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Abstract - In this paper, the concept of the Neutrosophic Picture Fuzzy Sets (NPFS) is introduced by combining the ideas of the
neutrosophic sets, fuzzy sets, and picture fuzzy sets, which can be applied in more complex uncertain situations than the fuzzy set
and picture fuzzy set. The mathematical model of NPFS and their topological structure, namely, Neutrosophic Picture Fuzzy
Topological Spaces (NPFTS), are presented. The study highlights the main properties of NPFS and NPFTS and provides the
basic operations with NPFSs. The operations have been applied for solving decision-making problems with incomplete,
consistent and conflicting information as well as for other purposes connected with NPFSs and NPFTSs. The paper includes
illustrative examples of NPFS, NPFTS and their operations.
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1. Introduction

Many real-world situations are ill-defined, vague, and involve some degree of uncertainty in decision-making processes,
pattern recognition, medical diagnosis, data mining, information systems, etc. Sets, however, are not adequate to express such
situations. Zadeh [10] (1965) proposed fuzzy sets to handle these problems. A membership value in the interval [0,1] is associated
with each element. Fuzzy sets provide a flexible mathematical framework, but they handle only the degree of membership and
do not explicitly account for the degree of non-membership. Let Xp be a non-empty set. A fuzzy set J; Xp can be described in
the form J; = {< x, ug: (x) >/x € Xp} where the function ug:: Xp — [0,1] is called the membership function and g (x)
denotes the degree to which x € J; and 0 < pg:(x) < 1 for each x € X'p C.L.Chang [3] introduced the structure of fuzzy topology
as an application of fuzzy sets to general topology.

To overcome this restriction, Atanassov [1] (1986) developed Intuitionistic Fuzzy Sets (IFS), which assign both membership
and non-membership degrees to each element, subject to a natural constraint. This advancement allowed a more comprehensive
representation of incomplete and hesitant information. An Intuitionistic Fuzzy Set (IFS) J; on X» can be represented as J; =
{(x, pgr(x), ver(x)) : x € Xp} where pg(x): Xp — [0,1] and vg:(x) : Xp — [0,1] represent the membership (namely pA(x))
and the non-membership (namely vy:(x)) degree of each element x €J;. For every x € Xp These values satisfy 0 < pg:(x) +
Vg:(x) < 1, and the collection of all intuitionistic fuzzy sets defined on Xp is denoted IFS(Xp). Intuitionistic fuzzy topology,
introduced by Coker [4] (1997), generalizes the notion of open sets under an intuitionistic fuzzy environment.

Subsequently, Smarandache introduced neutrosophic sets, a further generalization that incorporates three independent
components—truth, indeterminacy, and falsehood—to model highly uncertain, inconsistent, and indeterminate information
encountered in real applications. Let Xp be a fixed set which is non-empty. A Neutrosophic set J;is an object of the form J;=
{(x, g (%), 0:(x), Yg;(x)): x € Xp} where pig:(x), 05:(x), ¥ g;(x) denote the degrees of membership, indeterminacy and non-
membership function, respectively, of the element x in Ji. These values lie in the interval in ] -0,1+ [ on X». Inspired by the
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works of Smarandache [5], A.A.Salama et ali[8] developed and investigated the notions of Neutrosophic crisp set and
Neutrosophic crisp topological spaces.

Motivated by this gap, we introduce the concept of Neutrosophic Picture Fuzzy Sets (NPFS), which integrates the expressive
power of neutrosophic logic with the structural richness of picture fuzzy sets. Neutrosophic Picture Fuzzy sets are characterized
by a YES (membership), ABSTAIN (indeterminacy), NO (non-membership) and REFUSAL (refusal membership) function
which assigns to each object a value ranging between 0 and 1. After that, using Neutrosophic Picture Fuzzy sets, we introduced
Neutrosophic Picture Fuzzy topological spaces, and then some Neutrosophic Picture Fuzzy closed sets, Neutrosophic Picture
Fuzzy continuity, maps and Homeomorphism are discussed with suitable examples.

2. Preliminaries
In this section, we introduce concepts of Neutrosophic Picture Fuzzy set and Neutrosophic Picture Fuzzy topological spaces.

Neutrosophic Picture Fuzzy set (i) In a Democracy country voting and elective process happens. For example, a Member of
parliament elected in a constituency, that constituency have total of 15,20,728 votes. In the year 2019 total vote polling percentage
is 55.26%. The winner in the election(membership) got 4,47,075 votes. The losers(non-membership) in the election got votes
3,07,680, and NOTA(None of the Above) (indeterminacy) votes received 85,747. The number of voters in the election was
8,40,502. This is a situation of the real status of the election. In my observation is winner received vote is less than the voters
who did not vote. This is not a great process for electing a leader. Refusal member’s great spoiler of the voting and electing
process of a leader. The government and the Election commission give more important for raising the polling percentage in
elections.

Last seven months, corona virus spreading world level all countries and lakes level people death happened. WHO and the
Indian government take necessary steps to prevent the people from corona virus. Stay safe by taking some simple precautions,
such as physical distancing, wearing a mask, cleaning your hands, and coughing into a bent elbow or tissue. My concept of view
corona negative people are considered as Membership, Corona-positive people are considered as (non-membership). Other
people are called (indeterminacy). An asymptomatic person considers as Refusal membership because these people did not have

any symptoms of Covid-19. These kinds of people unknowingly spreading virus every day.

3. Neutrosophic Picture Fuzzy set
“Definition 3.1 [Neutrosophic Picture Fuzzy set]:
Let Xp be a non-empty fixed set. A Neutrosophic Picture Fuzzy set J; is an object having the form.

