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Abstract - An infinite homogeneous wedge containing an edge crack of length 'a’, subjected to concentrated loads at two points,
is analyzed for stresses and displacement due to Elastostatic deformation. The series expressions for the stresses
0,5(1,0),09,(1r,0) everywhere in the body are then computed for use in estimating other fracture parameters. The wedge
contains a crack of length “a” lying along the ray 8 = 0,0 < r < a. The problem is formulated by an infinite Mellin transform,
and transformed into an integral parameter plane where the transformed problem is solved to get the displacement by the Wiener-
Hopf technique. These produced a two-dimensional Neumann boundary value problem in terms of the only non-zero
displacement component, W (r, 8). The presence of the crack motivates the expectation of different transform plane displacement,
Wi(r,0) i = 1,2 for 0 < r < a Mellin transform is next applied, where s is the transform parameter, which introduces four
coefficients, A(s),A;(s), Bi(s)and B,(s) that are evaluated by the Wiener-Hopf technique using given boundary conditions.
A series of closed-form solutions was thereafter obtained for displacement and stresses that were used to analyze the fracture
parameters. The stress field at the crack tip of the wedge is employed to compute the mode Il stress intensity factor, K. The
result is that along the crack region, the displacements W (r,0%) = W(r,07) for 0 < r < a, which implies discontinuity of the
displacement field and that the tearing stress ag,(r,0) along the region is zero. Also, at the region ahead of the crack, a < r <
a,W(r,0%) = W(r,07) implies the continuity of the displacement fields, and that the tearing stress c9,(r,0%) = 09,(r,07) It
is also continuous there. We then conclude that, as a result of the crack, there are different fracture parameter responses at every
region of the wedge material. It is also found that the stress intensity factor, K;;; It is independent of the material property, but
depends linearly on the concentrated load. Therefore, irrespective of the structural material, there are always certain fracture
responses due to the application of load.

Keywords - Antiplane, Crack, Elastostatic, Homogeneous, Wedge.

1. Introduction

The stress and strain distributions in the mechanical mechanism of fractures in elastic bodies of small size are important in
determining which materials will fail and in the study of fracture behavior [1]. Especially, there has been an intense focus on the
antiplane (mode III) elastostatic problems due to their mathematical convenience and one-dimensionality in applications to
torsional loading and out-of-plane shear deformation [2]. The cracks cause singularities on the stress field, particularly on the tip
of the crack, where the stress intensity factor is decisive in defining the behavior of fractures.

Wedge-shaped domains are a significant category of geometries in elasticity, which occur in practice in engineering
structures in the form of notched components, joints, and geological structures [3]. The theoretical and practical value of studying
cracks in wedges is therefore important. As a crack is found at or close to the apex of a wedge, the interaction between geometric
singularities and stress concentration at the crack results in a complex set of boundary value problems whose resolution is
advanced with the application of powerful analytical methods [4].
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A number of mathematical techniques have been developed over the years to solve the crack problems in the elastic media,
with some of these being the integral transform techniques, complex variable methods, and numerical methods [5]. The Mellin
transform has been found to be useful in the above problems, especially those that are associated with wedge geometries, since
it inherently takes into account the radial geometry of the domain. Moreover, the Wiener-Hopf method offers a powerful method
of solving mixed boundary value problems that occur in a semi-infinite and wedge-like domain to enable calculation of unknown
transform coefficients by factorization processes [6].

With antiplane elasticity, the equations of the problem become a scalar Laplace equation of the out-of-plane displacement
field, with suitable boundary conditions. The development of a crack along a radial line of the wedge, however, causes
discontinuities in the displacement field, and special conditions of the boundary conditions on each side of the crack are required
Cheng et al. [4]. This will give a two-dimensional Neumann boundary value problem, the solution of which will provide
information on the stress distribution and fracture properties of the system. By making use of the infinite Mellin transform, a
formal solution is obtained for the stress distribution in an infinite wedge under concentrated surface loading (Boundary
condition). The results for the case in which each boundary surface is subjected to such a load for a finite distance measured from
the vertex of the wedge are reduced to definite values by use of infinite integrals. These can be evaluated exactly when the wedge
is a semi-infinite solid and are in a form suitable for numerical computation for other parameters. The surface of the crack is
stress-free (097 (r,0) = 0; 0 < r < a) But it is displaced such that

wr,0) =w(@,07);0<r<a
Continuity conditions

w(r,0%) #w(r,07), 0gz(r,0%) = gg,(r,07)
hold along 8 =0,r > a.

The task is to find valid expressions for the polar stresses. gg, (7, 8) and g,;(r, 8) everywhere in the body. This defines a
problem with different boundaries on which derivatives of displacement are prescribed on one part, and displacement is
prescribed on the other part. Such problems are tackled by the Wiener-Hopf technique to get the transformed displacement, which
is used to analyze the system. The solution of the Wiener-Hopf problems gives the transformed solution in terms of the
transformed parameter.

' Input force‘
\ |

P

Inclined
plane

8 Science Facks. ot



Nwafor Franca Amaka et al. / IJMTT, 72(5), 10-41, 2026

=7

01

Although there are studies on crack issues in a wedge and a half-plane, an edge crack situated at the apex of a homogeneous
infinite wedge under concentrated loading is an unexplored area, especially in the context of exact analytical solutions. The
current research fills this gap by using the infinite Mellin transform with the Wiener-Hopf method to come up with the closed-
form series solutions to the displacement and stress fields. Key fracture parameters, such as mode III stress intensity factor, are
then evaluated using these solutions.

The objective of this work is therefore to provide a rigorous analytical treatment of the antiplane elastostatic behavior of a
homogeneous wedge with an apex crack, and to examine the influence of loading conditions on the resulting fracture response.
The findings contribute to a deeper understanding of singular stress fields in wedge geometries and offer potential applications
in fracture mechanics, structural integrity assessment, and related areas of applied mathematics.

2. Methodology

2.1. Formulation of the Governing Equations

Op (7", O+) = Uez(rl 0—) T

Fig. 1 Geometry of the problem
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We modeled the prescribed displacement and stress to suit the analysis by the Wiener-Hopf technique. The Wiener-Hopf
technique was used to obtain the displacement in the transformed parameter plane, and the inverse Mellin transform was used to
obtain the displacement everywhere in the material. We then used the displacement to get other fracture parameters.

The problem is to find the displacement everywhere in a cracked wedge put in antiplane state by application of two
concentrated loads of magnitude Q at the boundaries of the wedge at the points given in polar coordinates as (r, a) and (r, —a)
at a distance h from the origin. The problem is formulated in cylindrical polar coordinates.

(r,0,z) r=20,—a<60<aand —o <z <o, The applied concentrated loads are given by gy, (r,a) = Q5(r —
h) and 04,(r,—a) = Q6(r — h) expressed in terms of the Dirac delta function §(r — h). The crack surfaces of length “a” are
stress-free. gy,(r,0) =0, 0 <r < a. Each of the three components of displacement (U,V,W) is independent of the z —
variable thatis, U = U(x,y), V =V (x,y) and W = W (x,y) Moreover, for the state of antiplane deformation, the only non-
vanishing component is the one in the z — direction. When the displacement w(x,y) Once it is found, the other fracture

parameters can be obtained using.
uow ow
09, (r,0) =~ 2o, 0, (r,0) = u-(r,6).

