussed projection and multi-projection methods for the approximate solution of nonlinear-Hammerstein type integral
equations using piecewise polynomials as basis functions. On the other hand, in the piecewise polynomial-based method, one
has to increase the number of partition points. This leads to solving a large number of linear algebraic equations, which is
computationally very expensive. To overcome this difficulty, in this article, we consider global polynomial (Laguerre
polynomials) based projection and multi-projection methods and their iterated versions to approximate the solution of (1.1). This
paper develops Laguerre polynomials-based projection and multi-projection methods and their iterated versions for solving Eq.
(1.1). Throughout the article, ¢ is assumed to be a generic constant.

This paper is organized as follows: In Section 2, we discuss Laguerre polynomials-based Galerkin and iterated Galerkin
methods to approximate the solution of Eq. (1.1). In Section 3, we discuss convergence results for Galerkin and its iterated
method. In Section 4, we discuss the superconvergence results for Eq. (1.1). In Section 5, numerical results are presented to
support the theoretical prediction, and Section 6 concludes the paper.

2. Galerkin and its Iterated Method for Urysohn Integral Equations on the Half-line

Consider the weighted space L2 (R*) = {v vz < 00}, and associated inner product and norm as follows:

<y,x >y= f 0(s)y($)x(s)ds and ||yll, =< y,y >/
0
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where w(s) = e™S. Let B(L2(R")) be the space of all bounded linear operators from L2 (R*) into £L2(R*). Let X*
L2 (R*) be the Banach space of all bounded continuous functions on R* = [0, o).

For (fooo e~Sds) = 1, the following hold
1

© 2
Ivll, = ( | e-5|v(s)|2ds) < vl 2:1)
0
Consider the following equation on the positive real numbers
uG) = [ ks u(s))ds = y(s),5 € R, 22)
0

where the kernel k(.,.u()),.y, are smooth, known functions and u € L4 (R") is the unknown function to be
approximated. Define

Kw)() = foo k(n,s,u(s))ds,u € L2(R").(2.3)
0

K :L2(RT) - L2 (RY) be a nonlinear integral operator. Using (2.3) in (2.2), we obtain

u(m) —K@m =ym),n € R*.(2.4)

The Frechet derivative ' (u) at u is a linear operator and is defined by

[oe] [ee]

d
& W) () = j (0,5, u(s))v(s)ds = fo ku(n,5,u(s))v(s)ds, v € L2,(R")
0

Consider T: L2 (R*) - L3 (R*) as
T(u) =y + K (uw),u € L2(RY),(2.5)
Then the equation (2.4) becomes
u=T(u) (2.6)

Throughout the paper, we assume that E.q. (2.6) processes the solution u, (say) in X*and in £2 (R*) and

||(7 - K’(uo))_lu < C; < 0 and ”(7 - JC’(uO))_ln < C, < o, where C; and C, are constant independent of n.(see [1,
(o) w

28)).

In the sequel, we make the following assumptions on k(.,.,u().), for j =0,1,2, ...

Al. sup
n,sER*

;
A2, hi(n,s,u(s)) = %esku(n,s,u(s)), foru € L2 (RY),

A3. hj(n,s,u(s)) satisfies the Lipschitz condition in the third variable, i.e., u;, u, € L (R"), there exists a constant c,
independent of n such that

aJ
e 3k (5, u0()| < ¢ < o0,

|hiCous () =BGl un (O] < caluy — ugl

Next, for solving equation (1.1), we choose the approximating space X,, = span{L,, L4, ..., L,,}, the space of all Laguerre
polynomials of degree < n. The scaled Laguerre polynomials of degree n are defined by
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1
L,(s)= mesaf(s"e‘s),n =0,1,..
Also, Laguerre polynomials satisfy the following recurrence relation
M+DL1 () =0Cn+1-95)L,(s)—nL,_41(s)n=>1

and the orthogonality

Let A7(R) = {v | [|[vllyra+y < o}, 7 2 0 (see [14]),

where the semi-norm and norm are defined by
1

r 2
Wlar(asy = 1070l and ollarury = | D 101210
j=0
where
1
o 2
u%vmw=<j fe*MQMdQ
0
Clearly

1 1 o 1
107 vle, < (T + 1))2[10] Vlle, where (T(r + 1))z = (J]” s”e™*ds)>.

Also, the following hold
10lLao () = IVlla, v € L2,(RY).

2.1. Orthogonal Projection
Let 7,4 L2 (RY) - X, be the orthogonal projection defined by

< MW P >u=<u,y >, , forally € X,,,u € L, (RY).

The following properties of m,, ,, (see [13,14]), It is very important to discuss the convergence results:

For v € A"(RY),
) r'er ,
@ [|,0v = 17||Ar'(1111+) Scn 2 vlar(re) 0 ST <,

(i) [0, < <.