Ti = {< 2,159, 05300, 5 (9, p; () 1% € X}, (Vx € Xp) & (g (%) + 056 + 500 + pg () < 1)

Hg; (x) € [0,1] - the degree of membership function, o:(x) € [0,1] - degree indeterminacy, yg: (x) € [0,1] - the degree of non-
membership function, pg: (x) € [0,1]- the degree of refusal membership function.”

3.1.1. Operations of Neutrosophic Picture Fuzzy sets
“Definition 3.1.1:
Neutrosophic Picture Fuzzy set J; = {< X, Mg; (), 09 (%), Yg: (%), pgz (x) >:x € XT}, on Xp and VX € Xp then the

complement of J; is J{‘c = {< X, Yg: (%), 0: (%), gz (X), pgr (x) >:x € XT}.”

“Definition 3.1.2:
Let J; and J; are two Neutrosophic Picture Fuzzy sets, Vx € Xp

Ji =1{< %, pg3:(x), 09: (%), v g; (%), pg; (x) >: 2 € X}
I3 ={< x,png;(x), 055 (%), 775 (%), pg; (X) >:x € X}
Then J; € J; © ng;(0) < pgz (), 05:(x) < 055(%), v7;(%) = v75(%) &pgr(¥) = pgz (%)”

“Definition 3.1.3:

Let X'» be a non-empty set, and Let J; and [J; be two Neutrosophic Picture Fuzzy sets are
Ji =< %1530, 055 (%), v5; (%), pg; () >:1x € Xp},

J5 = {< 215500, 05500, 7500, gy () > % € X}
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Then
LJinJds ={<xug;(x) Npg;(x),05:(x) Nogs(x),v5:(X) Uyg(x), pgr(x) Upgs(x) >:1x € Xp}
2.Ji0J; ={< x, uJ;(x) V] uJ;(x),GJ;(x) U GJ;(X),YJI(X) n yJE(x), pg:(X) N pgs(x) >:1x € Xp}”

3.1.2. Neutrosophic Picture Fuzzy Topological Spaces

Definition 3.1.4:

Let X» be a non-empty set and ty be the collection of Neutrosophic Picture Fuzzy subsets of X, satisfying the following
properties:

1.0y, 1y € Ty

2T;NT, €ty forany Ty, T, € Ty

3. UT; € tyforevery {Tj:i € j} S 1y

Then the space (Xp, Ty) is called a Neutrosophic Picture Fuzzy topological space(N-T-S).

The element of Ty are called NPFCS (Neutrosophic Picture Fuzzy open set) and its complement is NPFCS(Neutrosophic Picture
Fuzzy closed set).

Example 3.1:
Let Xp ={j;} and Vx € X
0.3 0.3 0.25 0.15
_(u)+ _(0)+ _(Y)+ _(p)>
: : —)
0360 035(0) 025() 04(p)
Ji= (= 0 2P

035w 0350) 04 04t
g = j(u)Jr . j(G)Jr -j(v)Jr -j(p))
1 1 1

1
Then the collection ty = {Oy, J1, J5, J3, Js, 1n} iis called a Neutrosophic Picture Fuzzy topological space on Xp.

Ji =(x,

02]15 0]13 0]31 01]51
55 (o 0250 030)  03) , 0156)

4. Neutrosophic Picture Fuzzy b-open Sets

In this section, we introduce NP¥ b-open sets

Definition 4.1:

A NP7 set J;a (NPT)TSX; is called

(i) NP¥ Pre-open (NP7 Pre0s) iff 7x £ NPFInt((NPFC(g1)).

(ii) NP¥ Semi-open. (NP7Semi=05) jff 7+ = Np¥C! (NPFint(g;))
(iii) NP Regular-open (NP¥ R%®) iff Ji=NP*"*(NP¥(J}))
(iv) NP¥ a-openNP¥ ®9Siff J: = (NPFINt(NPFC! (NPFINt(g:)))
(v) NP¥ B-open NP*BOS iff 7; = NPFC/(NPFINt((NPFC! (71)))

Definition 4.2:
A NP7 set Jjin a (NPF)TS Xp is called NP¥ b-open NP¥P9S Iff 75 £ NPFInt(NPFCl(7:)) L
NPTCI (NP.'Fint (JI)) NP.’F bes iff NPTint(NpiFCl(Jik)) I—l NPTCl(NPﬂnt(JI)) C JI

Remark 4.1:

For a NP¥ set J; in a (NPF)TSXp,

(i) J; is a NP7POS set iff J;€ is NP¥ bCS
(ii) J; is a NP PCSset iff J; is NPFPOS,

Theorem 4.1:

Let J; and J;are NP¥POSS_ Then

(DJiUJ; is NPTPOSS

(i) J;MJ; is NP7 bess

Proof. (i) Since J; and J;are NPTP95S by the definition of an area NP¥P955- open set, we have J; & Cl(Int(J;)) U
Int(Cl(J1)) J2 <Cl(Int(J3))UInt(Cl(J7))then JiUJ; E [Cl(Int(J1))U Int(Cl(J1)] U [Cl(Int(J3)) U Int(C1(J2))]-

Hence, J;UJs € Cl(Int(J; UJ3)) U Int(Cl(J; UJ3)). Therefore, by the definition of a NP¥ b-open set, J;UJ5 is an NPFPOSs,
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(ii) By the definition of anNP¥ €55, a set is closed and only if its complement is NP¥ b-open set. By De Morgan's law,
(JiNIN=(IDEU (J3)€.Since J; and J;are NPT b-open set, their complements are NP¥ b-closed set. Using the
corresponding closure property for NP¥ b-closed sets, (J;)¢Ll (J5)¢is NP¥ b-open set. Consequently,(J;T1J;)C is NPT b-
open. Hence, by the definition of NP¥ b-closed sets, J;T1J; is an NP¥ b-closed sets.