In other words, U(x,y) = 0,V (x,y) = 0 but W(x, y) # 0 for antiplane strain to exist. In this state, the non-vanishing polar
stresses given by Timoshenko & Goodier (1951) are as follows:

uow aw
09, (1,0) = 30 ,0y5(1,0) = H?(ﬂ 0) (3.1

In the absence of body forces, the equilibrium equation leads to the Laplace equation for the displacement, W (r, 8) given by

2 10 1 9?
arz " ror r29002

)W(r,ﬁ)=0,r20,—a§9§a (3.2)

The stresses along the radial boundary are

09z (r,a) =Q5(r — h) 3.3)
0g,(r,—a) = Q6(r — h) (3.4)
The surface of the crack is stress-free; that is
0y,(r,0) =0, 0<r<a (3.5
The surface of the crack is displaced, hence
w(r,0%) = w(r,07) 0<r<a (3.6)
Notation
Lete < p < B and Q(r, p) be a function then
Q(r,€*) = the limit of Q(r, p) as p approaches € from the right.
Q(r, 7) means the limit of Q(r, p) as p approaches 8 from the left
Both displacement and stress are continuous across the line, 8 = 0. That is
W, 0t) =W(r,07), r>a (3.7
0, (1, 0%) = a4,(r,07), r>a (3.8)

Equations (3.7) and (3.8) are known as continuity conditions.

Use of the Infinite Mellin Transform
The task is to solve equation (3.2) subject to (3.3) - (3.8) by the method of infinite Mellin transform.
The problem equation (3.2) can be written as

a( ow o*w
r— ra—r(r,e) + (r,0) =0

ar 002
or
o*w a( ow
_W(T,G) = T'E(TB—T(T, 9)) (39)

The infinite Mellin transform of W (r, ) is defined as
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W(s,0) = J-OOW(r, Ors~ldr (3.10)
0

If W (s, 8) is obtained, the displacement W (r, 8) sought for is readily recovered by use of the inversion formula for the
infinite Mellin transform defined as:

1 c+ico
W(r,0) =-— W(s,0)r=sd 3.11
.0 =gz W0 ds (3.11)
Application of (3.10) to (3.9) yields

@ S_162W ® o, 0 aw
—J; g (r,0) drzfo e rW(r,G) dr

_fwsa 6W(6)d
—Orarrarr, r

That is
2 [ weoral - (rZeo)| s [ -r o
207 |, (r,0)r re=r rar(r,) sor rar(r,)r
0
or
2TA7 [oe]
—a—W(s,H) = r”la—W(r, 9)| —s|rswW(r,0) —sfwrs‘l W —W(r,6)dr
062 or 0 o
2717 oo
0) = R kid 0 SW(r,0 2W(s, 6
—W(S, )=r1 W(T. )0 —srW(r,0) + s“W(s, )
Hence
-
- 2177 —
302 (s,0) +s“W(s,8) =0 (3.12)
Provided
ow ®
TSHW(}" 9)| —srSW(r, )| =0 (3.13)
0
We have used the integration by parts formula, denoted by
b dg(x) b df(x)
[ 0¥ a=wwt- [ 9w @ Pa G
a x a dx

Bounds For W(s, 8)
The asymptotic behaviors of the stresses and their satisfaction of (3.14) determine bounds for W (s, 8). Because stresses are
concentrated at sharp corners, we expect the behavior.

0,,(r,0) = 09,(r,0) =0(r™) 0<A<1 asr—0

That is
W(r,6) =0(r*), asr — 0 (3.15)
The stresses are expected to vanish at infinity, as given in Erdogan & Gupta (1975), the expected behavior is
0,,(1,0) = 09,(r,0) = 0(r~17¢) as r— o (3.16)
then
W(r,0) =0(r—¢) asr — o
From (3.14)
7!i_r¥})(7.s+1 r=4 p rl—/l) =0
lim rst1 4 (1 -s)=0
r—0
Then
Re s>A-1
From (3.14) also
Tli_r& St pmle  _grS 7€ =0
Tli_rBO ¢ (1-5)=0
Hence,
Re(s—€) <0
or
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Re s <e€
Consequently
A—1<Re s<e€

We may choose € = %so that
1
A—1<Re s<§ (3.17)

Transformation of the Boundary Conditions
Application of (3.10) to (3.3) to (3.7) and (3.8) gives
J- 0g,(r,a)rstdr = J- Q5(r — h)rs~tdr
0 0
That is by (3.1) and (3.3),

[oe]

* ow
f rog, (r,)r*~tdr = f pu—(r,a)rstdr
0 o 00

= fwrQé (r — h)rstdr
0

or
© W Q
—(r,)r* dr = —h’
Jo a6 1
or
daw Q
%(S, (Z) = Eh

Similarly, by (3.1), (3.4), and (3.8)

B aw
f 104, (1, —)r*~tdr = f p— (r,—a)rs tdr
0 o ae

=f rQ8(r — h)rs ldr
0

= foorSQé'(r — h)dr

Hence,

E (T', _a) =

On the line, 8 = 0, we have

W(s,0") =f W (r,0")rs~tdr
0

a oo
=f W(r,O*)rs‘ldr+f W (r,0")rs1dr
0 a
and

W(s,07) =j W (r,07)rs tdr
0

a oo
= f W (r,07)rs tdr + f W (r,07)rs Ydr
0 a

Hence
a

W(s,0") —W(s,07) = f W(r,0t) —W(r,07)]rstdr + j [W(r,0t) —W(r,07)]rs tdr
0 a
By (3.7) and (3.8), we have the half-known function.
a
W(s,0Y) —W(s,07) = f [W(r,0t) —W(r,0)]rs tdr
0

The transform of (3.5) and its complement (3.8) gives
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10g,(r,0) = f‘”

0

109, (r,0)rS1dr

a oo
=f 109, (r, 0)rs~1dr +f 109, (r, 0)rs~1dr
0 a

Thus, we derive another half-known function given by

aw 0

ME(T, )
Leads to

dw ot

E(T. )
and

dVT/( o)

a6

deo

°dw
= /,Lf —(r,0)rs1dr
a

_J“"’dW

a

_J“"’dW
a

_ +\..5—1
70 (r,0Mr* 'ds

- —\.-S—1
70 (r,07)r* 'ds

Let r = ap in the half-known function related to displacement. Then dr = adp

r =aimpliesp =1andr = 0 impliesp =0
Thus

W(s,0t) —W(s,07) = f
0

1

[W(ap,0*) = W (ap,07)](ap)* *adp

1

e f (W (ap,0*) — W (ap, 0-)]p5dp
0

=a®*H(s)

where

H(s) = j [W(ap,0%) — W(ap,0-)]p*dp
0

Similarly, using r = ap, in the other half-known function gives
dr = adp, r =aimpliesp = 1andr = oo implies p = co.

aw
u—— (@, 09)rs1ds

S [ee] dW B S_l
f u——"(ap,07)p°"tdp
1

Hence
dVT/( 0+)_1f00
ao > ") Hae
1= daw + s-1
=;J #E(GP;O )(ap)**adp
1
_asjoo dW( 0+) s—1d
=) wag @p0p T dp
S (o] as
= [ aponatap,09p* = -6(s)
1
dVT/( 0_)_a
de " Ty e
as ® dW + s—1 N
:IJ ME(GP;O )p*~hdp = a*G(s)
1
where

G(s) = f apag,(ap,0%)ps~tdp
1

Theorem 3.1 A Wiener-Hopf by Noble [7]

The transform plane problem to be solved is therefore:
By

do?

