
International Journal of Mathematics Trends and Technology                                                             Volume 72 Issue 7, 1-9, July 2026 

ISSN: 2231-5373/ https://doi.org/10.14445/22315373/IJMTT-V72I7P101                                                    © 2026 Seventh Sense Research Group®    
       

 This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/) 

Original Article  

 

  New Congruences for (2,5)-Biregular Overpartition 
 

Pradip Bahadur Chetri1, Hemen Bharali2, Kanan Kumari Ojah3  
 

1Department of Mathematics, Lumding College, Lumding, Assam, India. 
2Department of Mathematics, Assam Don Bosco University, Sonapur, Assam, India. 

3Department of Mathematics, Suren Das College, Hajo, Assam, India. 

1Corresponding Author : pradip3101@gmail.com  
 

 

Received:  23 May 2026                        Revised: 28 June 2026                        Accepted: 14 July 2026                           Published: 30 July 2026 

 

Abstract - Let 𝑅𝑙,𝜇 denote the number of overpartitions of an integer 𝑛 ≥ 0 such that no parts of 𝑛 is a multiple of 𝑙 and 𝜇, 

with 𝑙 and 𝜇 being coprime. In this paper, we have established a number of infinite families of congruences and many 

Ramanujan-type congruences modulo powers of 2 for 𝑅2,5(𝑛). 
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1. Introduction  
 A partition of a positive integer 𝑛 is a non-increasing sequence. 𝜆1 ≥ 𝜆2 ≥ 𝜆3. . . . . . ≥ 𝜆𝑚 of positive integers whose sum is 

𝑛, where 𝜆1, 𝜆2, . . . . . . , 𝜆𝑚 They are called the parts of the partition. 

 

The generating function for 𝑝(𝑛) is defined as  

∑

∞

𝑛=0

𝑝(𝑛)𝑞𝑛   =
1

(𝑞; 𝑞)∞
=
1

𝑓1
 

  

 with |𝑞| < 1 and the standard 𝑞 − Pochhammer symbol (𝑎; 𝑞)∞ is defined as  

(𝑎; 𝑞)∞ =∏

∞

𝑛=0

(1 − 𝑎𝑞𝑛) 

and    𝑓𝑘 = (𝑞
𝑘; 𝑞𝑘)∞ =∏

∞

𝑚=0

(1 − 𝑞𝑘𝑚)    for    𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠    𝑘 ≥ 0 

  

 The study of the arithmetic properties of the partition function 𝑝(𝑛) was initiated by Ramanujan [21, 22]. He established 

the following celebrated congruences, valid for all  𝑛 ≥ 0: 

 

𝑝(5𝑛 + 4)    ≡ 0 (𝑚𝑜𝑑 5) 
𝑝(7𝑛 + 5)    ≡ 0 (𝑚𝑜𝑑 7) 
𝑝(11𝑛 + 6) ≡ 0 (𝑚𝑜𝑑 11) 

   

Let 𝑙 ≥ 1 be an integer. An 𝑙 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 partition of an integer 𝑛 ≥ 0 is denoted by 𝑏𝑙(𝑛) Moreover, it is defined as a partition 

of 𝑛 in which no part of 𝑛 is a multiple of 𝑙. The generating function of 𝑙 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 partition is given by  

 

∑

∞

𝑛=0

𝑏𝑙(𝑛)𝑞
𝑛 ≡

𝑓𝑙
𝑓1

 

  

 The arithmetic properties of 𝑏𝑙(𝑛) have been studied by many mathematicians. In [4], Cui and Gu have investigated 𝑏𝑙(𝑛) 
for 𝑙 = 2,4,5,8,13,16 and found many infinite families of congruence modulo 2. After that, many researchers studied 𝑏𝑙(𝑛). 
For references one can see [1, 2, 3, 5, 6, 7, 8, 9, 10, 11]. 

http://www.internationaljournalssrg.org/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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 An overpartition of n, denoted by 𝑝(𝑛), is a partition of 𝑛 such that the first occurrence of a part may be overlined. Corteel 

and Lovejoy [12] defined the generating function for the overpartition function as follows:  

∑

∞

𝑛=0

𝑝(𝑛)𝑞𝑛 =
𝑓2

𝑓1
2 

For 𝑛 = 3, we have  𝑝(𝑛) = 8 given by  
3,  3̅, 2 + 1,  2̅ + 1, 2 + 1̅,  2̅ + 1̅, 1 + 1 + 1, 1̅ + 1 + 1 