Definition 4.3:
Let J; is NP¥ in a (NPF)TS X5. Then NP7 b-Closure is NP7 ( ;) = M{J;:J; is a NPT €S of X and J; E J5}.

Remark 4.2:

Let Xp is (NPT)TS then following results valid for NP¥ PClof a set.
(1 NpP¥ bc}(o?):(op)

(ii) NpP* bCI(lsp):(lsp)

(iii) NP PCl(Jr) is a NPT PCSin X

(iv) NPT PCL (NPFPEL (g7)) = NPT PC (g))

Theorem 4.2:

In a (NPF)TSX, The next relations are true.

(NP P! (FrLINPF PEl(75)E NPT PC (7:L1T5).

(i) NPF P (i N J;)E NPT PC(IHNNPF PCY(g5)

Proof.

() Ji € JiUJsor J; € JiUJ; = NP PU(IINPT PCU( i1 g;) or NPT P (75)= NPF P (g7 LU 5).
Then NP¥ PCl(g5) LI NP7 PCl(75) £ NP PCl(7:L1T3).

(i1) Similar to (i).

Theorem 4.3:

Ina (NPF)TS Xp, J; is NPFPCSiff 7;=NP¥ PCl( /).

Proof.

Suppose J;NP¥ PCl(75) Then J;=M{J;: J; is NPT *¢Sin X} and J; E J3},

= JiM{J;: J; is NPT PCSin X and J; E J5)

Hence J;jis NP7 %S in X. Conversely, suppose J; is a NPT PSin Xp. We take J; £ J; and J;is NP¥ P6S Therefore J; €
{J5 : J3 is NPT P%Sin Xp andJ; € J3}, which implies, J; = M{J3:J; is NPT PSin NPFX and J; £ J51= NPT PCl (g). Thus
Ji= NPFP(gp),

Remark 4.3:
If J; is a NP¥ subset in (NPF)TS Xp, then NP¥ PCl(7+) is smallest NP7 P€S set containing J;.
Thus NPT bCl(Jik) a Jik Ll (NPTint(NPTCl(J;) M NPTCI(NPTint(Jik)).

Definition 4.4:
Let J; is NP¥ set in Xp. Then its NPb interior is NPTP™"t (7)) = LI{J5: J5 is a NPFP9S of X and J5 E J;}.

Remark 4.4:

In a (NPF)TSXp The following is valid for NPFPInt
(1) NP?bInt(O?) = (0p).

(NP (1) = (15).

(iii) NPFPINt(75) is a NPTP%Sin X(p.

(IV) NPIFbInt(NPIFbInt(JI)) — NP.’FbInt(J;)

Theorem 4.4:

In a (NPF)TSXp, J;is NPFPOS iff J;= NPFPINt( g,

Proof.

SupposeJ; =NP*PInt( 7y Then J;=L1{J;:J3is NPTP% in X} and J; E J;}, = J; €{J;:J; is NP*P%in X} and J; E J;}.
Hence J; is NP7P9S in Xp.

Conversely, suppose J; is a NPT inXp. Consider J; E Ji and J; is NPFPOS,

Therefore J; €{J;:J; is NP9 in X5 and J; E Ji}, = J; =U{J;:J;5is NPT in X5 and J; E g3} = NPFPIRY( ).
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Thus J; = NPFPInt 7).

Remark 4.5:
If J; is a NP¥ subset in (NPT)TSXp, then NPFPIN() is the largest NPFP?% = 7;. Thus NPTPIt(71) =
JIHNPﬂm (NP?CI(JI)LI NPTCI(NPﬂnt(J;)).

Theorem 4.5:

In a (NPT)TSX, The following relations hold

(1) NPTbInt(Jl*UJ;) C NP?bInt(Jf)UNPTblnt(J;).

(ii).NP?bI“t(Jf HJ;)Q NPTbInt(JI)H NPTbInt (J;)

Proof.

(i). Consider J; and J; belongs to NP¥sets in Xp, then J; E J;U J; or J; E J;U g3 = NPTPInt(g:) £ NPFPINt(gx[1J7) or
NPPPI(IE)P & GTPINY(JLIJ3). Therefore NPTPI(JyLLT;) 2 NPFPIRY(g)) M NPFPINY(S).

(i1). Similar to (i).

Theorem 4.6:

Let J; is any NP¥ in a (NPF)TSX 5. Then

(i) NP7 bC1( ;) =( NPPPINt (7))

(if) NP7 PPt (7;%) ) =( NP2 (7))

Proof:

(i) Let Jzis NP5 such that J;. Then for a NP¥*¢5(J;€)=g; , (NPFY™(37))={J; : J; is NP™*%%in Xp and J; € J7}° =
(J36:35 is NPFPO%in X, and J; € Ji} = {J5: J3 is NPFPSin X5 and J;€ € J5)= NPF PCl(:%). Therefore NPT PCl(g:¢) =
(NP}"bInt(JI))C.

(i) Let J; is NP PCS such that J; € J;. Then fora NPFP95 72 = ;¢ (NPT PC( 7)) ={J; : J; is NPT PCS in X and J; € J3}C
= {J3%:.J5 is NPT S in Xp and J; € J3}={J; : Ji is NPFP%S in Xpand J; © Ji¢} = NPFPInt(7:Cy,

Therefore NPPbInt(g:¢)= (NP7 bCl(g;)) .

Theorem 4.7:
In a (NPF)TSXp, every NPFPreos jg NpFpOs,
Proof. Let J; is NP7P™¢%S in a (NP¥)TS Xp.