_ 1
(s,0) +s*W(s,0) =0, /1—1<Res<i

dW( )_th
78 5@ =

dl/l_/( )_th
25 & @ =

W(s,0%) —W(s,07) = aH(s)

(3.18)

(3.19)

(3.20)
(3.21)
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dW( 0+ —dW( 0y =%6 3.22
a0 S )_des' )—” (s) (3.22)
Writing the solution of (3.15) as

W(s,0) = A;(s) cos 8s + B;(s) sinBs, 0<f<a

A,(s)cosOs + B,(s)sinbs, —a<6<0 (3.23)
Leads to
‘Z—Z(s,@) = —sA,(s) sinOs + sB,(s) cosbs, 0<f<a (3.24)
= —5A,(s)sinfs + sB,(s) cosbs, —a<6<0

The coefficients, A;(s)and B;(s), i = 1,2 will be deduced from the boundary conditions
From (3.19) and (3.20), we get

—A;(s)sinas + B (s) cosas = %hs, 0<6<a (3.25)

Az(s)sinas+82(s)cosas=%h5 —a<60<0

From (3.21) and (3.22), wedge

W(s,0%) = Ay(s)

W(s,07) = Ay(s)

W(s,0") —W(s,07) = a’H(s)
Implies
Ai(s) — A,(s) = a®H(s) (3.26)

From (3.24) and (3.22), we get

N
Bi(s) = By(s) = 1-6(5) (3.27)
Adding (3.24) and (3.25) gives
[B1(s) + By(s)] cosas — [A;(s) — A,(s)] sinas = Z%hs (3.28)
Incorporating (3.26) and (3.27) into (3.28) %ives

a . 2Q
2—G(s)cosas —a’H(s) sinas = —h°
us us

or
2 20 (h\*
—G(s)cosas = H(s) sinas + — (—)
us us \a
That is
ssinas 2 h°
G(s) =“—[H(s) r=_L_(H) ]
2 cosas ussinas \a
or
ussinas[1 Q h°
G)=———|5HE) + ——— (—) (3.29)
cosas |2 us sinas \a

Let the subscript + be attached to a function that is analytic in the right half plane, Res > A1 — 1, while the subscript — is
attached to a function that is analytic in the left half plane Res < i Such functions overlap on the strip A — 1 < Res < ; From
the behavior (3.15), it follows that

1
H(s) = J [W(ap,0") —W(ap,07)] p°~*dp
0
Then
W(r,8) = 0(1’1')‘), r—20
W(ap,8) = 0(p*~*) leads to

1

H(s)~cf p'~*ps~tdp

0

1
ch ps—/ldp
0
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c

~ s—A+1
s—1+1

p , p—0

ThatisRes >1—-21, p— 0
Therefore, H(s) is a right half plane function that is H(s) should be replaced by H, (s)
On the other hand

G(s) = f apay,(ap,0)p*"tdp
1

The behavior (3.16) with € = % yields
G(s)~B f p~i ¢ pidp
1

«© 1
~ Bf ps_f_l dp, p—
1

1
ps_f, p— o0

~

572
That is s—§< Oor s <%
Hence G (s) is analytic in the left half plane Re s < % and should be written as G_(s).

Equation (3.29) can be expressed in terms of the two overlapping functions. H, (s) and G_(s) as
us sin as

_ 1 Q h\*
G-() = cosas [§H+(s) * ussinas (E) ]

Equation (3.30) is of the type known as the Wiener-Hopf equation.
An equation equivalent to (3.30) is
2cosas

H =
+(5) ssinas

%G_(s) B ucon as (Z) ]

2.2. Solution of the Wiener-Hopf Equation
Let equation (3.31) be written as

Hi(s) = 20(9) [6-() Q(s)]
+(8) = 20(s) [G_(8) — ——~
where
cos as
P(s) = ———r
us sinas
and
h N
ae) = ¢ ()
We need to decompose ®(s) into a ratio of two functions in the form
o) = 2
s) =
@, (s)
When (3.34) is substituted into (3.32), the equation becomes
L H©9,(5) = 0_()| 2 6-() — |
2+S +s—_(s)“_s cosas
1 D_(s)Q(s
[ Lo - =000
u cos as

Theorem 3.2Weierstrass’ Theorem for Infinite Products by Murray [8]

Let f(z) be analytic for all z [i. e. f (2)] is an entire function, and suppose that it has simple zeros at a,, a,, as, ...

where 0 < |a,| < |a,| < |az| < ---and lim|a,| = .
n—-oo
Then

i f) = f(O)efll”((—g))Z . {(1 —i> eaik}

a
k=1 k

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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A generalization of this states that if f(z) has zeros at a;, # 0, 1,2,3, ..., of respective multiplicities or orders p,,, and if for
some integer N, Y7, aiN is absolutely convergent, then
k

z 1 z2 1 aN-1)Hk

= L I S
ii. f(2) = f(o)eG(z) | | (1 _i) ek 22a7" TN-1 N1
Ay
k=1

Where G(2) is an entire function. The result is also true if some of the a; s are poles, in which case their multiplicities are
negative. The results (i) and (ii) are sometimes called Weierstrass’ factor theorems.

The functions @ (s) and ®_(s) can be derived by use of the infinite product definitions of trigonometric functions given

by Korn & Korn (1999)
_1—[ L 4q?s? 3 l_[(l 2as ) (1+ 2as )
cosas = 2k —12nz) 2k — Dn 2k — Dn
k=1 o k=1_
[T aem [ 1 @)
et 2k —-1Dmn bt Qk—-1Dm
a’s? as as
: 2 _ — 2 _* had
Ssinas = as 1_[ <1 kznz) =as 1_[ (1 kn) (1 + kn)
k=1 o o k=1
o2 _ % H as
- as 1_[ (1 kn) (1 + kn)
k=1 k=1
Therefore,

cosas [Tic=1 (1 _(2k2+51)7r> [Tzt (1 +(2k2+51)ﬂ>

S sinas as? 1, (1 - %) [T (1 + %)

2-() we write
D4(s)

To achieve the decomposition

o(s) = cosas 2 sin as cos as _ sin 2as
8= ssinas 2ssinassinas  2ssinassinas
Consequently, , ,
o as\ o as
o) 2as Tl (1 - ) e (14 ) €™
s) =

oo e (- ) (1 )
o« | ) (1 — Zk%) e¥s

T e, (- S
1

i (1+ )] e

2as
[z (1 + kn)
where e¥s is introduced to render algebraic behaviours to the infinite products as |S| — oo

Let,
2 0 E z
oo (s) = as [Hk=1 (1 :aIgT)] Vs (3.37)
M (1+ %)
and
oo _as
O_(s) = oty (1 ;-[ Sk)z e¥s (3.38)
e (1-% )]
Then,
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®_(s)
@(s) =
P, (s)
To understand the behaviors of ®_(s) and &, (s) at infinity, that is, as
|s| = coWe connect the infinite products to their gamma function equivalents through the formula

Theorem 3.3 The Gamma Function by Murray [8]
For Re(z) > 0, we define the gamma function by

i T@= fom t? e tdt
Then, we have the recursion formula

ii. T(z+1)=2zT(2) whereT'(1) =1
If z is a positive integer n, we see from (ii) that
ii. 'n+1) =n!
So that the gamma function is a generalization of the factorial. For this reason, the gamma function is also called the factorial
function and is written as z! Rather than I'(z + 1).
1 ze”n(l + ) ek (3.39)
I'(z) k
k=1
or
= z 1 1
[ [(@+5)- z- z
k=1 zeV?T(z)e & eV?’T(z+ 1)e &

and use the asymptotic relation
[(z+1)=+V2nzz%e™? as |z| >, —w<argz<mn (3.40)

It is noteworthy that in (3.40) the factor Z* may lead to a non-algebraic behavior of I'(z + 1). Thus, if A is a real number,
then

F(Az + 1) = V2nlz (Az)*e ™, |z| » o (3.41)
But, A** may manifest non-algebraic behavior at |z] = oo and so must be eliminated.

Since
Az
/1/12 — elnl — e(ﬂlnl)z

We must take valid mathematical steps to eliminate e "2

1‘[(“%):—1 . ow="

at the appropriate stage.