  

 Nadji, Ahmia and Ramirez [14] studied the congruence properties of Biregular Overpartition. If 𝜆, 𝜇 ≥ 1 be positive 

integers with 𝑔𝑐𝑑(𝜆, 𝜇) = 1, then an (𝜆, 𝜇) − 𝑏𝑖𝑟𝑒𝑔𝑢𝑙𝑎𝑟 overpartition of a positive integer 𝑛 is a partition of 𝑛 so that no parts 

are multiples of 𝜆 or 𝜇. It is denoted by the symbol. 𝑅𝜆,𝜇(𝑛). The generating function of 𝑅𝜆,𝜇(𝑛) is defined as 

  

∑

∞

𝑛=0

𝑅𝜆,𝜇(𝑛)𝑞
𝑛 =

𝑓2𝑓𝜆
2𝑓𝜇

2𝑓2𝜆𝜇

𝑓1
2𝑓2𝜆𝑓2𝜇𝑓𝜆𝜇

2
(1.1) 

 

Thus, 𝑅2,5(5) = 6, given by 3 + 1 + 1, 3̅ + 1 + 1, 3 + 1̅ + 1, 3̅ + 1̅ + 1, 1 + 1 + 1 + 1 + 1, 1̅ + 1 + 1 + 1 + 1.  

  

 The authors established many Ramanujan-type congruences and several infinite families of congruences modulo 3 and 

powers of 2 𝑅𝜆,𝜇(𝑛) for the pairs (𝜆, 𝜇) ∈ {(4,3), (4,9), (8,3), (8,9). Among their notable findings were congruences of the 

form 

𝑅4,3(4𝑛 + 2) ≡ 0 (𝑚𝑜𝑑 4) 

𝑅4,3(8𝑛 + 4) ≡ 0 (𝑚𝑜𝑑 8) 

𝑅4,3(8𝑛 + 6) ≡ 0 (𝑚𝑜𝑑 16) 

𝑅4,9(4𝑛 + 3) ≡ 0 (𝑚𝑜𝑑 8)  
 

Recently, in the paper [13], Alanazi et al. studied the properties of 𝑅𝜆,𝜇(𝑛). The authors established seven-way 

combinatorial identity which are related to 𝑅𝜆,𝜇(𝑛). The authors also establish many new congruences for 𝑅𝜆,𝜇(𝑛). For 

example, they showed that 

𝑅2,3(9𝑛 + 6) ≡ 0 (𝑚𝑜𝑑 6) 

𝑅4,3(9𝑛 + 3) ≡ 0 (𝑚𝑜𝑑 6) 

𝑅4,9(12𝑛 + 4) ≡ 0 (𝑚𝑜𝑑 12) 
 

 Meher [15] established many families of new congruences modulo powers of 2 and 3 with (𝜆, 𝜇) ∈
{(2,9), (5,2), (5,4), (8,3)} and in general for (5, 2𝑡) for all 𝑡 ≥ 3 and for (4, 3𝑡), (3, 2𝑡) for all 𝑡 ≥ 1.  

 

 Inspired by the aforementioned studies, we concentrate on the (2,5)-biregular overpartition function to explore its 

arithmetic characteristics. Utilizing generating function methods and 𝑞-series dissections, we derive multiple new congruences 

modulo powers of 4 and 8. These congruences are distinct from the known results in the literature. Our findings offer 

additional proof of the complex arithmetic nature of biregular overpartition functions and broaden the current set of known 

congruence relations in this field. 

 

2. Preliminaries  
Ramanujan’s general theta function 𝑓(𝑎, 𝑏) [17, pp. 34, 18.1] is given by  

 

𝑓(𝑎, 𝑏) = ∑

∞

𝑛=−∞

𝑎
𝑛(𝑛+1)
2 𝑏

𝑛(𝑛−1)
2 = (−𝑎; 𝑎𝑏)∞(−𝑏; 𝑎𝑏)∞(𝑎𝑏; 𝑎𝑏)∞, |𝑎𝑏| < 1                                                                      (2.1) 

 

 Three special cases of 𝑓(𝑎, 𝑏) are defined for |𝑞| < 1, by [17, p.36, Entry 22]  