Then J; © NPP™(NPFC(J}))  which implies J; © NP (NPPC(J})) U NPP™(g)) = NPt (NPFO(g)) U
NPT (NPFInt( 7)), Thus J; is NP7?%in Xp.

Example 4.1:
Let Xp = {j1,jo} and Vx € X the NP¥sets are follows
2 025 035 02025 025 035 0.15
Jh=—+—+—+——+—+—+—)
J1 J1 1 1 )2 J2 )2 J2
035 025 0.25 015 025 025 025 0.25
+—+ + + +—+—)

j1 1 j1 i1 e 2 2 2
Tnpr = {05, 1p,J;} is be (NPF)T on Xp. Then J; is NPFPOS: but not NPFPre0S in X,

Theorem 4.8:

In a (NPF)TS Xp every NPFSemios jg NpFbOS get,

Proof. Let J;is NP75e™mi0S in a (NPF)TS Xp. Then J; = NPFC/(NPFIRY( 1))

= (.«]; C NPTCINPTim(J;)U Npﬂnt([]f)u NPTCI (NpTint(Jik))u NPTint(NPTCl(Jf)),
Thus Jyis NP¥bOs jn Xp.

Example 4.2:
Let Xp = {j1, j,} the NPT sets are follows

015 025 04 0202 025 04 0.15
Ji=&—+ +—t—,— +—+

J1 j1 j1 i1 iz j2 j2 j2

)
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01 025 045 02 01 025 045 0.2
=K —+—+—+—,—+—+—+—)
J1 J1 J1 J1

’

j1 J1 J1 j1
Tner = {Onp7, Iyp7, Ji bis be (NPF)T on Xp. Then J; is NPFPOS but not NPFSemiosin y,.

Relation other NP¥ Ssets based on the above results shown in figure-2.

NPF Precs

"
)

NPFRCs > NPFcs > NPFacs

N\

NPF Semi cs

NPbCS =3 NPFpCS

Fig. 2 Comparison diagram

Theorem 4.9:

In a (NPT)TSXp, every NPFPOS js NPFBOS,

Proof. Let NP¥ J5is NP7P9S in X,

Then (7; C NPTCl(NP‘Tint(JI)) U NPTint(NPTCl(J;)) C NPTCl(NPTint(JI)) U NP.‘FCI(NP.‘Fint(NPTCl(JI))).
Thus J;isNPFPOS in X5,

Example 4.3:

Let Xp = {j;, j.} the NP¥sets are
0.2 0.25 04 0.15 0.25 0.25 035 0.15
Ih=x—F——+——+— —F+—+—+—),
J1 J1 J1 J1 J2 )2 J2 )2
03 025 025 020 0 1 O
J5 =& —+— : —, =+t —+—+)
J1 J1 J1 Ji )2 )2 )2 )2
Tnpr = {05, 15, J; }is be (NPF)T on Xp.Then J; is NPFRS but not NP7P0SinX,.
Figure 2 represents the comparison of NPP% with other existing NP¥% Moreover, the reverse implication is not true.

Theorem 4.10:

Let J; is NP™P9% in a (NPT)TSX5.

(i) If J;is a NPFRCS | then J; is a NP¥ Preos

(i) If Jj is a NPFROS 'then J; is a NPFSemios,

Proof.

Let J;be NPFPOS then g; £ NPFRt((NPFCY( 7L NPTCY(NPFInt(g;).
(i) Now let J;be NP¥RES in X, Then J;=NPFC/(NP¥Int(7r)).

Then J; € J; U (NPTIRtINPFCL(g)), which gives J; & NPFINt((NPFCL(gr)).
Thus, J; is NPF Pre0Sin ).

(i) Let J;be NPTROS in X Therefore J;= NPFME((NPFC(g;)).

Then Jy=NPFC! (NPF"(71)),= J; € NPFI(NPFM(J))).

Hence Jjs NPFSemios in X,

Theorem 4.11:

Let J;is NP7 ¢S in a (NPF)TS Xp.

() If J; is a NPFRCS then J; is a NPFSemics

(i) If J; is a NPFROS then J; is a NP¥ Precs

Proof. Let J;be NP7 P then NPTt (NPTC! (7;))INPFC/(NPFINt(g:))E g5
(i)Now let Jybe NPFRCSin X, Then J;= NPFCY(NPFInt(g:)).
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., NPFRY(NPF(INNT; E Ji, = NPF(INHNT;.
Hence J;is NPFSemiCs in X
(ii)Let J;ybe NPTROS in Xp. Then J; = NPTt ( NPFCL(g1)).
Then J; NP¥ PCl( NPFint (7)1 J;, which implies NPFC!( NPFIRt(g1)) E J;.
Hence J;is NPF PrecsS in X,

Theorem 4.12:

For any NP™?%set 75 in (NPF)TS Xp, NPFC(J;) is NPFRES in Xp.

Proof.

Let J; be NP*P9S in NP¥X_ Then J; £ NPF"Y(NPTC(7;)) LI NPFCY(NPFINt(g:)).

Therefore NP¥C!( ;) £ NPTC/ (NPTt (NPFCY (77 ))LINPFOINPFC (NPTt 75)) £ NPTC/(NPFCY ().

Also NPTC (NPFInt( NPFCL(75)))E NPFC(J5). Hence (NPTCY(J;)) =NPFC(J;). Therefore NPFCI(g;) is NPTRES in Xp.

Theorem 4.13:

For any NP¥ P%S set g5 in a (NPF)TSXp. NPFIY(7r) is NPFROS in Xp.