Now, by use of (3.37), we get

k=1 we" T'(w)e «
Hence,
o) 2 2
2
as s as
a 51_[ 1+— = 5| = =5
[ k:l( ) en T(Ss)emk|  2gsyr[r(Fs)a] ek
Similarly,
= 2as
1_[( +7E>=2a 2a_ g\ _2as
k=1 s YF(ZE)e Tk
Hence, by (3.37)
2a s
as ensyl"(27;x+1)e_?§ aszl"(zf[—s+1)
¢e(s) = Vs = ——~ 2 _Le¥s

_SV[F(‘”)+1] -ZF r )+1]

As|S| >

20
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2
2a 2a 2a\7®° 2_“5 _2_“
asZI‘(?s + 1) =as? 2w <—>s (?) )=

T

Za
2a

=a522\/£<2 ) (S)n e TS

F(%s+1)= onns( ) (S)Ese_ﬁ

1

=22« % _() (S)n:e 75

2a
2a 1 TS 2% % 2a
2 2 4 2—s 2—s S
as F( —s+ 1) s 2as (a)z Sz (—n) 2°n° e “mt (S)® s

[F (%S + 1)]2 2as (g)z?“s (S)z?as e~ %S
a

[

Leten n2sgys = 1

Hence,
2
PYp=——1In2
Consequently,
2as
as’T(=—+1 2
¢+(S) — (T[a’ z)e—(?a 1n2)S (342)
[ (Gs)+1]
and
1 3
¢.(+s) = azSz, |S] - o (3.43)
Observe that
as’T (1 B 2?“5) (za In2)s
¢+(_ = a 2
[r(1-%3)]
Implies

1‘(1_2_“5) ¢, (=s)
s
Hence, by (3.32) and the equation above
2
as
_(s) = 3.44
P =5 G4
Similarly, from (3.38) and (3.39)
j(—
-7 2a 2as
k=1 mk/ o _2a e__syl“(—z?as)e_?f
1

Therefore,
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)= F (-2 )] e FE
(2 )
That is,
2
¢i®:ﬁ(—?+1ﬂew
r(-=2+1)

To obtain the behavior for large values of |S| We note that

as % —as ’
[r(——+1 [/—— 2, e l

a —2as —2as
=—2as(—) (—s) @ e @
T
—2as
2as 2as 2as\ ©  -2as
()= () ()T
T T T
—2as

—2as —2as

=(—4as)% (27“)7( —s) ® e ®

Then,

2as —Zas —Zas

—2as (%)_ (=s)= e—(z—“ In2)s

T

¢-(s) =

—2as —2as

1 2as —E
2(—as)? (2)'7(%) m ( sy T e w

1
=as(—as) 2z = aa 25( 1" 25 2

i1
a2 S2
=22 Islow
(-1)2
To check our results, we can use (3.43) and (3.44) to get
2
¢-(s) =
L ¢+( 5)
as? az S? 5_7 af 57
B PIEE 3 1
a7z 2 (-1)2 [(=1)3]2
101
a2z S2
= [S] = o

T
[-1]2
This is in agreement with the result obtained in (3.45) by a different method.
In (3.36), we decompose the term.
L(S) = ¢p_(s)Q(S) seca s into a sum given by
¢_(s)Q(S)secas = [L.(S) + L_(5)]
Theorem 3.4. Mittag-Leffler’s Expansion Theorem [8]

states that it
f@=ﬂm+z%tf%+%}

Mittag-Leffler’s expansion theorem for sec z is given by

1 3 5
secz =T - + —

G - () - ()=

With the aid of Mittag-Leffler’s expansion theorem for sec z we get

22
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1 1 1
secw = -
n=1 w—(n—3)n w+ n—s)n
2. 1 i
Consequently,
[oe] 1 [ee]
secas——Z(—l)” TS - —Z(—l)“ TS
n=1 o " =1 T T
1
Yn=1n— E
We have,

)77. )n

? Yn
aes) — (=7,
=1L (S)__Z( " -(s) ()asqi( ) Q=Yn) +L.(S)
e Yn
Hence,
L($) = Z( 1)“@ (347)
n Q n
L(S) = —Z( 1n (b (i) (=¥n) (3.48)
i n

The decomposition (3.46) makes (3.36) to be
CHL($)$:(S) = ¢_($)6_(S) ~ [L,($) + L ()]
Therefore,
SHL($)$(S) + Lo (S) = ¢_(5)6.(5) — L_(S) (3.49)

The two functions are analytic in different half planes, Re s > max (— %, A= 1) for the right half plane and Re s < % for
the left half plane, with both of them being analytic in the strip (— %, A= 1) <Re s < % . Therefore, one of the functions is the

analytic continuation of the other.

Theorem 3.5 Liouville’s Theorem [8]
Suppose that for all z in the entire complex plane,

(1) f(2) is analytic
(ii) f(2) is bounded, i.e., |f(z)| < M for some constant M. Then f(z) must be a constant.

By Liouville’s theorem, the functions must be equal to a constant.
Hence

U
S Hie($)p+(S) +Li(5) = (G- () —L-(S) = ¢
The constant C can be easily determined by the behavior of ¢, (S), H,(S) and L,(S) near the origin.

Now
|!91|r—’no H.(S)#0, I?II—I}O L,(S) #0 but I}S'III—I}O ¢,.(S)=0

We see that C = L, (0)

Therefore,
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SHL($)$:(S) + Lo (S) = L,(0)
$_(S)G_(S) — L_(S) = L, (0)

Leads to
_ E L+(0) - L+(S)
H.(S) = P [7@,(5) (3.50)
and
_L (0 +L(5)
G_(S) = ) (3.51)
Recall that
2
_ [F (_% 1)] -3 2)s
¢-(s) = 2as e
r(-==+1)

nm

Is defined for Re s < % ;that is S, = o0,—1,-2,-3,...when §,, = -

Therefore,
L,(0)+L_(S)
$_(S)
Is defined for Re s < % ;thatis S, =o0,—1,-2,-3,..when S, = %
Recall also that
I'(1) = 1,I'(n + 1) = n! For a positive integer n.
r2n) = \/% 2271 ()T (n + %)

r(n) = M{(n—1) +1} = (n— 1)!

(e -5

G_(S) =

Then,
r(2n) —izZn—1( _ 1)1@
o V1 n ) on
= 22n—12—n(n — 1)' (zn _ 1)”
=2 (n—1)! (2n— D!

Vn

From (3.35) and (3.27), we get
usA;(s)sinas — a*G_(s) cosas = —Qh°*
a*G_(s) cosas — Qh°
A(s) = .
us sin as
usA,(s)sinas = —a*G_(s) + Qh°
—a’G_(s) + Qh®
ny(s) = LD QY

us sin as
N

a
By(s) = — G_(s)
us

N

a
By(s) = — G_(s)
us

The transformed displacement is therefore obtained from (3.23) as
_ a’G_(s) cosas — Qh°® a’ ]
W(s,0) = - cos s + — G_(s) sinfs, 0<6<a
us sinas s
[—aSG_ (s)cosas + th] a’

cost+EG_(s)sin95 —a<60<0

us sinas
For0<f6<a

cosas cosfs Qh®cosfOs s sin as sin @s
. - - +a*G_(s) ———
ussinas ussinas us sin as

W(s,0) = a’G_(s)
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(cosas cosBs + sinassinfs) Qh®cosfs

=a’G_(s) - :
us sin as us sin as
cos(ed —08)s Qh°cosOs
=a’G_(s) . — . (3.52)
us sin as us sin as
For—-a <06<0
_ —a’G_(s) cosascosfBs Qh°cosBs sin as sin Bs
W(s,0) = . + . +aG () ————
us sin as us sin as us sin as
(cosas cosfs —sinassinfs) Qh° cosfs
=—-a’G_(s) - — -
us sin as us sin as
cos(e +0)s Qh®cosfOs
= —a%G_(s) _ Ml (3.53)
us sin as us sin as
Referring to (3.50) and (3.51), we deduce
U
EH+(S)¢’+(5) =L(0) = Ly(s)
G_()D_(s) =L, (0)+L_(s)
From which we get
U
G-($)P-(5) =5 H ()P (5) = Ly () + L(s) = L(s)
— o () Q(s) o (s) = cosas
- cosas s " ssinas
Then,
7 P.(s)  Qs)
G_(s)=—H —_—t—
(s) 2 +(5) ®(s) cosas
pH(s) —Qs)
G_(s) == + 3.54
. (s) 2 ®(s) cosas ( )
In view of (3.54), the forms of W (S,0) Foro < 8 < a, we use (3.52) and (3.54) to get
__ a® cos(a—6)s Q sinfs
W (5,0)=— ——— H,(s) +— —h° (3.55)
2 cosas U scosas
For —a < 6 < 0, we use (3.53) and (3.54) to get
_ a’ cos(a+0)s Qh® sinfs
W (5,0)=—— ———~ H,(s) + (3.56)
2 cosas us cosas