Consider the following equation
Up — T[n,w:K(un) = Tnew)Y

where u,, € X,, be the approximate solution in the Galerkin method.
The iterated approximate solution for equation (2.9) is defined as follows:
Uy =y + K (up)
Define T,, as
Ty (Un) = 0¥ + T, K (),

then (2.9) becomes
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T, (u,) = u,. (2.12)
Applying m,, ., on both sides of (2.10)
Ty iy = Moy + MoK (Uy) (2.13)
Combining (2.9) and (2.13)
Tnoly = Uy (2.14)
Substituting (2.14) in (2.10)
=y + K (Tpelin) (2.15)
LetS,(w) =y + X (nn,wu), u € L%(0, ), so that the equation (2.15) becomes
S, (i) = i, (2.16)
The Frechet derivatives of T,, and S,, at u, are as follows
T (uo) = 1,0, ' () (2.17)
Sn(ug) = K’ (Tn,0U0 ) Tn e (2.18)

Note that T}, (1), S, (1) are linear operators from L2, (R*") into L2, (R*). Next, we need to discuss the following results,
which are crucial for the convergence analysis.

3. Convergence Analysis
Here, the existence and uniqueness of the approximate solution in the Galerkin method are discussed.

Lemma 3.1: Let 1 be not an eigenvalue of K'(u,), where u, is the unique solution of Eq. (2.2). Then (f] - T, (uo))_1 €
L% (R*)and ” (9-T, (uo))_1 ” < L; < oo, where L is a constant and n is sufficiently large.
w

Proof: From (2.17), we have T} (ug) = K (t1o). Consider
T+ [5 () = oK (ue)] (7 — K" (ug)) ™
=T+ [7 = (T =K' () = MoK (we)] (7 — K’ (ug)) ™
=7+ [(7 - K () =9 = Mo K (o) (7 — K (we)) |
= (7 = X' (u0)) (7 - X' ()™ (2.22)
Now using (2.7), A1 and Cauchy-Schwarz inequality, for any v € L2, (R*), there holds
1176 o) = 1,0 % )] (7 = 5 (o)) 0|
= |7 = 7n0) [ ) (7 = 3¢ ) ]|

< n_% (?C'(uo)(fl — ?C'(uo))_lv)

AT(RY)
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_r
=n 2

('@ - % 0)) ™)

@(r)

< I + 1))z (K’(uo)(ﬂ - K’(uo))_lv)m”

[ee]

_r 1 ® 9" -1
=n 2(I'(r + 1))z sup J- ——k.(n,s, U () (7 = K'(up)) v(s)ds
ner* |Jo an

1 ® aT -
= n_g(F(r + 1))z sup J- e’ eSky (1,5, u0()) (T — K’ (uo)) 1v(s)ds
ner* |Jo 3UT

= 5@+ 0 sup [ e o) (7~ 30 @)) s)ds

neR*

< nI(0( + 1)Zsup J e lhy (1,5, u(N) (7 = K" ()~ w(s) ds
ner+ Jo

<7200 + D)2l uC)l [0 = 2 @a) | vl

-
<n 2¢,Gv||l, = 0asn — oo.

From above, it is clear that the operator 7 + [?C'(uo) — nn‘a,?C'(uo)] (17 — .‘K'(uo))_1 is invertible. Hence, from (2.22), it

-1
follows that (7 — Ty K '(uo)) exists and is uniformly bounded in L% (R*), i.e.,

|0 -Ta@) || =]|(7 - mnetc @) || i<

w

Lemma 3.2: Let x;, x, € L2 (R"), there hold
@ TG = T Gl = HK Cer) =K' )l < c2llxXy — x2lle, (2.23)
(i) NThCe) = Thllo = [|7n,0[K (1) = T K G|, < ballxy = xallee (2.24)
Proof: (i) For any x, x;, x, € L% (R"), using A3 and Cauchy-Schwarz inequality, we have
(T Ge) = T Cea))xll, = [1(5¢" Gea) = K Ged) ]|,
< || (7 Ge) — K ()|

= sup |[K'(x) — K (x)]x ()]

|
neR*

= sup J," Teu(m,5,%,(5)) — ky (0, 5,x2())]x(s)ds|
ner*

< sup [7 e™|eky (0, 5,%1(5)) — €5k (1,5, % ())x(s) |ds
neRrR*

< sup [7 e~ |lo(,5,%,(5)) — Lo, 5, %,(5))x ()| ds

ner*
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<Jy eTcalx(s) = x()llx(s)lds

< cllxg — x| 1%l 6
Hence, we obtain ||[T'(x;) — T'(x,) ]l < 2|l — x5 1|,, Which proves (2.23). In a similar procedure, one can obtain (2.24).
Let

Xt = {v €X* 1 Ivlle < 0}, where [[v]ly.e0 = sup [D"u(s)|
seER

and B(ug, €) = {u € L, (RY): |lu — ugll, < €}, B(ug, €) = {u € X*: ||lu — up|lo < €} for some 0 < € < 1.
We next provide the following error estimate.