Proof. Let J;be NP7 P%S in X Then NP¥Int (NPFC(g:))INPFCINPFINY(75)) E J;, that is

NPTint( NPTint(NPTCl(Jl*)))l—I NPTint(NPTCI(NPTint(JI))) C NpiFint (JI) Thus NPTint(NPTCI(NPTint(Jf))) C NPTint(Jf).
But NPFInt(g:)E NPFInt(NPFIRtNPFCL(7r))). Therefore NPFInt(g;) = NPTt (NPFInt(NPFCY(71))). Thus NPT 7r) is
NPFROS in Xp.

Theorem 4.14:

Let J; is NP¥P9S in a (NP¥)TS Xp such that NPFINt(J;) = 05 then J is NP¥ Pe9S in X,
Proof. Let J;is NP?%in a (NPF)TSXp. Then J; £ NPFInt( NP¥C( 7)) LI NPFCINPFInt(g)
If NPFInt(g:) = 05 then J; E NPFINt( NPFCl( 7).

Hence J;jis a NPFPre 05in X

Theorem 4.15:

Let J; is NPF*2% in a (NPF)TS Xp, such that NP¥C(J;) = 05 then J; is a NPFSemios in X
Proof. Let J;s NP¥2%5 in a (NPF)TSXp. Then J; £ NPFIY(NPFC (7))Ll NPFCI(NPFInt( 7).
If NPFC(75)=05, then J; = NPTCY(NPFINt( 7). Hence J;is a NPTSemioSin x,.

Theorem 4.16:
Let J;is a subset of a (NP¥)TS Xp. Then,

(1) NP¥F bCl(J{) E( NPpFSemiCl (JI)H(NP}'Pre CI(JI))

(11) NPTbInt(J{) - (NPTSemi lnt(J;))u(NP}'Pre Int((z]ik)).
Proof.
(i) NPTSemicl (7)) NPF Precl(g2) (g5 LI NPFInt (NPE(J; T1(J; INPTE (NPt (5 )

— Jik Ll NpTint (NPTCI(JI) M NPfCI(NPTi“t(JfF NbeCl(Jf).

Therefore NP¥ bCI(JI) C (NPTSemiCl (Jik))l—l (NPT PreCl(Ji«))
(ii) Np?—"SemiInt(Jik)Ll Np?—"blnt(Jik)E Jf HNPTCINPﬂnt(Jf))H(Jf |—|Np}"int
NP?CI(JI) — Jikl—l NPTCI(NPTint(JI))U NpTint NPTC](J;) — NPTblnt(J;)
Therefore NPTbInt(Jl*) a (NPTSemiInt (JI)U(NPT Preint ((71*)

Theorem 4.17:

Let Xp is (NPT)TS. If Jjis a NP¥ 95 and J;is a NP¥P9S in X. Then J;T1J;5is a NPFPOS set in Xp.
Proof. Let J; is NPT 95X, Then,J;is NP7Semios and Np¥ Predsin X,

Hence for NP*P%set 75 in Xp, J; 175 E J; INPFC(NPFIR(73)) LI NPFIRt(NPFCY(73))
=(JDNNPFE (NP 7)) LII)M NPFRENPFE ()

- NP.’FCINPTint( JI)HNP?CINP?int(J;)U NPTint(NPTCl(JI)) I—lNPiFint( NP}"CI(J;))

= NPFC (NPIt(J;T175)) LINPFIE (NPFC (J; 115)).

Therefore J; MJ;is a NP5 in Xp.
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Theorem 4.18:
Let Xp be (NPF)TS. If J; is a NP¥9S and J3is a in Xp, then J;MJ5is a NPTP%in Xp.
Proof. Let J; is NP7%%S and J;is NPFP9%sin J;.
Then J; 73 S(NP¥™ (NPPEL(NPP™(7:)))= NPPC{(NPPI™ (7)) LI NPPIR (NP7CI(3))
— NPTintNPTCI(NPTint(Jf)))ﬂ NP?CI(NP?int(J;))U NP?int (NPTCI(NPTint (Jf)))ﬂNPTint(NPTCI(J;))
C NPTC](NPTint(Ji«)) HNPTCINPTint(J;) LI NP.’Fint(NP?Cl(JI))HNPTintNPTCI (J;)
= NPFE(NPF™ (7:11;)) UNPFRE(NPFE (111 73).
Therefore J;MJ;is NP5 in J;.

5. Neutrosophic picture fuzzy b-Continuous
Definition 5.1:

A maps fp: (Xp, Typr) — (Yp, onpr) is named as NP*Pcontinuous (NP7P- continuity), iff, 'is NP¥P%S in Xp, for each
NPTOS g% in Yp.

Definition 5.2:
A maps fp: (Xp, Typr) — (Yp, onpr) is named as NP7P" Continuous(NPF?" -continuity), if f "1 (J;) is NPFP?S" in X, for each
NP*P0S set J5 in Yp.

Theorem 5.1:

A maps fp: (Xp, Tnpr) — (Yp, onpr) is NPFP continuity, iff f» " (J;) is NPT P%Sin X5, for each NPT 26 75in Yop.

Proof. Suppose the maps fp: (Xp, Typr) — (Up, onpr)is NPFP - continuity. Let Jiis NPT PSin UYp. Then J;Cis NPT %in Xp.
Since fp is NPF"- continuity, f,~2(J;)is NPFP%S in X, Now fy'l(ch)=(fT‘1(Jf))c. Thus £5""(J})is NPFPCSinX,.
Therefore £~ (J;)is NP¥ P¢%in Xp, for each NP¥ PCSset J; in UYp.