3. Results
3.1. Derivation of the Displacement W (R, 9)
The displacement sought for, W (r, 8) is obtained by application of the inversion formula for the infinite Mellin transform
given in (3.11), which is repeated as
c+ioo

1 _ 1 1
W(r,9)=ﬁ J W(s,0)r3ds, max(—z,/l—1><c<z

c—ioo

W (s, 8) has the form, G(s) obtained in (3.52) and (3.53)

For 0 < 6 < a, use is made of (3.52) to get
c+ico

1 cos(a —0)s Qh®cosfs\ _
W(r,0) =— f a*G_(s) - — - r~Sds
2mi ) us sin as us sinas
1 C_lcfioo ( 9) 1 c+ico Q 0
cos(a — 0)s (r\~s cosfs ,r\~S
=— G (s)———(—-) ds—— — —-) d 4.1
2mi J ) us sinas (a) s 2mi ) p ssinas (h) s D
c—1l00 c—1l00
1 77 (—a%G_(s) cos(a + 8)s + QhS cos 6
—a’G_(s) cos(a + 8)s + cosBs
W(r,0) =-— J , ¢ )r‘s ds
2mi ) us sin as
c—1l00
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c+ico c+ioo
1 J‘ G_(s) cos(a + 0)s (T)_Sd N 1 Q cosOs (r =S
— s

— — -] d 4.2
_ us sin as a 2mi ) u ssinas h) s (42)
Cc—1l00 Cc—1l00

2mi

Alternatively, we can use the equivalent forms in terms of H, (s) given by (3.55) and (3.56) which produce: for 0 <08 < «a
c+ico

Wr,0) = 1 J‘ a® cos(a — 6)s H(s) + QcosBs h® ~sg
"o = om | |2 cosas S U SCOoSas roas
1 c-fl?xgo; ( 9) 1 Q c+ico 05k
cos(a —0)s r\~S sin@ s r\7S
=o— -——H =) ds+ —— —(=) d 4.3
2mi f 2 cosas +() (a) St 2mi p ) scosas (h) s (4.3)
Cc—l0 Cc—1l00
1 7 (=2 cos(a + 0) 0 h* sin®
—a’ cos(a + 0)s sinB s
W(r,6) = — " " H =222 Lsg
(.0 2mi J. { 2 cos as +(S)+y scosas}r s
1 c+iooc_l°; ( 9) 1 c+i0<JQ 0
cos(a + 0)s NS sin@s ,r\—s
=— ——————H,(s) (=) ds+— ~——(-) d 4.4
2mi f 2 cosas 1+ (a) 5T o | scosas(h) s (4
c—100 c—1l00

3.2. Displacement of The Crack Region, 0 <0 < a,—a<0<0
Because we are interested in the displacements and stresses at the wedge tip, we consider the evaluation of (4.1) and (4.2)

as v — 0. To use the residue method, we use the simple poles of sin & s, which are located at s,, = %, n = 1,2,3, ... the double

pole at s = 0 leads to constants for r = 0, which do not affect the solutions of a Neumann problem. Therefore, the poles
associated with s = 0 are ignored. The results are expected for 0 <r <a, 0<r<h and0<a <rm

Using (4.1), the residues are obtained as follows:

nm

For the first integral, set S,, = ——, n= 1,2,3,.. and
G_(s)cos(a —B)s ,r\~s
Ri(S) = . (%)
ssinas a
Then,
S—5, G_(s)cos(a —0)s ,r\~S
lile(S):lim{, n G-(5) cos(a — 6) () }
S—sp S—-sp [ sinas s a
) 1 G_(—sy) cos(a — B)s,, r\Sn
= lim (—)
S-sp @ COS A'S Sn a
1 1 G_(—s,) cos(a — 0)s, (r)sn
" a cosnm Sn a
(=" G_(s,) cos(a — B)s,, ,r\=5n
T a —nm (E)
a
nm
—-(-D" —nm ™a
= G_ -0 —
. p— ( p )cos(a )Sn (a)
For the second integral set S,, = -, n= 1,2,3,... and
cosfs ,r\=s
Ra(8) = ssinas (E>
Then,
. . (S —s, cosBOs r\~S
sllgln Ry(8) = 51221 {sin as s (E) }
-1 1 cos s, (r>-5n
T acosas _TE \p
1 nﬁ N
e —0 (— a
NI COS NIT €os a (h)
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nm

1 (D" nn (r)7

=—— —6
Ccos n

n o n a
Theorem 4.1. The Residue Theorem [8]

Let f(z) be single-valued and analytic inside and on a simple closed curve C except at the singularities a, b, c, ... inside C,
which have residues given by a_4, b_4, c_, ... then

jg f(2)dz =2mi(a_, +b_; +c_ + )
c
i.e., the integral of f(z) around C is 2mi times the sum of the residues of f(z) at the singularities enclosed by C.

By the residue theorem, these produce:

For0<6<a, 0<r<a, r<h, 0<a<smn

W0 =282 L 6 (Eeosta -0 (4 £ 52 5 osoZ (3

n
As r — 0, the dominant term occurs when n = 1. Hence,

T s
1 - T e Q@ T (T\a
W(T, 6 ) = a G_ (7) cos(a - 9) E (a) - T[_'L[COS 6 E (E) r—-20 (45)
Utilizing (3.1) and (4.5) leads to the stresses

,u aw
0-92(7" 9) =—-=a (T, 9)

e @one-0Z O |+ L2 amo?
- Lo (om0 Lol (@
0, 0) = u D)
LI (o) () ]——[ HoN
- Lo (Dot 0Z (Lo (" an

For —a < 6 < 0 use is made of (4.2) because 0 < @ < 1,0 < r < a,r < h and we are investigating the fields as r — 0, we
need powers of 2 to be positive. The residues are obtained as follows:

For the first integral, set S,, = — o ,n=1,23,..and

—G_(s)cos(a + 0)s ,r\~s
R5(s) = Ssi (_)
sina s a
Then,
(S —=sp) G_(s) s
511)121 R;(s) = —Slirsr:l ~nas S cos(a + 0)s (—)
. 1 G_(s,) N "Sn
=~ csas s, @O ()
nm nm
1 G- (_ 7) nw T\ a
acosnm _ Mt cos(a +0) 7(5)
a
=" nm nm o\
= G_ (— 7) cos(a + 9) 7(5)
For the second integral, positive powers of £ are also needed, so we set
S = nm —123 dR()_cosBS(r)—S
nT T T e AN RS E e s
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Reg,s Ry(s) = — lim

(§—s,)cos@ s (r)—s
S-sp, sinas N

h

) 1 cosf s, (r\"Sn
= lim (—)
Sosp @ Cosa s Sn h
nm -
B 1 —cos 6 o (1)7
a cos N nn h
a

=" nm (;)%

= - cosf —
mn a
By the residue theorem, these produce
nm

We,0) = i G (™) costa+ ) 2 (5)*
n=1

n a

r<a

= (—1)" nw N a
Q ( ) cos 6 _( ) a ‘
prid n a
The dominant term, as ¥ — 0, occurs when n = 1. Hence,
—_1 _r T(r\e, Q@ LAY
W(r,8) = e G_ ( a) cos(a + 0) - (a) + 1 COS 0 ; (h) ,r—=>0 (4.8)
Use of (3.01) and (4.8) gives

u ow
09, (r,0) = - ﬁ(ﬂ )

L —G_ (%n)gsin(a + 9)% (g)g_l] _9 T in gg (1)%_11

Cam muh |a h
1 - T re| Q T Tya
=-— G_(7)sing(a+9) (E) +% sinea (E) lﬂ‘-’o (4.9)
ow
0y, (r,0) = %(T‘, 6)
1 -7 7 et @ rTa
= e G_ (7) cos(a + Q)E (E)a + ha cos 9; (E)al , 7 >0 (4.10)

3.3. Displacement of the Region beyond the Crack Tip Withr > a

The region beyond the crack tip is considered whenr > a,—a <6 < a.
In this case, we need the powers of % to be positive (or powers of (E) to be negative) so that the corresponding series will

)
converge. To obtain negative powers of (2) (4.3) and (4.4) will be used, and the integrals will be evaluated by the method of
residues. The poles are simple and located at

For0<@0<a,r=za,r=h, —-n<a<mn
The residues for the first integral in (3.59) are

Resi S, = lim |>— 0)s H,(s) (L)
esi n_SLrgl{COS(XSCOS(a_ )s +(s)(a> }

—Sn

- fim —— 0)s, H !
__sler?nasinascos(a_ Isn Ho(sn) (5)

1 r
=— —1cos(a —0)s, H.(sp) (E)
o sin (n -3 T

- T\ 75
=-— cos(a — 0)s, H,(s,) (E> , n=123,..

