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Abstract - A graph G = (V, E) is called an absolute mean cordial graph if there exists a one-to-one function f from V(G) to
the set {0, +2,+4,..,+ EJ} such that each edge uv € E(G) is assigned the label 1 when [M] < E] and 0 otherwise,

with the labeling satisfying the condition |ef 0) - ef(1)| < 1. In this paper, we investigate the join of several graphs that
are absolute mean cordial graphs. We establish new results concerning absolute mean cordial graphs.
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1. Introduction

Graph labeling is a fundamental area of graph theory with broad applications in computer science, communication
networks, and combinatorial optimization. Over the years, many types of labeling schemes have been introduced, each with
unique constraints and significance. Among these, graceful labeling has been studied widely due to its simple idea and
theoretical importance. It has also inspired many other labeling methods and variations. A. Rosa[11] introduced the concept
of labeling with the name of § —valuation. S. Golomb [7] named such labeling as graceful labeling.

Kanani and Chudasama[9] introduced a new labeling, namely absolute mean cordial labeling, derived from two labelings
— absolute mean graceful labeling and cordial labeling. They proved the triangular snake Tg, VB = 3, cycle (¢, ¢ #
5, friendship graph F,,Vy = 2, helm graph H;,V 4 > 3, alternate triangular snake ATg,V f = 3, double triangular snake
DTg, VB = 3, double alternate triangular snake DATp, V8 = 3 are absolute mean cordial graphs. Further, Akbari et. AL[1]
proved a complete bipartite graph K, ,,, grid graph P, X P,, step grid graph St,,, double step grid graph DSt,,, wheel graph
W, sunlet graph C, © K, gear graph G, swastik graph SW,,n # 1, sunflower graph SE,, flower graph Fl,, extended
friendship graph Fr, , admits absolute mean cordial labeling. In this paper, we proved that the join of several graphs admits
absolute mean cordial labeling. First of all, we need some definitions that are useful for this paper.

Definition 1.1. A function f is called a cordial labeling of the graph G = (V(G), E(G)), if f: V(G) - {0,1} is injective and
the induced function f*: E(G) — {0,1} defined as f*(e) = |f(u) — f(v)] is bijective. Let v;(0), v (1) be the number of
vertices of G having labels 0 and 1, respectively, under f, and let e;(0), es(1) the number of edges of G having edge labels
0 and 1, respectively, under f*. A binary vertex labeling f of a graph is called a cordial labeling if |vf 0) - vf(1)| < 1land
ler(0) — ef(1)| < 1. A graph is called a cordial graph if it admits a cordial labeling.

Definition 1.2. A function f is called an absolute mean cordial labeling of a graph G = (V(G), E(G)), if f:V(G) =
{0, +2,+4,..,+ FJ} is one-one and the induced function f*: E(G) — {0,1} defined as,

o= 1 25 < [

0; otherwise
and it satisfies the condition |ef(0) — es(1)| < 1 is onto for every edge e = (u,v) € E(G). A graph is called an absolute
mean cordial if it admits an absolute mean cordial labeling.

Definition 1.3. The join of two graphs G and H is the graph obtained by taking one copy of G & H, and joining each vertex
of G to each vertex in H.

We consider a simple, connected, and undirected graph G = (V, E) with p vertices and q edges. For all terminology and
notation, we follow [6, 8].
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2. Main Results

Theorem 2.1. The graph SF,, + K; join of the sunflower graph SF,, with a complete graph K, it is an absolutely mean cordial
graph.

Proof. Let G = SF,, + K, is a join of any sunflower graph SF, with a complete graph K;.

Let V(SE,) = {u;, v;, w/ 1< i € n, Upyq = Uy, Vpyq = Y1} and

E(SE) ={uui /1 <i<n}U{viu, vy, /1<i<n}uf{yw/l1<i<n}

Therefore, V(G) = {v;,u; / 1 <i<nuyy = Uy, Ve =1} U{w,v}and

EG) = {yyuy /1 <i<n}u{viuy,viui /1 <i<nju{uyw/l<i<niu{uyv/l1<i<n}u{vv/l1<i<n}
To obtain vertex labeling function /:V(G)—{0,£2,#4, ..., iEJ}, we take the following cases.