Conversely, now assume fp ~*(J5)is NP¥P%in X, for each NP °% 7 in Y. By hypothesis fp ~* (J; )= ((fp) ~*)Cis NP7 PCSin

Xp, which denotes fp " (J;)is NPFPOS in Xp.

Thus the maps fp: (Xp, Typr) — (Yp, Onpp)is NPFP

-continuity.

Theorem 5.2:

If the maps fp: (Xp, Typr) — (Up, onpr)is NPT -continuity then fp is NPFP- continuity.

Proof. Let J;is NP %set in UYp, then Jiis NP5 in Y. Since fp is NPFP continuity, fp " (J;)is NPFP?Sin Xp. Thus fp is
NP*®- continuity.

Theorem 5.3:

If the maps fp: (Xp, Tnpr) — (Yp, onpr) is (NPF Pr€)-continuity then fpis NP¥P-continuity.

Proof. Let J; be NP¥ %5 in Y. Since fp is (NP¥ PT®) - continuity f» ™' (J;)is a NPTP €08 inf, X' and hence fp~ ' (J;)is NPTPOS
(by Theorem 3.16). Thus fp is NP*P- continuity.

Theorem 5.4:

Let fp: (Xp, Tnpr) — (Up, onpr). At that point, the accompanying explanations are identical.

(i) fpis NP¥P-continuity

(ii) f (NP PCl(g5)) £ NPFC(f(J))), for every NP set J; in Xp.

Proof.

(i) =(ii) Let J;is (NPT)in Xp. Then NPFC(fp(J;) is NPFCS . Since fp is NPFP-TS, f, 1 (NPT (£ (7)) is NPT PCSin Xp and so
fp~ (NPTC R (J5)) = NPTPCE, TH(NPTEY (£ (7).

Since JEfp " (fp(J;))we have NPT PC(g) & NPT P (f, ™ (f (7)) & NPT PC (£, T NPT (NPTC (£ (7))
=fp " (NPT (£ (7).

Hence fp (NP¥ PCl(7))E NPFC (£, (7).

(ii)=(i) Let J3is NPT ¢ in Yp. Let f»*(J5).then by (ii),

fp (NPT PC (£, 71 (5)))ENPTC (£ (£, (T5))),= NPTPA (£, 7 (£p))

C fp (NPT (fp(fp ' (7)) Efp~ (NPTEY(IHES (T5).

But £ (J5ENPT > (£,71(75) ) sof ™ (J5) = NPF Pt ™4(5).
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Hence fp ' (J3) is NP¥ *Sin X5 Therefore fp is NP*P- continuity.

Results:

Let fp: (Xp, T*NPF) — (Yp, onpr) The following are equivalent.
(i) fp is NP¥P"- continuity

(ii) fp (NPT PCY( G HENPTCY (£ (J;)), for every (NPF)set Jjin Xp.

Theorem 5.5:

Let fp: (Xp, typr) — (Yp, onpr) The following are equivalent.

(i) fp is NP¥P- continuity.

(ii) for every NPT ¢S set Jiin Yp,fp is NPT PCSin X5,

Proof. (i) = (ii) Suppose fp: (Xp, Tnpr) — (Yp, onpr)is NP7 P -continuity.

Let J;be NP €% in Yp. Then J; € is NPT %in Yyp. Since fp is NPFP- continuity, f, " (J;©) is NPF*%%in X, But fy_l((j]{c) =
(£7(3)) “Thus £, (J;) NP ¥Sin X

(ii) = (i) Let J; is NP¥ P%Sin Yy, that implies Jjis NPFP%in Y.

Thus fp "' (J;) is NPTP%in X5, which implies (f5)~1(J;) is NP*P%in X5. For every NP¥ %set Jiin UYp, there Xpis a
NPFP0S (£,)=1(J;)in Xp. Hence fpis NP¥P- continuity.

PTb

Theorem 5.6:

If fp:(Xp, tnpr) — (Up, onpr)is NPFP- continuity and gp: (Yp, onpr) — (Zp, papr) iS(NPF) -continuity,then (g o f) :
(Xp, Tnpr) — (Zp, prpr) is NPFP continuity.

Proof. Let J3be NPT 95 of Z5. Since gpis (NPT)-continuity, g5 (J;)is NP¥ %in Y. Now fp is NPFPcontinuity,f> (g1 (J1))is
NP7?9%S inX,. Hence (g © f)3* (J3) is NPFP9'in Xp. Therefore(f o g)» is NP¥P-continuity.

Theorem 5.7:

If fp: (Xp, tnpr) — (Yp, onpr) and gp: (Yp, onpr) — (Zp, pypr) are both N
(Zp, pnpr) is NPTP continuity.

Proof. Let J;beNP*®% inZ,. Since gp: (Up, onpr) — (Zp, pnpr)is NPFP -continuity,gz(J3) is NPFP%Sin Y. Also
sincefp: Xp — Yp is NPTP -continuity; f5 (g5 (J3)) is NPTPOSinXp.

Hence(g o £)71(J3)is NPFP%:in X Therefore (g o f)pis NP¥P'- continuity.

PP _continuity, then (g o f)p: (Xp, Tnpp) —

Theorem 5.8:

If fp: (Xp, Tnpp) — (Yp, onpr) is NPFP'- continuity and gp: (Yp, onpr) — (Zp, pupr) is (NPT)-continuity, then (g o
£)p: (Xp, Tnpr) — (Zp, papr) is NPTP continuity.

Proof. Let J;be NP¥ %inZy. Since NPF®: (Yp, onpr) — (Zp, pupr)is NPFP-continuity, g» 1 is NP*P?S in Yy Since fp is
NP’ continuity, fp (g ~1(J3)) is NPTPOS inXp.