Theorem 3.3. Let the unique solution of Eq. (2.2), ug € X;,7 = 1, then the open ball B(u,, €) contains a unique solution u,,
Eq. (2.9), where n is sufficiently large, and the following holds

o < My 0 1
1+S—”un_u0”w—1__si or<s<
where, Y, = ||(7 - ’]I‘;l(uo))_l(']l‘n(uo) - ']I‘(uo))”w

and = ol = 0 (n72)

Proof: From Lemma 4 and for any v € B(u,, €), we have
Ty (¥) = Tr(uo)lle = [|7n,0 X' (@) = T W X' (wo)||
= [|tn 0 X' () = T X o)
< cbyllu —uglly

Using the inequality ” (79— (uo))_1 ” < L,, we obtain
w

sup
llu—uoll=e

(9 = Th(0)) ™ (T () = TaCuo))|| _ < Lachyllu —uglly < Lichye =5

Here € has chosen sufficiently small s.t s € (0,1), which proves (2.19) of Theorem 1. Next from Eqgs. (2.5) and (2.11), we have

b= /0 = M) (Tato) = T

< Lyl Ty (uo) — T(uo)llw

= L1||7Tn,w~7((uo) + Tpwy — K (uo) + )’”w
= [|(Tn0 = Dol

<73 u]], 2:25)
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From the estimate (2.25), we observe that ¥, = 0 asn — oo. So foran ky € N, ¥, < €(1 — s) for all n > k,, which agrees
with Eq. (2.20) of Theorem 1. Hence, from Theorem 1, it follows that

V; V;
1 _:q < ”un - uO”w = 1 _qu (226)
, -1
where ¥, = | (7 = (Th(0)) ™ (T (2t0) = T(wo)) o
Hence, using the estimate (2.25) in (2.26), we have
’ -1
e |0 = Th@e) " (Ta(uo) = Two)|
— < =
ltn = wolly < 72 e

< L] (T (o) = T@wo))|,
=0 (Tl_%)-

Lemma 3.4: Letv € X, for j = 0,1,2 ... the following hold
OSSP < My <. (2.27)
D) (SpuMP|| < M; <o (228)
Proof: For Al, A3, and for any v € XTand j = 0,1,2 ..., we have

18 )P, < [|(Sh @)D,

sup |(S}, (u)v) P ()|
neR*

= sup (7( '(”n,wuo)(”nrwv))(j) (TI)|

ner*

[ a]
= sEu]Rp+ f Wku (n, s, nn_wuo(s)) (Tpw)v(s)ds
n 0

[ a]
— =S N
= ns;lg J; e a7 ek, (n, s, nn_wuo(s)) (o )v(s)ds

= sup f e'sl]-(n,s,nn,wuo(s))(nn‘w)v(s)ds
nert [Jo

= sup fo e [(1, 5, Tn Wit (5)) — (0, 5,ue(5)) + L (1, 5,0 ()] (T, )V (5)dls

ner*
< (SEuJRQf f e'5|lj(n,s,nn‘wu0(s)) - lj(n,s,uo(s))||(nn,wv)(s)|ds+J- e'5|lj(n,s,uo(s))||(nn_wv)(s)|ds
LV 0 0

hence, we obtain
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||(S;1(u0)v)(f)||w < SSRQ U e 50| (Tnew — Nue()||(Trov) (5)|ds + ||l]-(.,.,uo)”w”nn_mv”w
) 0

< c2||(rtn‘a, - 7)u0||w||nn,mv||w + cic||lv||
< ce;(1+ Dllugllulivile, + crcllvile
= [cc;(1 + ) lluglle, + crcllivile
=M, ||v|l, < Mi]|v]le (2.29)
where M; = [cc,(1 + ©)llugll, + ¢1¢], which proves (2.28). Now using (2.1) and (2.29), we have
[ @Dl < (Sh )P, < Myljvll,

Hence (2.27) follows.
From now onwards, we assume that for i,j = 0,1,2, ...

f‘” ) a
ste™s
( 0

1
i

2 2
@lj(n' s, ug(s)) ds> < ¢3 < ©0(2.30)

Theorem 3.5: For sufficiently large n, the following result holds

[0~ $he) || < Lo <o

@0 -s@) | <o

where L, is a constant that does not depend on n.
Proof: Let v € X7, consider

17" (o) = Sp@a))vll,, = [% Qo) = K" (mn w0 )mnlvll,
< |[%¢" (o) = X' (7 01t0) Tn ¥l
= [|7¢" o)v = K (o) Tn 7.,
= 176" Qo) [n + (9 = n) |0 = K (Tntto) n v,
<[5 (o) = K (7, 0u0) |nwv||, + |5 (o) (T = 00 )yl (2:33)
Using the assumption A3 and the Cauchy-Schwarz inequality, the first term of the estimate (2.33) becomes
[I[%" (uo) - %'(”n,w”o)]”n,wvuw