Case-1: n = 0(mod2)

fw)=1-q,f(v) =-Bn+3),

flu)=q—-2i+1,1<i<n,

n
f(vl-)=1+2i—q,1SiS§

NS

f(vg+i)=q—3n—2i+1,1SiS
2

Case-2: n = 1(mod2)

fw)=1-gq,f(v) =-@n+3),
fu)=q—-2i+1,1<i<n,

n

fw)=1+2i—ql<i< lEJ

= 2 n 2 1
f (o) = = 2l3] 2041

( )— 2|3 - —2i <'<2[EJ+1

f vl%]” =q 2[21 2n+3—-2i,1<i< >
The labeling function f, defined as above, is one-one, as there are no repeated vertex labels. It is easy to check the edge
labeling function. f* : E(G) —{0,1} is onto. Also, f'satisfies the condition. |ef 0) - ef(1)| < 1. Thus, fis an absolute mean

cordial labeling for a given graph.
Therefore, the graph SF,, + K; is an absolute mean cordial graph.

Tllustration 2.2. Absolute mean cordial labeling for SF5; + K; is shown in the following Figure 1.

Fig. 1 Absolute mean Cordial labeling of SF; + K,

Theorem 2.3. The graph B, ,, + K; join of a bistar graph B,,, , with a complete graph K is an absolute mean cordial graph.
Proof. Let G = B, , + K; is a join of any bistar graph B, ,, with a complete graph K;.

Let V(Bppn) = {u, v; /1< i <m,1 <j <n} U {u,v}and E(B, ) = {uui,vvj/ 1<i<ml1<j< n} U {uv}

Therefore, V(G) = {u;,v; / 1<i<m,1<j<n} U{uv,w}and

E(G) = {uw;, wu; /1 < i <m}U {vv;,wv; /1 <j<n}U {uv,uw,wv}.

To obtain vertex labeling function f: V(G)—{0,£2,4+4, ..., iEJ}, we take the following cases.
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Case-1: B,,; + K,
fW=q-1f) =q-3,
fw)=5-q,f(v)) =2,
fu)=1-q,f(w,) =3—q,
flu)=1-q+2i,3<i<m

Case-2: B, + K;(n # 1)

fW=q-1,fw)=1-q,

fw)=3-q,

flu)=3—-q+2i,1<i<m

f(vj)zq—Zm—4n+4i—3,1 <js<n

The labeling function f, defined as above, is one-one, as there are no repeated vertex labels. It is easy to check that the edge
labeling function f* : E(G) —{0,1} is onto. Also, f'satisfies the condition |ef 0) - ef(1)| < 1. Thus, f'is an absolute mean
cordial labeling for a given graph.

Therefore, the graph B,, , + K; is an absolute mean cordial graph.

Hllustration 2.4. Absolute mean cordial labeling for B, 5 + K; is shown in the following Figure 2.

Fig. 2 Absolute mean Cordial labeling of B, 5 + K,

Theorem 2.5. The graph W, + K; join of wheel graph W,, with a complete graph K; is an absolute mean cordial graph.

Proof. Let G = W, + K, is a join of any wheel graph W,, with a complete graph Kj.

Let VIW,) = {u; /0 < i < n,uyyq = uy} and EW,) = {uou;, wivi1/ 1 < i < nl.

Therefore, V(G) = {u; / 0 < i <nupy = u} U{w}and E(G) = {uguy, uitipq, w0 /1 < i <n} U {uyvl.
To obtain vertex labeling function f: V(G)—{0,£2,4, ..., iEJ}, we take the following cases.

Case-1: n = 0(mod2)
fWwW=1-q,fwv)=n+2,
flu)=q-2i+1,1<i<n

Case-2: n = 1(mod2)

f@) =—q,f) =-2[2],

flu)=q—-2i+2,1<i<n

The labeling function f, defined as above, is one-one, as there are no repeated vertex labels. It is easy to check that the edge
labeling function f* : E(G) —{0,1} is onto. Also, f'satisfies the condition |ef(0) — ef(1)| < 1. Thus, f'is an absolute mean
cordial labeling for a given graph.

Therefore, the graph W, + K; is an absolute mean cordial graph.
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Hllustration 2.6. Absolute mean cordial labeling for Wg + K; is shown in the following Figure 3.

Fig. 3 Absolute mean Cordial labeling of W + K

Theorem 2.7. The graph [, , + K; join of jellyfish graph J,,, ,, with a complete graph K is an absolute mean cordial graph.
Proof. Let G = |, , + K is a join of any jellyfish graph J,, , with a complete graph K;.

Let VUmn) = {u;, vy /1<i<m,1<j<n}uU{uvxy}and

E(mn) = {uui,vvj /1<i<m1<j< n} U {ux, xv, vy, yu, xy}.

