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Abstract - We consider the ring Rigynqm = GF (l)[x]/(lepnqm — 1D)where p, q,l are distinct odd primes, [ is a primitive
root, both modulo p™ and q™ such that gcd( (™), (q™))= d .Explicit expressions for all the I6(m Xn xXd +m +
n+ 1) Cyclotomic Coset are obtained, p does not divide qg—1 and l is of the form 16k+1.
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1. Introduction
Let GF (1) be a field of odd prime order I. Let z = 1be an integer with gcd(l,z) = 1.LetR, = Giilj[lx].

cyclic codes of length z over GF (1) are ideals of the ring R,. For z = p™ Anuradha Sharma, G.K.Bakshi, V.C. Dumir, M.
Raka, [3] obtained nd+1 “Cyclotomic Numbers and corresponding Primitive idempotents in R,G.K. Bakshi and Madhu
Raka [4] obtained 3n + 2 primitive idempotents in R,for z = p™q where p, q,! are distinct odd primes, / is a primitive
root both modulo p™ and q and gcd(@(P™), ¢(q)) = 2. Amita Sahni and P.T. Sehgal [5] extended the results of G.K.
Bakshi and Madhu Raka and obtained (d + 1)n + 2 primitive idempotents in R,for z = p™q where p, q, [ are distinct odd
primes, / is a primitive root both modulo p™ and q and gcd( @ (P™), ¢(q)) = d. When d = 2 In [5], they obtain all the
results of [4]. So [4] becomes a special case of [5]. In this paper, we consider the case when Z=16 p™q™ where p, q,
are distinct odd primes, / is a primitive root both modulo p™ and g™ .Explicit expressions for all the 16( m X n X d + m +
n+ 1) Cyclotomic Coset are obtained. gcd(@(p™), ¢(@q™)) = d, p does not divide q —1 .

The minimal

Remark 2.1. For 0 <s <z—1, letC; = {s,sl,sl?,...,sl%71}, where t; is the least positive integer such that sl*s = s
(mod 16p™q™) be the cyclomic coset containing s.

Lemma 2.1. Letp,q,! be distinct odd primes, n > 1 an integer,0(l)4,n-j = p(16p™), o(l)gm-r = ®(@™ %) and

3 n—j, m—-k
ged(p(16p™ ), p(q™ ") =d theno (1) 5 ,n-jgm-k = (p(lﬁpf]q), foral0<j<n—1land0<k<m-—1.

Proof. Let o(l),4n-jgm-x =¢, 0 <j <n - land 0 <k <m — 1.Then It = 1mod 16p™/ g™ ¥However, p and ¢ are
distinct odd primes.  Hence I =1mod 16p"~/and I = 1mod q™*Since o(!),n-j = ¢(8p" ) and, o(1)m-r =

. . n—j m-k
9(q™) therefore, ¢(16p™) and @ (™) divides t. Then, lem(p(16p™), (™)) <2222 divides 1.0n
ek 16pn—qu—k
the other hand, since o(Dgm-k = @(q™"), therefore, 1¥@"D =1modg™* hence 1T @ =
16pn—qm—k 16p"—JqMmk

n-j

1mod g™ * Similarly, 1*C @ ) = 1modp As p and ¢ are distinct primes, we get [T @

1mod 16p™~/ g™k
P(16p™—igmky p(16p™ g™k

and we get that t = .

Hence, t = 0(1),4,n-j m-kdivides

Lemma 2.2. For given p, g, ldistinct odd primes such that g.c.d. (¢(p),9(q))=d, and [ is a primitive root mod(p) as well as
g, then there always exists a fixed integer a satisfying g.c.d. (a, pq)=1,1 <a <  pgq, such that a is a primitive root mod(p)
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@D .
and the order of a mod ¢ is ¢ (q).Also a,a2 a*,...... a®! does not belong to the set S={1, [, 2, ..., [_ @ 'Further, for this
i i e lgmh oEp"Iqm
fixed integer a and for 0<j<n-1,0<k<m-1,theset {1, % ..., 1 d ,a,al,...al d ,a2, a’l,
o@p"Iqgmk) @@ igmky ‘
a?l?, ..., a%l d Ladl 1] . adl] d !forms a reduced residue system modulo 16p™ /g™,