= sup |[K' (o) = XK' (n, o) | 7m0 v (M)
neR*

= S;l]]g'fow e~S[eSky(,5,uo(s)) — €5k (1,5, T U0 (5)) | Tn v (s)ds|
n

< sup [* &~ |lo(,5,0(5)) = Lo (1,5, T 100 ()| [ v ()]s
n
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< fom c2|(9 = o )t (8)||n, v (s)|ds

< f|(7 = 7w )uoll, Inwvll,,-

Hence, from above, we obtain
13 (o) = K" (mrn tt0) Jrn ¥l < 17 @0) = K" (Tn o) Imnwvll,,
< ceon” 2l (g 11l < ccun Z g (g 171l (2.34)
Again, the second term of (2.33) and the orthogonality of 7, ., leads to
15 o) (0 = Yol < 196 o) (7~ mn )l

= sup |K’(u0)(‘7 - ﬂn,w)v(n)|
nerR*

= sup || a5, 00D = T )0()ds
nert [Jo

= sup f e=5eSky, (1, 5,ue(5)) (I — e )V(s)ds
0

neR*

supf e‘Slo(n,s,uo(s))(j—nn,w)v(s)ds
nert [Jo

= suﬂg <ly(m.,ue(.)), (f] — nn,w)v(.) >0
ne

= suﬂg < (7 — nn‘w)lo(n.,uo(.)),v(.) >0
ne

IA

-
supn 2”0(77-:uO('))lAr(]R"')”v”w
ner+*

= 72| (oo ) vl

< nz¢|v|l, (2.35)
< nz2cs||v]|e (2.36)
Using (2.33), (2.34), and (2.35), we see that
_r
1T (tg) = Sp(uo)lleo = 0 (n72) > 0 as m - co.
Also using (2.1), (2.33), (2.34), and (2.36), we have

IT" (o) = Sp(uolle < 1T (u0) — Sn(uo)lleo

T
<n 2[cczlu0|Ar(o_w) + C3]||U||w-
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This implies
-
I’ (uo) = S (o)l = 0 (n72) = 0 for n — oo,
Now ”(7 - S‘C’(ug))_1|| < (C; < oo, and ”(7 - JC’(uo))_ln < C,, using Lemma 2, the estimates (2.31) and (2.32) follow.
© w

Lemma 3.6: Let vy, v, € X*, we have

OIISp(w1) = SR ()l < ballvy — v, llw, (2.37)
(AD)NS, (1) = Sl < byllvy — 1,110 (2.38)

where b, is a constant.

Proof: For any v € L2,(R*)and using A3, we have

I[S7(v1) = Su(w)]vll, < ISh(w1) = Sp()]vlle

%" (nv1) = K (i wv2) I o,

Sup [x,(nn,wvl) - j(' (nn,wvz)] (T[n,wv) (77)|

nelR"‘|

sup
neR*

foo e s [esku(n, 5,y V1 (s)) — esku(n, 5,y ¥y (s))](ﬂn,wv) (s)ds
0

IA

sup, [ o154 (59) = o1 1 (50| (2 ds
0

nerR+*
< j €5y (01 — 7)) | () (5)ds
0

< om0 (s - 172)",1,”T[n.wv”w
< vy = vllulvlle
= bylvy — vallullvlle (2.39)
< ballvy — vallellvlle (2.40)
where b, = c,c?. From (2.40), we have
1S (v1) — Sr(w)lle < ballvr — 2l
Using (2.1) and (2.40) for any v € X*, we obtain
I[Sr(v1) = SRl < ballvy — vallulIVlle < ballvy — vallo V]l

which proves (2.38).
Hereafter, we assume, for j=01.2,..

Bl. g;(m,s,u(s)) = %esk(n, s,u(s)), foru € L3, (R"),

3
B2. 309 M, s,u(s)) = gju(m, s, u(s)),
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aJ
B3 n’Sslelg-‘_ ng,u(n, S, uo(s))| S C4>
B4. g;.,(M,s,u(s)) satisfies the Lipshitz condition in the third variable, i.e., v, v, € L2 (R*), 3¢ independent of n such that

|.9j,u(-’-'171(-)) - gj,u(-'-'UZ('))| < cs|vy — v,

Lemma 3.7 For j = 0,1,2, ..., the following result holds

0 ||(:K(nn,a,u0) - %(uo))(j)“w = 0(n™") (2.41)

(ii) ||(3((nn,wu0) - K(uo))(j)”w =0T (42

Proof: Using the Mean-value Theorem, the Cauchy-Schwarz inequality, (2.30), and B3, we obtain

” (‘7( (nn,a)uo ) _K(uo))(j)

llo

IA

s -se0)”].