Therefore, V(G) = {u;, v; /1 <i<m,1<j<n}U{unvxywland

E(G) = {uy;, wu; /1 < i <m}U {vv;,wy; /1 <j < n}U{ux,xv, vy, yu, xw, yw, uw, vw, xy}.

The vertex labeling function f: V(G)—{0,£2,44, ..., iEJ} is defined as follows.

f@=q,f) =-q,

f)=q—=2,f(v) =2—q,

fw) =-2(m+n),

f(ul) =4_q,f(u2) =6_q'

fu)=4—-q+2i,3<i<m

f(vj) =q—-2m+4—-4n—-41<j<n

The labeling function f, defined as above, is one-one, as there are no repeated vertex labels. It is easy to check that the edge
labeling function f* : E(G) —{0,1} is onto. Also, fsatisfies the condition |ef 0) — ef(1)| < 1. Thus, f'is an absolute mean
cordial labeling for a given graph.

Therefore, the graph J,,, , + K is an absolute mean cordial graph.

Hllustration 2.8. Absolute mean cordial labeling for /3 5 + K; is shown in the following Figure 4.

20 2

14

Fig. 4 Absolute mean Cordial labeling of J3 5 + K;

Corollary 2.9. The graph J, ,, + K; join of jellyfish graph without a prime edge J, , with a complete graph K is an absolute
mean cordial graph.

Proof. Let G = ], , + K; is a join of any jellyfish graph without a prime edge J,, , with a complete graph K;.

Let VUmn) = {up, v /1<i<m1<j<n}uU{uvxy}and

E(Jmn) = {uui,vvj /1<i<m1<j< n} U {ux, xv, vy, yu}.
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Therefore, V(G) = {u;, v; /1<i<m,1 <j<n}VU{uvxyw}and

E(G) = {uw;, wy; /1 < i <m} U {vv,wy; /1 <) < n}u{ux,xv, vy, yu, xw, yw, uw, vw}.

The vertex labeling function f: V(G)—{0,£2,#4, ..., iEJ} is defined as follows.

fw =q,fy) = —q,

fG)=q-2f(v)=2-q,

fw) = =2(m +n),

fu)=4-q,f(u) =6—gq,

fu)=4—-q+2,3<i<m

f(vj) =q—-2m+4—-4n—-41<j<n

The labeling function f, defined as above, is one-one, as there are no repeated vertex labels. It is easy to check that the edge
labeling function f* : E(G) —{0,1} is onto. Also, f satisfies the condition |ef(0) - ef(1)| < 1. Thus, f'is an absolute mean
cordial labeling for a given graph.

Therefore, the graph J3,, , + K; is an absolute mean cordial graph.

Hllustration 2.10. Absolute mean cordial labeling for J; 5 + K; is shown in the following Figure 5.

Fig. 5 Absolute mean Cordial labeling of J; 5 + K;

Theorem 2.11. The graph F, + K; join of a fan graph F,, with a complete graph K is an absolute mean cordial graph.
Proof. Let G = F, + K is a join of any fan graph F, with a complete graph K.

Let V(E,) = {v; /0 < i < 2n}and E(F,) ={vyv;/1 <i <2n}U {vv;,,/ i =1,3,..2n—1}.

Therefore, V(G) = { v; /0 < i < 2n} U {w} and

EG) ={yv/1<i<2nju{vv,, /i=13..,2n—1}U{wy; / 0<i < 2n}

To obtain vertex labeling function £ V(G)—{0,£2,+4, ..., iEJ}, we take the following cases.

Case 1: n = 0(mod2)

fw) =—-(n+4),f(vy) =g,
fw) =2,
fw)=i—-gqifi=13..2n—1
fw)=q—i+1,ifi=46,..2n

Case 2: n = 1(mod2)
n
fw) = =2[3].fw) = .
f(vz) = 21
fw)=i—-q—-1,ifi=13,...2n—1
fw)=q—i+2,ifi=46,..2n
The labeling function f, defined as above, is one-one, as there are no repeated vertex labels. It is easy to check that the edge
labeling function f* : E(G) —{0,1} is onto. Also, f'satisfies the condition |ef(0) — ef(1)| < 1. Thus, f'is an absolute mean
cordial labeling for a given graph.
Therefore, the graph F,, + K; is an absolute mean cordial graph.
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Hllustration 2.12. Absolute mean cordial labeling for Fg + K; is shown in the following Figure 6.

Fig. 6 Absolute mean Cordial labeling of Fg + K

Theorem 2.13. The graph Fl,, + K; join of a flower graph Fl,, with a complete graph K; is an absolute mean cordial graph.
Proof. Let G = Fl, + K; is a join of any flower graph Fl,, with a complete graph K;.