Hence (g ° f)5(J;) is NPFP9S in X;. Therefore (g o f)5 is NP*P-continuity.

6. Neutrosophic Picture Fuzzy b-Open and b-Closed Maps
Definition 6.1:
A maps fp: (Xp, Tnpr) — (Yp, onpp) is named as NPFP% map) if the image of every NP¥9S in Xp is NP7 in Yp.

Theorem 6.1:
A maps fp: (Xp, Typr) — (Yp, Onpp) is named as NP7 PS5 if the image of every NP €5 in X is NPFPCS in Yp.
Proof. Use 5.1.

Definition 6.2:
A maps fp: (Xp, Tnpr) — (Up, onpp) is named as NPTP05 if the image of every NP5 in X is NPFPOS- in Y.

Theorem 6.2:

A maps fp: (Xp, Typr) — (Yp, onpr) is named as NPP Cmap iff f, = (J;3)NP¥ PCS in X for NPT PSS 75 in UYop.
Proof. by using 5.1.
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Remark 6.1:
(i) Every NP¥? Omaps is NP¥? Omaps.(ii) Each of NP¥Pr¢%and NP¥Semi%maps is  NP7P9 maps.

Example 6.1:
Let Xp = {j1, j,} the NPT sets are
035 03 015 02 04 03 01 0.2
H=x—+t—+—+—,—+—+—+-—)
J1 J1 J1 J1 )2 )2 J2 )2
0.25 03 03 0.15 0.25 03 035 0.1
H=K—+—F—+— —+—+—+)
1 J1 J1 J1 J2 J2 J2 )2
025 03 03 015 0 O 0
3=k —t—+—F+— ,—+t—+—+-)
J1 J1 J1 Ju J2 )2 )2 )2
. 0.25 03 03 0.15 025 03 03 0.15
I=x—t—+—+—,—+t—+—+—
J1 J1 J1 J1 )2 )2 J2 )2

Let tnpr = {02, 15,1}, oner = {02, 12,73} Yner = {09, 1p, J3} and pnpr = {09, 15, 5}

The map fp: (Xp, Tpgr) — (Yp, Opgr) in identity map is NPFP%S: but not NPFP%because (J;)is NP0 but not NPFPre0s in
Yp.

The map fp: (Xp, inpr) — (UYp, Ynpr) in identity map is NP7B2S but not NP¥PS because fp( J5)is NPT but not NPFPOS in
Yp.

The map fp: (Xp, inpr) — (Yp, onpr) in identity map is NP7BS but not NPFP9S because fp(J;)is NPT but not NpFFreos

in y?.

Theorem 6.3:

A maps fp: (Xp, Tnpr) — (Up, onpr) is NPFPOSIff £, (NPFINt(g1)) E NPFPIY(fL(;)), for every NPFset J;of NPFX,

Proof.

Let J;NP¥ 95 in Xp, then NPFINt(J7)EJ; Since fp is a NPFPO map £, (NPFINY(J;) is NPTPOS inYp.

Hence 5 (NPTIn(J7)) = NPFInt (£, NPFINt(J}) £ NPPINY (£, (7).

Conversely, let J;is NP¥CSin Xp. by hypothesisfp(J;) = f» (NPT ) (J5) E NPT (£, (g1) Ywhich implies fp(J;) is NPFPOS in
Yp. Hence fp is NPFPOS,

Theorem 6.4:

If fp: (Xp, Tnpr) — (Up, onpr) is NPFP% and gp: (Yp, onpr) — (2, pupp)isNPFPO%, then (g o £)isNPF20%,

Proof. Suppose J;is NP¥ 95 in Xp. Sincefp: Xp — Yp is NPFO maps, f(J;) is NP¥ %in Yp. Now gp : Yp — Zpis NPTPOS
Hence g»(fp(J7)) = (g © )»(J;) NPFPY in Z,. Therefore (g o f)pis NPFPOS,

Theorem 6.5:
If fp: (Xp, Tnpr) — (Up, onpr) is NPF 9Sand gp: (Yp, onpr) — (Zo, papr)is NPTP'05 then (g o f)p is NPFPO5.
Proof: By definition its proved.

Theorem 6.6:

Let fp: (Xp, tnpr) — (Yp,onpr) and gp: (Yp, onpr) — (Zp, pypr) be two maps. If fp is fp-continuity, onto and
(g o f)pNPT P | then gy is NP¥ PCS,

Proof.

Let Jiis NP¥CS in Yp. Since fp is fp-continuity, then fp~"(J;) is NP¥ %inXp. Now (go f)pis NPFPSand f, is onto
50,(g ° Np(fp " (J1)) = gp (Ji) is NPT PES in Z,, Hence gp is NP¥ P maps.

Theorem 6.7:

Let fSP*: (Xp, Tapr) — (Yp, onpr) and gp: (Yp, onpr) — (Zp, pnpr)be two maps. If fpis N
NP7PCS then gp is NPT PCS

Proof: Similar 5.6.

PP continuity, onto and (g o f)pis

Theorem 6.8:
Let fp: (Xp, Tnpr) — (Up, onpr) and gp: (Yp, onpr) — (Zp, ppr)be two maps. Iff is NP¥P"- continuity, onto and (g o f) is
NP¥ €5 then gp is NPFP'CS,
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Proof: Similar 6.6.

Definition 6.3:

A bijective mapfp: (Xp, Typr) — (Yp, onpr)is called NP7P-homeomorphism NP7P- homeomorphism) if f, and f, ‘are are
NP”? continuity.

Definition 6.4:
A bijective map fp: (Xp, Typr) — (Up, onpr) is called NPFP homeomorphism (NP¥®"- homeomorphism) if f, and f,~ ‘are
NP*P"_continuity.