= sup (K(nn,wuo) - K(uo))(j) (77)|

ner+

ner+

[ g/ o/
:supJ; [Wk(n,s,nn‘wuo(s))—Wk(n,s,uo(s))]ds

o/ a/
= sup J; e S[Wesk(n,s,nn_wuo(s)) —WeSk(n,s,uo(s))] ds

ner*

= B j o ilnw - i 19
sup f e S[g (77 S, uo(s)) g9;(n,s uo(s))]ds
0

ner*

= sup | f e‘sgjyu(n,s, (uo + 9(7 - nn‘w)uo)(s))(ﬂ - nn‘w)uo(s)) ds |
0

ner*
=sup 1| e[l (o + 007 = T )0} () = 97005, 00( 40105, 06 (D] = T o)) |
€ 0
< sup U e s |g]-,u(n,s, (uo + 9(7 - nn‘w)uo)(s))
ner* [Jo

= 975, 06NN (7 = T )0 ) (5)] ds + ’ f " e300, 5,100() (7 = T o) (9)ds

|

IA

*® 2
f e Scs |((f] - nn,w)uo) (s)| ds + sup < gj‘u(n.,uo(.), (.‘] - ﬂn‘w)uo) >0
0 nert

65”(7 - ﬂn,w)u(,”i + seu]R{pJr < (17 - nn_w)gj‘u(n,.,uo(. ), (7 - nn‘w)uo) > w
n

< s fuo ey 177 sup 19010 ()] gy [0 Lar (st
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= Csn_r|uo|ir rH) T n~" sup ||6s,rgj,u(77,-,uo(-))|| |uo|AT(R+)
( ) nER+ Wr

< Tl_r|u0|Ar(R+) (C5|u0|Ar(R+) + C4)

=0(n™m)

where 0 < 8 < 1. Similarly using ||(7((nn,wu0) — K(uo))m” < ||(7((nn,wu0) — K(uo))m| , we can obtain (2.42).
w oo

Theorem 3.8: Let uy € X;, v = 1 be the unique solution of Eq. (2.4), then the following holds

Yn
1+¢q

S||ﬁn—uo||ooS1y_—nq,forO<q<1

where ¥, = |17 = S, (10)) (S (o) — T(ttg))ll
and

() N1, — uolleo = O™,

(ii) 1%, — uolly = O(n7) .

Proof: Using Theorem 7 and Lemma 8, we have that

sup
lu-uollose

(9 = Sh(u)) ™ (Sh(w) = Sh(w)) || < Loballu = wolls < Lobre =g

where we choose € small enough s.t g € (0,1), which satisfies Eq. (2.19) of Theorem 1 (see [26]).
Now using Lemma 9 for j = 0, we obtain

= [0 = $00) ™ Sat0) = TE)|
< Ly||(Sn(ue) = Two))||.
= Ly || K (i) — K (uo)|_

=0(nT")>0asn—-> o (245)

Hence, we obtain that there exists an integer ky € N s.t y,, < €(1 — q) for all n > k,, that agree with (2.20) of Theorem 1(see
[26]). Hence, it follows from Theorem 1 (see [26]) that

Yn
1+gq

Yn
1—gq

< ”an - uO”oo < (246)

where y,, = ” (7 - S;(uo))_l(Sn(uo) - T(uo))”OO.
Now using (2.45) and (2.46)

I Il < 22 |=sh0)) St -rwa)]|
an — Uplleo <—=

1-q 1-q

< £,/ (S (o) = Twy))|l,,

=0(n™")

Using [T, — uplle < ||, — Uolle, (2.44) obtained.
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4. Superconvergence Results for Nonlinear-Urysohn Integral Equations on R*.
Here we discuss the results for the multi-Galerkin and its iterated approximate solutions. To do this, define the multi-
projection operator (see [4,6, 7, 16-18, 21, 22]) given by
KM W) = oKW + K(Tpott) — TpoX (Theou),u € L2 (RY) (3.1)

In this method, we approximate Eq. (2.4) by

uy — ¥ () =y (3.2)
The iterated multi-Galerkin solution is defined as
iy =K (uy) +y (3.3)
Define
T (W) = ' (W) + y,u € L, (RY) (3.4)
and using this, Eq. (3.2) becomes
up =T (uy) (3.5)

Define the Frechet derivative of ;M at u = u, by
7;1M (uo) = quVI (uo) = nn,wK’(uo) + :K’(nn,wuo)ﬂn,w - T[n,w:}(,(ﬂn,wuo)ﬂn,w- (3-6)

Now we develop the following Lemmas and Theorems to establish the superconvergence results for the multi-Galerkin and
its iterated method.