𝜙(𝑞) = 𝑓(𝑞, 𝑞) = ∑

∞

𝑘=0

𝑞𝑘
2
=

𝑓2
5

𝑓1
2𝑓4

2
(2.2) 
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𝜓(𝑞) = 𝑓(𝑞, 𝑞3) = ∑

∞

𝑘=0

𝑞
𝑘(𝑘+1)
2 =

𝑓2
2

𝑓1
, (2.3) 

𝑓(−𝑞) = 𝑓(−𝑞,−𝑞2) = ∑

∞

𝑘=0

(−1)𝑘𝑞
𝑘(3𝑘+1)

2 = 𝑓1 (2.4) 

 

This section consists of some important 2 and 3-dissections. We also present 𝑝 − dissection of 𝜓(𝑞) and 𝑓1.  

 

Lemma 2.1 [16, Equation (1.10.1)] The following 2-dissections hold  

 

1

𝑓1
4 =

𝑓4
14

𝑓2
14𝑓8

4 + 4𝑞
𝑓4
2𝑓8

4

𝑓2
10

(2.5) 

 

Lemma 2.2  [16, Equation(14.8.5)] We have, the following 3-dissection  

 

𝑓1
3 =

𝑓6𝑓9
6

𝑓3𝑓18
3 + 4𝑞

3
𝑓3
2𝑓18

6

𝑓6
2𝑓9

3 − 3𝑞𝑓9
3 (2.6) 

 

Lemma 2.3 [6] We have the 2-dissections  

 

𝑓5
𝑓1
=
𝑓8𝑓20

2

𝑓2
2𝑓40

+ 𝑞
𝑓4
3𝑓10𝑓40

𝑓2
3𝑓8𝑓20

(2.7) 

𝑓1
𝑓5
=
𝑓2𝑓8𝑓20

3

𝑓4𝑓10
3 𝑓40

− 𝑞
𝑓4
2𝑓40

𝑓8𝑓10
2

(2.8) 

 

Lemma 2.4  [4, Theorem 2.1]  For any odd prime 𝑝, we have  

 

𝜓(𝑞) = ∑

𝑝−3
2

𝑘=0

𝑞
𝑘2+𝑘
2 𝑓 (𝑞

𝑝2+(2𝑘+1)𝑝
2 , 𝑞

𝑝2−(2𝑘+1)𝑝
2 ) + 𝑞

𝑝2−1
8 𝜓(𝑞𝑝

2
). 

  

 Moreover, for 0 ≤ 𝑘 ≤
𝑝−3

2
, 

𝑘2 + 𝑘

2
≡
𝑝2 − 1

8
(mod8) 

 

Lemma 2.5  [4, Theorem 2.2] For any prime 𝑝 ≥ 5, we have 

  

𝑓1 = ∑

(𝑝−1)/2

𝑘=−(𝑝−1)/2

𝑘≠±(𝑝−1)/6

(−1)𝑘𝑞(3𝑘
2+𝑘)/2𝑓(−𝑞(3𝑝

2+(6𝑘+1)𝑝)/2, −𝑞(3𝑝
2−(6𝑘+1)𝑝)/2) + (−1)(±𝑝−1)/6𝑞(𝑝

2−1)/24𝑓𝑝2 

 

 where  

 
±𝑝−1

6
= {

𝑝−1

6
, if 𝑝 ≡ 1(mod6),

−(𝑝−1)

6
, if 𝑝 ≡ −1(mod6).

 

 

Furthermore, if  

−
𝑝 − 1

2
≤ 𝑘 ≤

𝑝 − 1

2
, and 𝑘 ≠

±𝑝 − 1

6
, 

  

 then  



Pradip Bahadur Chetri et al. / IJMTT, 72(7), 1-9, 2026 

 

4 

3𝑘2 + 𝑘

2
≡
𝑝2 − 1

24
(mod𝑝) 

   

Lemma 2.6 [16, p. 212] We have the following 5-dissection formula:  

𝑓1 = 𝑓25 (𝑎(𝑞
5) − 𝑞 −

𝑞2

𝑎(𝑞5)
), 

 where  

𝑎:= 𝑎(𝑞): =
(𝑞2, 𝑞3, 𝑞5; 𝑞5)∞
(𝑞, 𝑞4, 𝑞5; 𝑞5)∞

. 