The residues for the second integral in (4.3) are

—Sn
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(§—s,) sinfs (_)—S

Resi S, = lim
est SLsn cosas S h
(=" sinBs, (r)
T« h
1 -2(— 1)" 1) 2
J— . N\ "Sn
== —(Zn ) sin@ s, (E)

The residue theorem gives

[oe]

W(r,0) = ;—; Z(—l)” cos(a — 0)s, H,(s,) (2)

n=1

—Sn

20 N (D" ry\=
— 151n95n (E) r=a, r=>h

[ n-—
H n=1

or

W(r,8) = —% i(—l)” cos(a — 8)s, H,(S) (g)m

- ()"
UT 2n—1

n=1

h\*n
sinf s, (;) a<r, h<r

When the asymptotic nature of (3.68) is considered, the dominant term is that for which n = 1. That is

1 ast 1 hy\*
W(r,0) = oz cos(a — 0)s; H.(sy) (;) + IH sin6 S, <;)

a<sr, h<r
or equivalently,
T T
1 T aNzg 1 T (h\2a
W(r,0) = o cos —(a —0) H, (Za) (—) + IH sin@ oz (;)
r=a, r=h
Using (3.1) and (4.13) gives the stresses
0) =22 (r,0)
0:\17) =3 9\

0g,(1r,0) = —{Zz—asm—(a 0)H, (%) (%)%H + nz—h cos % (g)%ﬂ} (4.14)

r=a, r=h
and

L1

1 et 2 0 h
=u %cos—(tx —0)H, (20:) (— %) (g)za + Tk sin 72T_a (— %) <;)2a
n

kL3 +1
T ) U TN A\2g™t 2 | ml (h)za
=——{—cos—(a—6)H, = - _ (=

20 | 2aa COS (a 9 (Za) (r) +1Th s 20 \r

For—-a<6<0

We use (4.4) to indicate that the poles are simple and located at
1\ m

S, = (n -2, n=123,..

The residues for the first integral are
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— Sn -S

cos(a + 6)sH,(s) (2)

—Sn

Resi S, = lim
S-spcosa s

_ 1 fcos(a+ 0)s, Hy(sp) (2)

asinas S=s,

1 AN
e T e
asin\n-—zJn
_ _(_17)114-1 cos(a + 0)s, H,(sp) (2)

(_;)n cos(a + 6)s, H,.(sp,) (2)—5,1

Sn

—Sn

Residues of the second integral are

Resid tS = =1
(Residue a Sn) sl»rglcosas S

sin@ s, (r)—sn

S—s, sinfs (r)—s
h

1 _
=—— S, \h

asina s
S=s,

_ —2(=1)™*1 sin@ s, (T’)_Sn

T a(2n—-1 S, \h

The residue theorem then leads to

—Sn

W(r,6) = —% Z(—nn cos(a + 6)s, H,(s,) (g)

20 © (-D" r\~Sn
EZZn_lsmGsn (E) , r=a, r=>h
n=

or equivalently

W(r,0) = —% Z(—l)n cos(a + 0)s, H,(s,) (%)Sn

2 Q ¢ (D" ryon
- = in 6 —-) ,r=a, >h
P n=12n_1sm Sn (h) r=a T
The dominant term in (4.16) and (4.17) occurs when n = 1.

Therefore
1 st 2Q h\ St
W(r,0) = o cos(a + 0)s; H.(s;) (;) + @ sin@ S, (;) , r=a, r>h
That is
1 T T a % 2Q T (h
= — H. (—) (= < sing — (=
W(r,8) o cos(a + 0) g+ (Za) (r) + p” sinf o (r)
The corresponding stresses are obtained from (3.1) and (3.74)
u ow
09,(1,0) = - ﬁ(r, 6)
3 L
u 1 n T T a\zg 20w o <h)2a
=—|—-— —sin— OH, (—) (- — — (=
| 2a 2¢° " 2a (@+ O)H, (Za) (r> au 2a 05 22 \r

3 KL
m u . om T a\zg+? 2 0 (h\2a
= E —%smﬁ(a’ + 9)H+ (E) (;) +a— Cc0oS — <—>

ry=a r=h

aw
Orz (T’, 9) =u W (T', 9)
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1 1 a1 20 701 shyzat!
= iggeosgg @+ O () (~50) g (O +5 0 (Ca)sm e ()

b4 LS
T T T a\zgtl 2Q | mO (h\2a
=———q-—cos—(a+6)H, (_a) (;) + T sin — (;)

2a | 2a 2a

r=a, r=h

3.4. Fields at the Crack Tip

Fig. 2 Local Polar Coordinate (p , @) at the crack tip

(4.20)

To investigate the fields at the crack tip, we introduce a local polar coordinate system. ( p, @) With origin at the tip there.

Then the cosine rule gives
r? =a? + p%? — 2ap cos(m — @)

The crack tip is approached if the following conditions are satisfied.
6 =0,r~a,p=0 and p—0
The cosine rule then yields
r2=a’+2apcosp, p-0

That is,
\2 p
=) =1+2- , 0
(a) + acos<p p—
Or
1
ro p 2
a—(1+25cos<p) , p—0 2
_ p p
—1+acos<p+0(a) , p—0

Hence, conditions (4.21) are equivalent to

r
920,5—>1, =0 and p—-0

The vector triangle rule applied in the triangle OAB produces OA + AB = OB. That is
re? = ae'® + pe'®
Hence,
rcos@ +irsinf = acos0+isin0+ pcose + ipsing

31
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rcosf + irsinf =a+ pcose + ipsing
Then,
rcos@ =a+pcosep (condition (4.21) or (4.22) holds) (4.24)
rsinf = psing

The Maclaurin series expansion for sin 8 and sin™! 8 are

® 2n+1
' 9:2—1”—
st _0( " G
o3 g5
AR TR T
=9+92<—£+9—3— )
31 5l
=6+0(6%), 6 -0 (4.25)
*© 2n+1
~ "(2n+1)! m o220 (pl)2
g 193+1.395
B 23 245
0402 19+1'393+
B 23 245
=0+0(6%), 6 -0 (4.26)

From (4.25) and r =~ a, we get
. p .
sinf = p sing
Thus, referring to (4.26), we get
1 (P .
— 1 (=
6 = sin (a sin <p)

2
=§sin<p+o[(§)] . p-0 (4.27)

The Brownwich integral will be evaluated by the method introduced by Choi & Earmme (2001). The method requires taking
¢ = 0 and integrating from —ioo to ico. It also requires dividing the interval of integration into three. That is

(—ioo, io0) = (—ioo, i (g)ﬁ) U (—i (g)ﬁ i (g)ﬁ) U (i (f)ﬁ,ioo>, —1<B<0 (428)

Advantage is then taken of the integration properties of integrals of continuous functions on a symmetric interval in the two
B B
symmetric integrals associated with (—ioo, i) and (—i (g) ,1 (5) ) The local crack tip condition, r ~a,0 =~ ¢ asp — 0 ie

T . . . . (P B p B .
P 1 is associated with the interval (—l (Z) ,1 (;) ), and subsequently with the other two.