Lemma 4.1 Let u,, be the unique solution of Eq. (2.4), then for any € L2,(0, ) ,

()

O o) = K (T 10)0) "l = 0 (n7), 37)

(ii) || (K’(ﬂn,wuo)(nn,w - g)v)(r)

) =0(n7). (38)

Proof: Using Cauchy-Schwarz inequality, A3 and (2.7), for any v € L2,(R"), there holds

||((7(’(u0) - K’(nn,wuo)) v)m

<T@+ 1))% ((?C’(uo) — ?C’(nn‘wuo)) v)m

[oe

- e+ 1) sup (500 - 3¢ () ) )

1 © g7 T
=+ P sup || [T, 1) = 5k (05 T ta(9) | )
0

ner*

1 ) 9T o
= (0 + D)z sup [ e (37" Heu5,0() = 5 (1,5 T 10 )) | 0(5)ds
n 0
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=T+ 1))% sup f e~ |he (1,5, (5)) = hy (1, 5, 70 0 1o (5)) [ [V(s) | ds
nert Jo

[ee)

<T@+ 1))%f eS¢, |(7 = Tnw)uo(s)|Iv(s)|ds

1

< (0 + D)26,|(7 = T Jutl| 101l
i _r

< (0 + DY2cun 2ol yr ey 1Vl

=0(n2)

which proves (3.7).
Now for any v € L% (R*), using A3 and the orthogonality of 7, ,, we have

” (K (7, tt0) (Mn, = j)v)(r)

Wy

< (0 + D)2 || (6 (000 (= 7))

[oe]

1 © gr
=00+ )50 | [ k(1,5 00(5)) (7 = T)o(5)ds
n 0

1 0 ar ar ar
= (O +1))2 sup fo e [W e k(1,5 Tnotte(5)) = 5 ek, 5,u0()) +5 ek (s, uo(s))] (T

—J)v(s)ds |

1 [ [ee)
< (T(r+1))zsup f e's|hr (r), s, nn,wuo(s))
ner* | Jo

— he (0,5, U (SN (TTne, — T)v(s)|ds +

|

[ o5 o(s»I(n, = 7)es)ds
0
hence using Cauchy-Schwarz inequality and Eq. (2.30), we obtain

|2 () (0 = 7))

Wr

1 [ oo
<@+ 12| [ el = Do (n — D0S]ds +5up < B 16, (s = )0 >
V0 n
o
<T(r+1))2 CZ”(T[n,w - g)uOHw”(ﬂn,w - j)UHw + SgRR|< (T[n,w - g)hr(n:-;uo(' ), v >w|]
L n

1 T
< (O + D)7 |ezn "2 uolar ey (1 + IVl + sup || (T —7)hr(n,.,uoc))llwnvnw]
L n

1[ r r
S T+ 1)2|en2luglyreey(1 + Ollviley +n72 SURHr|hr(77'-'uo(-))|AT(m+)||v||w]
L ne

1 T
< (0 + D)2 o (1 + Oluol () + €3] W1l
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~o(u)

Hence, we obtain (3.8).

, -1
Theorem 4.2 For sufficiently large n, ||(7 —-TM (uo)) || < L3 < oo, where L3 is a constant that does not depend on n.
w

Proof: Using Lemma 4.1, and v € L2,(R"), we obtain
7 (o) = () W)l
- ot -3 o
= [|[7n,0 K (o) + K’ (n,0%0) T = Tn,o ' (T o tho )T, c0 = K (o) |
= [[(Tne = 9)H W) = (Tnw = K (Tnwo)Tno]vll,,
= [|Gra = DIH (W) = K (o)l
= 1(nw = I[(HK' (we) — K' (7 0to) + K'(Tnotio) = K (Tnwto)Tne] Ve

< [[(n0 = DK @o) = K' (wnwrto) 0]l + | (7 = DK (n,0200) (0o = )7,

”(”n,w - 7)[7(’(u0) - K’(”n.wuo)]v”AO(W) + ”(”n.w - 7)Kl(ﬂn.wu0)(”n.w - ﬂv”AO(W)

.
+n72| K (1,0 Uo) (Tn,e — 7)Y

IA

(/) = K i) o, o)

r g
n 2
wWr

((%’(uo) - fK’(nn,qu)) v)(

+ || (‘{K,(nn,wuo)(”n,w - j)v)(r) (3.9)

Wy

=0 (3.10)
From above, it follows that
||[7;1Ml(uo) - T'(uo)]”w —0asn - o
Thus 71 ' (ugp) is norm convergent to 7' (uy). Hence, the Theorem proved.

Lemma 4.3 For vy, v, € L2, (RY) The following holds
1T (1) = (@' Wl < bsllvy — vl

where bg is a constant.