LetV(FlL,))={v;/ 0<i<n}u{v'; /1<i<n}and

E(Fl,) = {vov;, vov', viv' /1 <i<n}u{vv, /1<i<n-1}.

Therefore, V(G)={v; /0<i<n}u{v’; / 1 <i<n}U{w}and
E(G) = {vyv;, vov';,vv'; / 1<i<n}u{vvy,/ 1<i<n-1}u{ywv',w /1<i<n }U{yw}
The vertex labeling function f: V(G)—{0,£2,44, ..., iEJ} is defined as follows.

fw) =-2(n+1),

f(wp) =1-gq,
fw)=q—-2i+1,1<i<n
fW)=4n—-2i+21<i<n

The labeling function f, defined as above, is one-one, as there are no repeated vertex labels. It is easy to check that the edge
labeling function f* : E(G) —{0,1} is onto. Also, fsatisfies the condition |ef 0) — ef(1)| <1

Thus, f'is an absolute mean cordial labeling for a given graph.

Therefore, the graph FI,, + K, is an absolute mean cordial graph.

Tllustration 2.14. Absolute mean cordial labeling for Fls + K; is shown in the following Figure 7.

Fig. 7 Absolute mean Cordial labeling of Fl5 + K,
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Theorem 2.15. The graph S,, + K; join of sunlet graph S,, with a complete graph K; is an absolute mean cordial graph.
Proof. Let G = S,, + K; is a join of any sunlet graph S,, with a complete graph Kj;.

Let V(Sp) ={u,w'; / 0 <i<mupyq = Uy, U py = w'y}tand B(Sy) = {wu), uiuip, /1 < i < n}.

Therefore, V(G) = { u;,u; /1 < i <n}u{w}and EG) = {wu'; , uu;p; / 1<i<n}uf{uyw,u'yw/ 1<i<n}
The vertex labeling function f: V(G)—{0,£2,44, ..., iEJ} is defined as follows.

fw) =-2n,

flu)=q—-2i+2,1<i<n

fW)=2i—q—-2,1<i<n

The labeling function f, defined as above, is one-one, as there are no repeated vertex labels. It is easy to check that the edge
labeling function f* : E(G) —{0,1} is onto. Also, f satisfies the condition |ef(0) - ef(1)| < 1. Thus, f'is an absolute mean
cordial labeling for a given graph.

Therefore, the graph S, + K; is an absolute mean cordial graph.

Illustration 2.16. Absolute mean cordial labeling for Sg + K; is shown in the following Figure 8.

Fig. 8 Absolute mean Cordial labeling of S5 + K

Theorem 2.17. The graph H,, + K; join of helm graph H,, with complete graph K; is absolute mean cordial graph.

Proof. Let G = H,, + K; is a join of any helm graph H,, with complete graph Kj.

Let VIH,) ={w; /0<i<nu,,=u}VU{y /1<i<nu,,=u;}and E(H,)={uow;, uu';, wju;y, /1 <i<n}
Therefore, V(G)={u; /0<i<n}U{y; /1<i<n}U{w}and

EG) = {uou; ,wu'; /1<i<n}uf{wuy,/1<i<nju{ywu;w/1<i<n}u{uw}

To obtain vertex labeling function f: V(G)—{0,£2,44, ..., iEJ} we take following cases.

Case-1: n = 0(mod2)

fu) =1—gq,

f(w) = —4n,
fu)=q—-2i+1,1<i<n
fW)=2n—-i+2),1<i<n

Case-2: n = 1(mod2)

f(uo) = —q,

fw) = —4n,

fu))=q—-2i+2,1<i<n

fW)=2n—-i+2),1<i<n

The labeling function f defined as above is one-one, as there is no repeated vertex labels. It is easy to check that the edge
labeling function f* : E(G) —{0,1} is onto. Also f'satisfies the condition |ef(0) - ef(1)| <1

Thus, f'is an absolute mean cordial labeling for given graph.

Therefore, the graph H,, + K; is an absolute mean cordial graph.
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Illustration 2.18. Absolute mean cordial labeling for Hs + K; is shown in following Figure 9.

Fig. 9 Absolute mean Cordial labeling of Hs + K,

3. Conclusion

In this work, we establish that the join of various graph structures can admit absolute mean cordial labeling. Furthermore,
we investigate how different graph operations — such as union, Cartesian product, and other binary operations — affect the
existence of absolute mean cordial labelings. For each operation, we determine whether the resulting graph admits such a
labeling, thereby extending the scope of cordial labeling theory to new structural contexts.
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