Then, for0 <8 < a,as0 - ¢,0 >0, > 0,p >0
(4.27)becomes 0 < p < «

Wo.n =5 [ 316 () o (429)
i(2 =S i(2 d 1 S 1 i 1 \ "
= Z%if__i;gg)ﬁim(s) (2) ds + %mf_EZZ)BEHJ,(S) (Z) ds + z—m,f_i(g)/;EHJ,(s) (5) ds
Let _i(B)B
1 (1 .
L= SH(9) (E> ds (4.30)

—ioo
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I, = % f %H+(s) (2)_5 ds (4.31)
(%)
I =% f %H+(s) (2)_5 ds (4.32)

=S
For I, we use (g) = 1 because r = a and 6 — ¢ implies £ — 1; this relation is called into play whenever I, is involved.

@

In(1+s)=s+0(s?), s-0

For I; and I3 we use

— eln(a)_s — e—sln(g) — e—sln(l+§cos<p) — e—s%cosq) (4.33)

We have used

Let
ioco
I 1H AN d 4.34
o= [ E) ds (434)
—ico
Then
Wpe)=lh=hL+L+I;
Since the definite symmetric integral of an analytic function, with constant limits of integration, is a constant, it follows that
in (4.33)

Iy = co
With (2) T 1 in all the integrands involving I,, we have
(&)
I, = i J 1HJr(s)ds
2mi 2
(3’
@
=Co =5 §H+(s)ds—r J EH+(5)d5
(@)
To convert the integration limits to real quantities, we make a change of variables through S = —i7 in the first integral. Then

ds = —idt,s = —io
implies T = 0,5 = —i (B)ﬁ implies T = i(g)ﬁ
P , P 14 e
In the second integral, we let s = it. Then,

. L . (PN . 2\
d = d , S = l = 00,5 = — l - (=
s =idt,s = ico implies T s l(a) implies T (a)
Then,

4mi 5
6

I, =Cy— L H,(—it)(—idt) — 4Lm f H, (it)(id7)

1 [00)
=Cy——— f [H,(—it) + H, (iT)]dT

®"
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1o .
Co ~ f [Hy(—it) + H, (i7)]dT (4.35)

®'

It is pertinent to understand the asymptotic behavior of H, (s) as |s| = oo In order to evaluate the improper integral. From
(3.50)

2Q [L4(0) = L_(s)
H =—|— -
+(s) [ @, (s)
From (3.43)
1 3
. (s) =az82, [s| = o
Hence
Q[L.(0) +(5)]
H,.(s) = [ 4.36
* @, (s) CD+(5) ( )
Because
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The numerators in the series are constants, k, ,n = 1,2,3, ... [s| = o
Ly(S) _1 i (—1)"Ky, L.(0)
=— ) —— — -0 fasterthan
e, (5) w ( S — Vn) aési @..(S)
Therefore, the dominant term in (4.36) is
2Q L.(0)
Hy(s) =— —7 IS| = e (4.37)
. K az 52
From (4.37) and using i = ez, we have
) 2Q L.(0)
H,(it) = — %
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Thus,
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Substituting the above result into (4.35) leads to
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cos—
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B

. 2L S m(_ ()2 18
_CO 3w a% COS4< (a) ) (2 <2<0)

1

22Q p\¥ B
=Co+—= L,(0) (=) , v=—=>0

0 anas (a) 2
Therefore
I, = C,, p—-0 (4.37)

Next, we recall from (4.30) and (4.33) that

1 1 _sP
11 = ﬁ J E H+(S)€ SaCOS(pdS
—l00
I; can be converted to an improper integral with real value limits of integration by making the change of variable from s to T

through s = —it, then
a

ds = —idt,s = —io gives Tt = S:—i(g) givesrz(g)
@'

1 1 . p
L H+(_ir)e+lracosq)dr
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1 2 ) 2
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— E f H+ (_lT)e+l‘[a cos (/JdT
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@

From (3.88) and (3.89)

—joo
1 1 P
I; = 5= JB > H, (s)e *a®*?ds
i(2)
The change of variable from s to t is effected to make I; an improper integral with real value limits by setting s = it, then

ds = idr, s = i implies T = 0,5 = 2 (g)B implies T = (g)

Then
1 1 )
I = — ZH.( —iT'>cos @
3= 62 +(in)e a dt
6
Consequently,
I o+1. = 1 [H (i —itRcos ¢ H.(—i it2cos @ d 4.39
1T = +(in)e e + Hy(—it)e"a T (4.39)
®'
a

Behaviors oo dominate the consideration of the functions in the integrands. To make computations tractable, we use the fact
that at infinity and at 0, we have
—irﬁsin(p _ { 0 if T—>®
e« N 1 ift—>0 (ilep-0) (4.40)
We then write (4.39) as
2

1 r : P P
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Using the entry of Gradshyteyn & Ryzik (1990) given as
f o? e ™ do = n7"T'(v,qu),u > 0,Re n >0
u

and
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Accordingly, with o = 7,v = _71,77 = ig e~ and (3.98)
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Use has been made of (4.44)

Next, with o = 7,v = —% = _iseiq)
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1 1
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Hence, from (4.41)

1
1 2Q L,(0) P\Z [ i(aT) (ST
11 + 13 471_ I ? —2\/5 (—) (e 2 2) e 2 2)) p - 0
1
1 —4mQ L+(0) p\2 p
= P Z(a) cos(§+ E) p—0
az
1
—20Q P\2 ®
=11 L0~ (5) (Sm E)
UTTZ 2
1
20Q PNZ @
=— L+(O)(E) sin - p—-0
U2 a2
Consequently, for0 < ¢ <
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From (4.4), 8 = ¢,0 = 0 implies ¢ = 0,7 —» a implies p -0
We have
c+ico
Wp,0) = — f 1H5(r)_sd
(0. ) =5 | 732 +(8) () ds
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A repeat of the computations leads to the same result given in (4.46)

3.5. Analysis
We have derived the displacement and stress fields in closed form.

(4.45)

(4.46)

In the neighborhood of the crack tip given by (4.5), (4.6) and (4.7) for 0 < 0 < a, 0 <r < a and (4.8), (4.9)and (4.10).

For—a <6 <0,0 <r < a, we see that
Vs T

W(r,0%) = —% {% G_ (g) + (%)E (2)&} ro0r<a
g<

Hence W(r,0") = —-W(r,07)
That is
W, 0") —W(@,00) = =2W(@r,0)asr—>0, r<a
09, r,01) =0 and gy, (,07) =0 r<a

o= 2o (DGO e

o 0 == 2 {6 (D)4 1O r<a
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Since,

In which case, we notice the jump given by
0y, (r,0%) — 0y, (r,07) = =2 0,, (r,07)

Because (3.51) gives
L,(0)+L_(s)
G_(S)=Q|——————
$) =0 [ o)

It follows that
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T L,(0)— L (=D
()= (452)

Substituting (4.52) into (4.47) — (4.50) gives the fields in closed form

The fields ahead of the crack tip are given by (4.13), (4.14), and (4.15) as 8 —» 0%, r > a and by (4.18), (4.19) and (4.20)
as 8 —» 07, r > a for this case

W(r,0%) =0 (4.53)
W(r,07) =0
oyom (e g (my 2 et eyt Nom e g (m
% (1,07) = 2a {Zaa Hy (Za) + Th (a) } (T) r>a (4.54) % (1,07) = 2a (2aa Hy (Za) +
2 (magtl) fa\aetl
Z (3 } Gy r>a (455
0, (r,07) =0 (4.56)
0,,(r,07) =0

Hence, the continuity conditions are satisfied.
Substituting H, (%) = #ila) [L+ 0 -—-1L, (%)] into the fields yields closed-form expressions. The fields at the crack tip r =

a are assessed by use of (4.46) for the Mode III stress intensity factor, which is defined by Tada et al. (1993)