Proof: For any vy, v, € L (R"), we have
! !
TnM (Vl) - TnM (Vz)”a)

= ||KYILWI (vy) — quw’ (vz)”w

= ”[nn,wf}cl(vl) + (:] - ”n,w)xl(nn,wvl)nn,w - ﬂn,wxl(vz)_(j - nn,w)gc’(nn,wvz)nn,w]”w
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< o [56 @1) = K @I, + 17 = 7,0 [K (7, 0v1) = K (T 0v2) o]l (3.11)
Hence, using Lemma 3.2, we obtain
1T () = T @)l

< chyllvy = vslly + (14 [Tl ) IF (Tovs) = K (T 0v2) ol

< chyllvy = vally + (14 [Tl ) In 5 (nw1) = 5 ()]l

< chyllvy = vally + (1 + O[] ballvs — w2l
< chillvy = vyl + (1 + ©)c?byllvy — vl
= [eby + (1 + ©)c?by]llvy — vl

where bs = [cb; + (1 + ¢)c?b,].

In the following Theorems, we discuss the superconvergence results for the multi-Galerkin and iterated multi-Galerkin
methods.

Theorem 4.4 Let uy € X}, 7 = 1 be the unique solution of Eq. (2.4), the following hold

)4 Vi
1-:q < lud —ugll, Sﬁ,for0<q <1
M’ ~m
where = [|(7 -7 @) (o) - T@o)|
_ar ¢
and lutf ~uolly =0 (n72)

Proof: It follows from Theorem 4.2 and Lemma 4.3 that

sup 11(7= (7 @) (5 o)) (o) = (5 ) () I < Labsllu =gl < Labse = q(sa)

lu-uollse

Now using (2.7), Lemma 3.7, and Theorem 4.2, we obtain
M’ 1w
v = 1(7= (7 @) (o) = T o))l

< LgllT" (uo) — T (o)l

= L3||7Tn,w7((u0) + :K(nn,wuo) - 7rn:K(T[n,qu) - :K(uo)”w
= Ls|| (7,0 — T)[K (wo) — K(”n.wuo)]”w

< L3n_5|~7€(u0) - %(nn,wu0)|Ar(R+)

(K (uo) - :K(T[n,wuo))(r)

_r
=1ILzn 2
Wy

105



Nilofar Nahid / IJMTT, 72(3), 90-110, 2026

< L3n_£(l"(r + 1))% (JC(uO) - K(nn,muo))(r)“

=0 (n_32_r) - 0asn—-o0 (3.12),

which agrees with Eq. (2.20) of Theorem 1 (see [26]). Hence, it follows from Theorem 1 that

Yn
1+gq

¥n
3.13
— q( )

< lhaff —oll < 7

' -1
where y, = [[(7 = 7 o)) (7 o) = 7)) -
w
Next, using (3.12) and (3.13), we have

1 — [ < 1]/_71 _ ”(7 - TnM’(uo))‘1 (M (u) — T(uo))”w

q 1-q
< Lo (T (uo) = T o))l

ofr

Theorem 4.5 Let u, € X, = 1 be the unique solution of Eq. (2.4), then for sufficiently large n, there holds

lluo — @iy Il
S b1+ eyl lluy —ullz, + (1 + CC4L3)||7C’(uo)(-7 - ”n,w)[jc(”n,wuo) - %(uo)]” .

w

Lemma 4.6: The following holds
|77 (o) (7 = 7 00) [ K (T 0tto) — ?C(uo)]”w =0(n?)
Proof: From the Cauchy-Schwarz inequality, it follows that
17" @10} (7 = 70,00 [ 5 (7n,t00) = K o],

< ||7(’(u0)(:7 - T[n,w)[(:K(T[n,qu) - :}C(uO)]”oo

sup |K' (o) (7 = 1n,0) (K (T tto) = K (o)) ()|
neRr

sup | [ a5, 00N = ) (K (ntte) = (o)) (s)ds |
0

neR*

= sup | 0 e=5eSky(1,5,uo(s)) (T — Tne) ((.‘K(nn_wuo) - ?C(uo)> (s)ds |
nert Jo

= suﬂg | e lo(,5,ue(5)) (T — ne) <(?C(ﬂn_wu0) - .‘K(uo)) (s)ds |
nert Jo

= Sup+ |< Lo, ., ue(.)), (7 - T[n,w) (:K(T[n,wuo) - :K(uo)) ) >w|
neR
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< (7 - T[n,a))lo(n' . 'uO(' ))v (:7 - T[n,m) (%(nn,muo) - %(uo)) () >a>|

sup
neR*

IA

77Seu]Rp" ”(-7 - T[n,w)lo(n' i uo(- ))”w || (7 - 7tn,ou) (K(nn,wuo) - K(uo)) ||a>

IA

sup 1211 (1, uo( ) arreyn 2 | (K (T ouo) — K (o) )

nerR* AT(RY)
= sup 17T Lo o () (s | (K (nato) = K o))y o

(2 rnte) = 2e0)) |

= supn|l,(,.,us(.)) |AT(IR+)
neR*

It follows from (2.7) and Lemma 9 that

”K,(uo)(j - nn,w)["}c(nn.qu) - :K(uO)]”w
™
= sup 1o, uo (P, [| (o) = 7)) |
ner* r wr

< esn™ (T + 102 || (% (nouo) - % (“0))(””

= 0(n=?")
Theorem 4.7 Let u, € L% (R*)be the unique solution of Eq. (2.4), then the following hold
lluo — 7' ll, = O(n™2")
Proof: Using Theorems 4.4, 4.5, and Lemma 4.6, the result follows.