Remark 6.2:
@) Every (NP¥) - homeomorphism is NP7P- homeomorphism.
(i1) Every NP¥P"- homeomorphism is NP*®- homeomorphism.
Example 6.16.
Let Xp={j1,j,} the NP¥sets are
0o 0 1 00 O 1 O
= —+—t—t+—,—+—+—+)
1 )1 1 )2 )2 )2 )2
0 01 00 0 1 O
H=—t—F+—+t— ,—+—+—+-)

| RS U NS PR PR PR PR P!
is NP¥P- homeomorphism but not (NP¥) - homeomorphism, since fp *: Yp — Xpis not (NPF) - continuity.
Example 6.17.

Let Xp={j;,j,} the NP¥sets are

1 0 0 00 O 1 O
= —+—+—+——+—+—+-)
Ju 1ol i)z )2 )2 )2
0 0
=+ttt —+—+—+7)
Ju o i)z )2 )2 )2 _ _ _ o
Let tnpr = {0p, 1p, J1 }.0npF = {030:*17?: J3} Then the maps fp: (Xp, Tnpr) — (Yp, Onpr) d?ﬁned byfs(j1) = jrand f»(j;) =jyis
NP”P- homeomorphism but not NP¥?"- homeomorphism, since f5* : Yp — Xp is not NP¥P"- continuity.

Theorem 6.9:

Every NP¥?"- homeomorphism is NP*®- homeomorphism.
Proof.

Let fp: (Xp, Tnpr) — (Up, onpr)be NPFP - homeomorphism. Then fpand fp are NPFP'- continuity maps. By Theorem 4.4, fp
and f5'are NP*P-continuity. Hence fp: Xp — UYp is NPT homeomorphism.

Theorem 6.10:

Let fp: (Xp, tnpr) — (UYp, onpr)is a bijective map. At that point, the accompanying explanations are identical

(i) fpis NP¥P- homeomorphism

(ii) fpis NP*P_continuity and NP¥PO$

(iii) fpis NP7P-continuity and NP¥ P¢S,

Proof. (i) = (ii) Let fp be NP*P-homeomorphism. Then fpand f; *are NP*P-continuity. To prove that fp is NP¥POS Let J;is
NP*9S in Xp. Then since fp ~': Yp — Xp is NP*P- continuity (f:p_l)_l(ﬂf) = fp(J;) is NP¥POS in Y. Hence fp is NPFPOS,
(ii) = (i) Let fpbe NP"Pcontinuity and NP7 To prove that f» ~':Yp — Xpis NP*P-continuity. Let Jiis NP¥?S in Xp. Then
f5(J7) is NPTPOS in Ypsince fp  "NP¥P9S | which impliesfy(J;)= (f:p‘l)‘l(J;) is NP¥29 in Yy, Therefore fp': Yp — Xpis
NP continuity. Hence fp is NP¥P-homeomorphism.

(ii)= (iii) Let fpbe NP¥P-continuity and NP7?% . To prove that fp is NP P¢S. Let J3is NP ¢ in Xp. Then 15-J;is a NPFOS in
Xp. Since fp " : Xp — YpNPTP? map, f5(15-7J3) is NPT in Yp Now fp(1p-J3) =1p-fp(J;) is NPFPOS in Yy, which implies
fp(J5) is NPT PCSin Y. Hence fpis NP PCS,

Theorem 6.11:
Let fp: (Xp, typr) — (Up, Onpr)is a bijective function. At that point, the accompanying explanations are identical
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(i) fpis NP¥P"- homeomorphism
(ii) fp is NP7P"- continuity and NPFP"0S
(iii) fpis NP¥P"-continuity and NP¥P Cmaps

Theorem 6.12:

Iffp: (Xp, Tnpr) — (Yp, onpr) be NPFP -homeomorphism, then their composition (g o f)p — Zp is NP7P homeomorphism.
Proof.

Let Jyis NP7P9% in 25, Then since fp : Yp — Zpand fp *: Xp — Yp are NPFP'- homeomorphism, fpis NP¥P"- continuity
NPF® 7" (J;) is NPFPOS in Yy Also since fp: Xp — Ypis NPFP"- continuity, (fp gp~1(J7)) = (g o D)p - (J})is NPFPS-in ;.
Therefore (gof)p: Xp — Zpis NP*P-continuity. Again, let J; is NP*P% in Xp. Then sincefp *: UYp — XpisNPTP
continuity,(f?_1)_1(J{)=f?((7{)is NP7295 in Yp. Also gp~t: Zp — Ypis NP™P-continuity, (g, 1) " Hp(Ji) = gp(fp(Ji) =
(goDp(Ji) is NPTP%in Z,. Therefore(ge )zt Zp * Xpis NP™P-continuity. Hence(gof)p: Xp — Zpis NPFP'-
homeomorphism.

6. Conclusion

In this paper, we introduced and studied the concept of Neutrosophic Picture Fuzzy Sets (NPFS), which generalized the
fuzzy set concept by considering four functions: YES (membership), ABSTAIN(indeterminacy), NO(non-membership), and
REFUSAL(refusal membership). We investigated their basic properties and operations. We also introduced the concept of
Neutrosophic Picture Fuzzy Topological spaces (NPFTS) as a mathematical model to represent and study NPFS structures. We
believe that NPFTS could be used to represent and analyze various problems in many fields because of the generality of NPFS
and fuzzy sets. The future work may focus on proposing computational algorithms and methods for NPFTS, and applications of
NPFS in computer fields such as image processing, artificial intelligence, decision support systems, and optimization. We hope
that our work will contribute to the study of neutrosophic and fuzzy sets and their applications.
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