1
Ky (2r\2 6
W(r,0) =— (—) cos—
u \m 2
or
0g,(r,0) = —K;;; ——sin—
0z(1,6) RN
Ignoring the constant term in (4.46), which signifies rigid displacement, we get
1
20 PN\Z . P
W(p,9) =—751 L:(0) (7) sin3 p—0
11 a 2
Umz a2
1
V2Q L,(0) (2_;))7 in?
vaa U 4 2

Hence, (SIF)

’ 2

K= |— L.(0 4.57
11 ca QL.(0) ( )
From the results

a) W(r,0") #—-W(,0)asr » 0,r < ain (4.47) implies that the displacement field is discontinuous for r < a,8 = 0

b) W(r,0Y)=W(@r,07)=0 r>a in (4.53) implies that the line of symmetry 8§ = 0, r > 0 is not deformed, though
displacement across it is continuous.

c) 0g,(r,07) = 0g4,(r,07) = 0,7 < a in (4.49) is an indication that the crack surface is traction-free.

d) 0g,(r,07) = 04,(r,07), r > ain (4.54) and (4.55) shows that the tearing stress ahead of the crack is continuous across the
line of symmetry 68 = 0.

e) 0, 0")=0,r0)=0 r > a in (4.56) shows that the stress in the radial direction is continuous.

) K= \/?—a QL,.(0) of (4.57) indicates that the mode III stress intensity factor at the crack tip is independent of the

material constant ¢ and linearly dependent on the applied traction Q
4. Discussion
A cracked infinite wedge under antiplane shear has been investigated for the nature of its displacement and stresses at the

wedge apex and crack tip. The stresses were found, and the Mode III stress intensity factor was found to be linearly dependent
on the prescribed traction Q. The findings of Shahani [9] noted the derivation of closed-form relations for the stress distribution
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in the wedge. The task was to solve equation (3.2) subject to (3.3) - (3.8) by the method of infinite Mellin transform equation
(3.10), by the use of integration by parts formula (3.14).

The transform plane displacement W (S, ) is obtained by the use of the inversion formula equation (3.11) for the infinite
Mellin transform. Also, the asymptotic behavior of the stresses and their satisfaction of (3.13) determines bounds for W (S, 0)
expected behavior of the stresses concentrated at sharp corners, yield the expected behavior as the stresses are expected to vanish
to infinity, is (3.16). The transform plane problem solved is therefore (3.18) - (3.22), writing the solution of (3.15) as (3.23) leads
to (3.24). The coefficient, A;(s) and B;(s) i = 1,2 will be deduced from the boundary conditions from (3.19) and (3.20), we get
(3.25). Addition of (3.24) and (3.25) gives (3.28). Incorporating (3.26) and (3.27) into (3.28) gives (3.29). From the behavior of
(3.15), it follows that H(s) is a right half plane function, that is, H(s) should be replaced by H,(s), on the other hand, the

behavior of (3.16) with € = % yields that G(s) is analytic in the left half plane Re s < % and should be written as G_(s), that

brought about equation (3.29) as the two overlapping functions H, (s) and G_(s) that yields equation (3.30). Equation (3.30) and
its equivalent (3.31) are known as Wiener-Hopf equation application of Wiener-Hopf technique to (3.31) yields (3.32) — (3.35)
when (3.34) is substituted to (3.32) it becomes (3.36) with the help of infinite product and their gamma function equivalents we
were able to arrive at (3.46) and the decomposition of (3.46) with the aid of the mittag-leffer’s expansion theorem for seca s
makes (3.36) to be (3.49). By Liouville’s theorem, that makes the function (3.49) equal to a constant C = L, (0) leads to (3.50)
and (3.51). The transformed displacement obtained from (3.23) W (S, 8) (A Wiener — Hopf problem) gave birth to (3.52) and
(3.54). In view of (3.54), the forms of W (S,0) For 0 < 8 < a, we use (3.52) and (3.54) to get (3.55). For —a < 6 < 0, we use

(3.53) and (3.54) to get (3.56). W (S, 6) has the form max (=2 ,2— 1) < ¢ < 3 In terms of G(s) obtained in (3.52) and (3.53),

for0 < 0 < a,(3.53) isused to get (4.1) for —a < 6 < 0, and (3.53) is used to get (4.2). Alternatively, equivalent forms in terms
of H, (s) given by (3.56) for 0 < 6 < a produces (4.3) and —a < 6 < 0 produces (4.4).

4.1. Displacement at the Crack Region

Because we are interested in the displacement and stresses at the wedge tip, we consider the evaluation of (4.1) and (4.2) as
r — 0. The results are expected for 0 <r <a, 0<r <h and 0 < a < 7. Utilizing (3.1) and (4.5) W (r, ) leads to the
stress equation (4.6) a,., (r,6) and (4.7) g,, (1, 0). Again, by the residue theorem, these produce w(r, 0), the dominant term, as
r — 0 occurs when n = 1, hence equation (4.8). Use of (3.1) and (4.8) gives ay, (1, 0) (4.9) and a,, (r,8) (4.10).

4.2. Displacement of the Region beyond the Crack Tip r > a,—a < 0 < a.
In this case, we need the powers of % to be positive or powers of 2 to be negative so that the corresponding series will

-5
converge. To obtain negative powers of (2) (4.3) and (4.4) will be used to produce (4.11) and (4.12). When the asymptotic

nature of (4.12) is considered, the dominant terms for n = 1 will produce (4.13). Then, using (3.1) and (4.13) gives the stresses.
0g, (1,0) (4.14) and (4.15) g, (r,0). The dominant term in (4.16) and (4.17) occurs when n = 1, producing (4.18) W (r,0),
then the corresponding stresses are obtained from (3.1) and (4.18) to produce (4.19) and (4.20) gy, (r,0) and o,, (r,0)
respectively.

4.3. Fields at the Crack Tip

To investigate the fields at the crack tip, we introduced a local polar coordinate system. (p, ¢) With origin at the tip, with
the help of the cosine rule 72 = a® + p? — 2ap cos(m — ¢).Taken advantage of the integration properties of integrals of
continuous functions on a symmetric interval in the two symmetric integrals associated with (—ioo, ic0). We were able to come
up with equation (4.46), which is the field equation at the crack tip or Kj;; (SIF).

5. Conclusion

The infinite Mellin transform was used to derive two half-known functions that were connected by a Wiener-Hopf equation.
The Wiener-Hopf technique was employed to get the transformed displacement. Different fracture parameter responses at
different regions of the wedge were obtained due to the presence of the crack.

a) This research has shown that the stress intensity factor is independent of material property but linearly depends on the
concentrated load. Therefore, tradespeople should understand that, irrespective of the structural material, there is a certain
fracture response dependent on the application of load.

b) This research shows that along the crack surface of the material, there is no continuity of displacement. This can lead to
structural failure and waste of resources when applied to work without remedy.

¢) The result shows that the failure of such wedges described here does not depend on the choice of material but on loading.
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d) Finally, we have provided a closed-form solution for the determination of stress and displacement for such wedges as
described in this work.

Recommendation

This method can be extended to wedges with other types of loading, such as distributed load. Further investigation can be
carried out to determine the maximum value of the length of the crack ‘a ’ for which the material can sustain reliable form in
service.

Contribution to knowledge

a) This research has shown that the stress intensity factor is independent of material property but depends on the concentrated
load. Therefore, tradespeople should understand that, irrespective of the structural material, there is a certain fracture
response to the application of load.

b) This research shows that along the crack, the displacement is not continuous, indicating that failure and waste of resources
can set in unless remedial measures are taken before the material is applied in work.

c) The result shows that the failure of such wedges described here does not depend on the choice of material but on loading.

d) We have provided a closed-form solution for the displacement everywhere in the wedge, which will enhance the
determination of stresses at the appropriate parts of the material
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