5. Numerical Results
Here we present numerical results. We discuss the error for the approximate solutions of Galerkin, multi-Galerkin, and their
iterated methods.

Example 5.1 Consider the following integral equation of Urysohn type.

0 e~ (m+s) T L
0+ || e rew = (75

where the exact solution u({) = 3e™". The errors for Galerkin, multi-Galerkin, iterated Galerkin, and iterated multi-
Galerkin methods are given in the following Table 1, 2 :

Table 1. Error in Galerkin and iterated Galerkin Methods

n ”u_un”a) ”u_ﬁn”a) ”u_ﬁn”oo
(Error in Galerkin) | (Error in iterated Galerkin) | (Error in iterated Galerkin)
3 13.96283 x 1072 4.99834 x 1073 4.33848 X 1073
4 | 4.00781 x 1073 1.5466231 x 1073 2.3913006 x 1073
5 |7124416 x 1074 2.398162 x 10™* 3.041939 x 10~*
6 | 1.023312 x 107* 7.0219316 x 1075 6.020016 x 107>
7 5.092360 x 10~° 6.9819231 x 107 5.778782 x 10~°
8 | 87436192 x 10~° | 8.8131061 x 1077 8.2213678 x 1077
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Table 2. Error in multi-Galerkin and iterated multi-Galerkin Methods

llu —u Il
n | (Error in the multi-Galerkin
method)

llu — &1l
(Error in iterated multi-Galerkin)

llu — 22 Il
(Error in iterated multi-Galerkin)

1.00370216 x 1073

3.3918062 x 10~*

2.0031213 x 10~*

5.83778109 x 10~*

5.7086323 x 10~°

5.7233161 x 10~°

6.66321316 X 10~°

3.0328161 x 107

4.2930678 x 10°°¢

4.09393786 x 10~°

7.38231617 x 1077

5.112909913 x 1077

5.7022316 x 1077

6.09561381 x 1078

4.23163316 x 10~8

[c X RN R Ko | LU, I SNy L OS]

7.22183261 x 1078

419338172 x 10~°

2.77823106 x 10~°

Example 5.2: Consider another Example of Urysohn-type integral equation

u(n) — f esM*Darctan ( + u(n))u2(s)ds = ne~*1"
0

where the actual solution is unknown. The errors for Galerkin, multi-Galerkin, iterated Galerkin, and iterated multi-Galerkin

methods are given in the following Table 3, 4:

Table 3. Error in Galerkin and iterated Galerkin Methods

n llu —unll, llu —wnll, llu =l
(Error in Galerkin) | (Error in iterated Galerkin) | (Error in iterated Galerkin)

3 | 844104 x 1071 3.65790 x 1072 1.39669 X 1072

4]1.82182x%x 10! 494580 x 1073 3.54817 x 1073

5 |5.28160 x 1072 8.88476 x 10™* 8.87562 x 107

6 | 7.98750 x 1073 1.54583 x 10~* 1.33643 x 1074

7 | 2.40955 x 10™* 6.62305 x 10~° 5.06331 x 1075

8 | 4.88379 x 1075 411200 x 107° 3.66690 x 10~°

Table 4. Error in multi-Galerkin and iterated multi-Galerkin Methods
n llu -l llw - ll,, llu - lloo
(Error in the multi-Galerkin method) | (Error in iterated multi-Galerkin) | (Error in iterated multi-Galerkin)
3 | 1.00370216 x 1073 3.3918062 x 10~* 2.0031213 x 107*
4 | 5.83778109 x 10~* 5.7086323 x 1075 5.7233161 x 10~°
5| 6.66321316 x 1075 3.0328161 x 10~ 4.2930678 x 107
6 | 4.09393786 x 10~° 7.38231617 x 1077 5.112909913 x 1077
7 | 5.7022316 X 1077 6.09561381 x 10~ 4.23163316 x 1078
8 | 7.22183261 x 107® 419338172 x 107° 2.77823106 x 10~°
6. Conclusion

From the above results, it is clear that the iterated Galerkin method improves over the Galerkin method in weighted norm
and in infinity norm. Also, the iterated multi-Galerkin method improves over the iterated Galerkin and multi-Galerkin methods
in the weighted norm. The two numerical results presented above support the theoretical findings
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