  

 Lemma 2.7 [24, Lemma 1.2]  We have the binomial theorem  

 

𝑓𝑝𝑚
𝑝𝑘−1𝑗

≡ 𝑓𝑚
𝑝𝑘𝑗
(mod𝑝𝑘) 

  

 where 𝑝, a prime and 𝑘,𝑚, 𝑗 are positive integers. In particular, the following congruences will be used frequently; 

consequently, explicit reference to this lemma may be omitted in many instances. 

 

𝑓𝑚
2𝑘𝑗
≡ 𝑓2𝑚

2𝑘−1𝑗
(mod2𝑘) 

 

 For an odd prime 𝑝 and 𝑎 any integer coprime to 𝑝, the 𝐿𝑒𝑔𝑒𝑛𝑑𝑟𝑒  𝑠𝑦𝑚𝑏𝑜𝑙 (
𝑎

𝑝
) is defined as  

(
a

p
) = {

1, if a is a quadratic residue of p,
−1, if a is a quadratic non − residue of p.

 

  

3. Results and Discussion  

Theorem 3.1 Suppose 𝑝, a prime with (
−5

𝑝
) = −1 and 1 ≤ 𝑢 ≤ 𝑝 − 1. For all 𝑛 ≥ 0, 𝛽 ≥ 0 and 𝑛1 = 13,17, we have  

𝑅2,5(4𝑛 + 3) ≡ 0(mod4) (3.1) 

 

∑

∞

𝑛=0

𝑅2,5 (5
𝛽 ⋅ 𝑝2𝛿 ⋅ (4𝑛 + 1)) 𝑞𝑛 ≡ 2𝑓1𝑓5(mod4) (3.2) 

 

𝑅2,5(4 ⋅ 5
𝛽+1 ⋅ 𝑝2𝛿 ⋅ 𝑛 + 𝑛1 ⋅ 5

𝛽 ⋅ 𝑝2𝛿) ≡ 0(mod4) (3.3) 

 

𝑅2,5 (5
𝛽 ⋅ 𝑝2𝛿+1((4𝑛 + 1)𝑝 + 𝑢)) ≡ 0(mod4) (3.4) 

 

Proof. Setting 𝜆 = 2 and 𝜇 = 5 in (1.1) gives 

∑

∞

𝑛=0

𝑅2,5(𝑛)𝑞
𝑛 =

𝑓2
3𝑓5

2𝑓20

𝑓1
2𝑓4𝑓10

3
(3.5) 

 Employing (2.7) in (3.5) yields 

∑

∞

𝑛=0

𝑅2,5(𝑛)𝑞
𝑛 =

𝑓2
3𝑓20

𝑓4𝑓10
3 (

𝑓8𝑓20
2

𝑓2
2𝑓40

+ 𝑞
𝑓4
3𝑓10𝑓40

𝑓2
3𝑓8𝑓20

)

2

(3.6) 

 

Extracting the odd-power terms from (3.6) yields 

∑

∞

𝑛=0

𝑅2,5(2𝑛 + 1)𝑞
𝑛 ≡ 2

𝑓10
2 𝑓2

2

𝑓1
2𝑓5

2
(3.7) 

By Lemma 2.7, (3.7) yields 

∑

∞

𝑛=0

𝑅2,5(2𝑛 + 1)𝑞
𝑛 ≡ 2𝑓2𝑓10(mod4) (3.8) 
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Extracting the coefficient of 𝑞2𝑛+1 from (3.8) yields (3.1). 

Upon extracting the coefficient of q2nq^{2n}q2n from (3.8), the following expression is obtained: 

 

∑

∞

𝑛=0

𝑅2,5(4𝑛 + 1)𝑞
𝑛 ≡ 2𝑓1𝑓5(mod4) 

 

 Thus (3.2) is true for 𝛽 = 𝛿 = 0. Assume (3.2) is true for some 𝛽 ≥ 0 with 𝛿 = 0. Employing Lemma 2.6 in (3.2) gives  

 

∑

∞

𝑛=0

𝑅2,5(5
𝛽(4𝑛 + 1))𝑞𝑛 ≡ 2𝑓5𝑓25 (𝑎(𝑞

5) − 𝑞 −
𝑞2

𝑎(𝑞5)
) (mod4) 

 

Extracting the terms containing q5n+1q^{5n+1}q5n+1 from the last congruence yields 

 

∑∞𝑛=0 𝑅2,5 (5
𝛽+1(4𝑛 + 1)) 𝑞𝑛 ≡ 2𝑓1𝑓5(mod4) (3.9) 

 

 (3.9) is the 𝛽 + 1 case of (3.2) with 𝛿 = 0. So, (3.2) is true for all 𝛽 ≥ 0 with 𝛿 = 0. Assume (3.2) is true for some 𝛿 ≥ 0. 