Proof: See Lemma 4 [8]

Theorem. 2.1.1f n = 16p™q™ (m, n > 1)). Then the 16(m X n X d + m + n + 1) Cyclotomic cosets modulo 16p™q™are
given by (i) Co= {0} , (iD)Cyngm= {p"q™ }, ({D)Copngm= {2p"q™ }.(0)C3pngm= {3p"q™ },(V)Capngm= {4p"q™

¥, (W) Cspngm= {5p™q™ },(vii)Copngm= {6p"q™ }, (Viii)Crpngm= {7p"q™ } ............. (xvi)Cyispngm= {15p™q™ }. For
0<k <m-1
Con= {p", P, ...p" W Oy | (i) Cypn= (2D, 2p71, ..., 2p"IP@TTOTy L (W) Cyn= (3p", 3p7L, ...,

3pnl(p(qm—k)_1} . (vi)C4pn= {4pn’ 4p™l, ..., 4pnl(p(qm—k)—1} ), (Uii)Cspn= {Spn, 5pl, ..., Spnl<ﬂ(qm—k)_1} ,
Wiii)Cpn= {6p™, 6p™, ..., 6p™1P@" Iy (ix)Cypn={7p", Tp"L, ..., TPMPE T,

, (x0)Cyspn={15p™, 15p™, ..., 15p™12@" )1 and for 0 <j <n-1,
OCqm={q™ g™, ..., g™ 1)
(ii)Coqm= {2g™2q™1, ..., 2¢™1?®"H-1Gimilarly, we can obtain the remaining 14 Cyclotomic cosets.

For0<j<n-1,and 0 <k, <m-1 for 0 < w < d-1,

e@p"iqmTh)

()Cqwyig={ a”p’q*,a*p’q"l, ...a¥p’q" 1 d b () Cpgwyige=1 2a¥p’q*2a"p/q"l, ...,2a"p/q"
@@p"igmk)
l d ~13 where the number a is given by Lemma 4[9] Similarly we can obtain remaining 14 Cyclotomic cosets..

Proof:-As per the construction of the above cyclotomic cosets from (i) to (Viii), we can check that these are the only
cyclotomic cosets. Also, we can see that order of Co= {0}, (ii)Cpngm= {p"q™ } is one, i.e., ICoI=1 ICynymI=1, for 0 <k
< m-1 order of / modulo g™ * @(q™*) so the cardinality of Cpn and Coypn is @(q™*). Similarly, for 0 <j < n-1, so
the cardinality of Cym and Cygm is @(p™/ ).On Similar lines, we can see for 0 <j<n-1, 0 <k<m-land 0<w <
d-1,

n—j m—k n—j m-k
qkl_fp(Zp q ), Ic ku:«J(Zp a ")

IC

aij d Zaij d s
Then, by order considerations, it follows that the sum
ICoI+ ICyngmI+ IC pngml+ 1Csungml +HCypngmlI+tICopngmlt 1Cememlt 1C7naml4 - oo 1C spngm] +
ICpn I+ 1Copn 1+ IC3pn I+1Cspyn I+ 1Cspyn I+ 1Cepun I+ 1C7pm I+ -+ oo ve v [Cyspn [+ ICqm [+1Coqm | +
1C3qm I+1C4qm I+1C5qm I+1C6qm 1+1C7qm ) SRR "--IC15qm 1+

a-1
;lz_ol ‘;cn:_ol.z {Icaijqkl +IC2aijku+ IC3aijku +IC4aijku +IC5aijku +IC6aijku +IC7aijku+
w=0

SRS (S B 3

M p(2pnigmHy

=8+8+16 Z;nz_ol.<p(qm‘k)+16 Z;:Ol.qo(p"‘j) + 16 Z?;(}.Z y =16p™q™.

k=0
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