Employing lemma (2.5) in (3.2), we obtain  

 

∑

∞

𝑛=0

𝑅2,5 (5
𝛽𝑝2𝛿(4𝑛 + 1)) 𝑞𝑛

≡ 2

(

 
 
 
 

∑

𝑝−1
2

𝑥=−
𝑝−1
2

𝑥≠±
𝑝−1
6

(−1)𝑥𝑞
3𝑥2+𝑥
2 𝑓(−𝑞

3𝑝2+(6𝑥+1)𝑝
2 , −𝑞

3𝑝2−(6𝑥+1)𝑝
2 )

+ (−1)
±𝑝−1
6 𝑞

𝑝2−1
24 𝑓𝑝2

)

 
 
 
 

𝑋

(

 
 
 
 

∑

𝑝−1
2

𝑦=−
𝑝−1
2

𝑦≠±
𝑝−1
6

(−1)𝑦𝑞
5(3𝑦2+𝑦)

2 𝑓 (−𝑞
5(3𝑝2+(6𝑦+1)𝑝)

2 , −𝑞
5(3𝑝2−(6𝑦+1)𝑝)

2 )

+ (−1)
±𝑝−1
6 𝑞

5(𝑝2−1)
24 𝑓5𝑝2

)

 
 
 
 

(mod4) 

  

Consider the congruence  

3𝑥2 + 𝑥

2
+ 5

3𝑦2 + 𝑦

2
≡
𝑝2 − 1

4
(3.11) 

(3.11) is equivalent to  

(6𝑥 + 1)2   +   5(6𝑦 + 1)2   ≡ 0(mod4) 
  

 Since (
−5

𝑝
) = −1, 𝑥 = 𝑦 =

±𝑝−1

6
 is the only solution of the above Equation. Extracting the terms containing 𝑞𝑝𝑛+

𝑝2−1

4  from 

(3.10) yields  

∑

∞

𝑛=0

𝑅2,5 (5
𝛽𝑝2𝛿(4𝑝𝑛 + 𝑝2)) 𝑞𝑛 ≡ 2𝑓𝑝𝑓5𝑝(mod4) (3.12) 
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From (3.12), extraction of the terms containing 𝑞𝑝𝑛 gives 

∑

∞

𝑛=0

𝑅2,5 (5
𝛽𝑝2𝛿+2(4𝑛 + 1)) 𝑞𝑛 ≡ 2𝑓1𝑓5(mod4) (3.13) 

 

Therefore, (3.2) is true for 𝛿 + 1. Thus, by induction, (3.2) holds for all 𝛽 ≥ 0 and 𝛿 ≥ 0. Utilizing Lemma 2.6 in (3.2) 

and then extracting the terms containing 𝑞5𝑛+𝑗 where 𝑗 ∈ {3,4}, yields (3.3) 

 

Finally, the extraction of the terms containing𝑞𝑝𝑛+𝑢, 1 ≤ 𝑢 ≤ 𝑝 − 1, from (3.12) yields (3.4). 

 

Remark: In view of (3.7), we have 𝑅2,5(2𝑛 + 1) ≡ 0(𝑚𝑜𝑑 2). 
  

Theorem 3.2 For any 𝑛 ≥ 𝑜, 𝛼 ≥ 0 and 𝑟1 = 11, 19, we have  

 

∑

∞

𝑛=0

𝑅2,5(5
𝛼(4𝑛 + 3))𝑞𝑛 ≡ 4𝑓1

3𝑓5
3(mod8) (3.14) 

 

𝑅2,5(4 ⋅ 5
𝛼+1 ⋅ 𝑛 + 𝑟1 ⋅ 5

𝛼) ≡ 0(mod8) (3.15) 

 

Proof. Equation (3.7) implies that. 

∑

∞

𝑛=0

𝑅2,5(2𝑛 + 1)𝑞
𝑛 ≡ 2𝑓10

2 𝑓2
2 (
1

𝑓1
4) (

𝑓1
𝑓5
)
2

(3.16) 

 

 Utilizing (2.5) and (2.8) in (3.16), followed by the extraction of the terms containing 𝑞2𝑛+1, yields 

 

∑

∞

𝑛=0

𝑅2,5(4𝑛 + 3)𝑞
𝑛 ≡ 4

𝑓2
15𝑓10

3

𝑓5
3𝑓1
11𝑓4

4
(mod8) (3.17) 

An application of Lemma 2.7 yields 

∑

∞

𝑛=0

𝑅2,5(4𝑛 + 3)𝑞
𝑛 ≡ 4𝑓1

3𝑓5
3(mod8) (3.18) 

                                                          ≡ 4𝑓25
3 𝑓5

3 (a(q5) − q −
q2

a(q5)
)
3

(mod8) (3.19) 

 

Extracting the terms containing 𝑞5𝑛+3 from (3.19), we obtain  

 

∑

∞

𝑛=0

𝑅2,5(4(5𝑛 + 3) + 3))𝑞
𝑛 ≡ 4𝑓1

3𝑓5
3(mod8) 

 which yields  

∑

∞

𝑛=0

𝑅2,5(5(4𝑛 + 3))𝑞
𝑛 ≡ 4𝑓1

3𝑓5
3(mod8) 

 

Repeated application of the above relation, together with induction on 𝛼, gives 

∑

∞

𝑛=0

𝑅2,5(5
𝛼(4𝑛 + 3))𝑞𝑛 ≡ 4𝑓1

3𝑓5
3(mod8) (3.20) 

                                                                  ≡ 4𝑓25
3 𝑓5

3 (𝑎(𝑞5) − 𝑞 −
𝑞2

𝑎(𝑞5)
)

3

(3.21) 

 

Equation (3.15) follows by extracting the terms containing. 𝑞5𝑛+2 and 𝑞5𝑛+4, from the above congruence.  
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Theorem 3.3 For all 𝑛, 𝑘 ≥ 0, we have  

∑

∞

𝑛=0

𝑅2,5(5
𝑘 ⋅ (12𝑛 + 3))𝑞𝑛 ≡ ∑

∞

𝑛=0

𝑅2,5(12𝑛 + 3)𝑞
𝑛(mod8) (3.22) 

 

𝑅2,5(5
𝑘+1. 12𝑛  +  5𝑘 . (12𝑗 + 3)) ≡ 0(mod8) (3.23) 

Proof. Employing (2.6) in (3.18) yields 

∑

∞

𝑛=0

𝑅2,5(4𝑛 + 3)𝑞
𝑛 ≡ 4(𝑓3 − 3𝑞𝑓9

3)(𝑓15 − 3𝑞
5𝑓45

3 ) (3.24) 

 

Extraction of the terms containing 𝑞3𝑛from (3.24) yields 

∑

∞

𝑛=0

𝑅2,5(12𝑛 + 3)𝑞
𝑛 ≡ 4𝑓1𝑓5 + 4𝑞

2𝑓3
3𝑓15

3 (mod8) (3.25) 

 

Which, upon application of Lemma 2.6, implies 

∑

∞

𝑛=0

𝑅2,5(12𝑛 + 3)𝑞
𝑛 ≡ 4𝑓5𝑓25 (𝑎(𝑞

5) − 𝑞 −
𝑞2

𝑎(𝑞5)
) + 4𝑞2𝑓15

3 𝑓75
3 (𝑎(𝑞15) − 𝑞3 −

𝑞6

𝑎(𝑞15
)

3

(3.26) 

 

Extraction of the terms containing 𝑞5𝑛+1 from (3.26), gives  

∑

∞

𝑛=0

𝑅2,5(12(5𝑛 + 1) + 3)𝑞
𝑛 ≡ 4𝑓1𝑓15 + 4𝑞

2𝑓3
3𝑓15

3 (mod8) (3.27) 

which yields  

∑

∞

𝑛=0

𝑅2,5(5(12𝑛 + 3))𝑞
𝑛 ≡∑

∞

𝑛=0

𝑅2,5(4𝑛 + 3)𝑞
𝑛(mod8) (3.28) 

 

From the aforementioned relation and an induction argument on 𝛼, we obtain (3.22). Equation (3.23) is obtained by 

employing Lemma 2.6 in (3.22) and then extracting the terms containing. 𝑞5𝑛+𝑗, where 𝑗 = 3, 4.  

  

Theorem 3.4 For all 𝑛 ≥ 0, 𝛼 ≥ 0, 𝑢 = 1,2 and 𝑣 = 0 ,4, we have  

 

∑

∞

𝑛=0

𝑅2,5(5
2𝛼(12𝑛 + 7))𝑞𝑛   ≡ 4𝑓3

3𝑓5(mod8) (3.29) 

𝑅2,5(5
2𝛼(12(5𝑛 + 𝑢) + 7)) ≡ 0(mod8) (3.30) 

 

𝑅2,5(5
2𝛼+1(12(5𝑛 + 𝑣) + 11)) ≡ 0(mod8) (3.31) 

 

Proof. Upon extraction of the terms containing 𝑞3𝑛+1 from (3.26), gives 

∑

∞

𝑛=0

𝑅2,5(12𝑛 + 7))𝑞
𝑛 ≡ 4𝑓3

3𝑓5(mod8) 

 

which is the 𝛼 = 0 case of (3.29). Assume (3.29) is true for some 𝛼 ≥ 0. Employing Lemma 2.6 in the above congruence  
 

∑

∞

𝑛=0

𝑅2,5(5
2𝛼(12𝑛 + 7))𝑞𝑛   ≡ 4𝑓5𝑓75

3 (𝑎(𝑞15) − 𝑞3 −
𝑞6

𝑎(𝑞15)
)

3

(3.32) 

 

Extracting the terms containing 𝑞5𝑛+4 from (3.32), we obtain  

 

∑

∞

𝑛=0

𝑅2,5(5
2𝛼(60𝑛 + 55))𝑞𝑛   ≡ 4𝑞𝑓1𝑓15

3 (mod8) (3.33) 
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Utilizing Lemma 2.6 in (3.33) and extracting the terms containing 𝑞5𝑛+2, we obtain  

∑

∞

𝑛=0

𝑅2,5(5
2𝛼+2(12𝑛 + 7))𝑞𝑛   ≡ 4𝑓3

3𝑓5(mod8) (3.34) 

 

Thus (3.29) holds for 𝛼 + 1. Hence, by induction, (3.29) always holds. 

 

Extracting the terms containing 𝑞5𝑛+1 and 𝑞5𝑛+2 from (3.32), we obtain (3.30). 

 

Finally, utilizing lemma 2.6 in (3.33) and extracting the terms containing. 𝑞5𝑛 and 𝑞5𝑛+4, we obtain (3.31). 

 

Theorem 3.5.. For all 𝑛 ≥ 0 and 𝑢 = 2,4,7,9,12,14,17,19,22,23,24, we have 

 

𝑅2,5(100𝑛 + (4𝑢 + 3)) = 0 (𝑚𝑜𝑑 8) (3.35) 

 

Proof. Recall Jecobi’s Identity[22, Theorem 1.3.9] 

𝑓1
3 =∑(−1)𝑘𝑞

𝑘(𝑘+1)
2

∞

𝑘=0

. (3.36) 

Utilizing (3.23) into (3.18), we obtain 

∑

∞

𝑛=0

𝑅2,5(4𝑛 + 3)𝑞
𝑛 ≡ 4∑∑(−1)𝑘+𝑙𝑞

𝑘(𝑘+1)
2

+5
𝑙(𝑙+1)
2

 

∞

𝑙=0

∞

𝑘=0

(mod8) (3.37) 

 

 It follows that the possible residues of 
𝑘(𝑘+1)

2
 When using modulo 25 are 0, 1, 3, 6, 10, 11, 13, 15, 18, 20, and 21. 

Additionally, the possible residues of 5
𝑙(𝑙+1)

2
 For modulo 25, include 0, 5, and 15. Consequently,   

 

𝑞
𝑘(𝑘+1)
2

+5
𝑙(𝑙+1)
2

 ≢ {2,4,7,9,12,14,17,19,22,23,24} (𝑚𝑜𝑑 25). 
 

 By extracting the terms of the form 𝑞25𝑛+𝑢, where 𝑢 ∈ {2,4,7,9,12,14,17,19,22,23,24} from (3.37), Equation (3.22) is 

obtained. 

 

4. Conclusion 

 In this study, we discovered several novel Ramanujan-type congruences and infinite families of congruences for 𝑅2,5 with 

respect to modulo (4) and (8). The derivations were achieved through basic (q)-series manipulations and techniques involving 

generating functions. These findings offer fresh perspectives on the arithmetic characteristics of 𝑅2,5 Moreover, enhance the 

understanding of congruences related to partition functions. Exploring congruences modulo higher powers and for associated 

overpartition functions presents a promising avenue for future research. 
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