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Abstract - In this paper, a Fuzzy Soft Graph Matrix (FSGM) is formulated to represent fuzzy soft graphs in uncertain
environments. This framework performs the fundamental operations such as union, intersection and complement. The
effectiveness and applicability of the above operations in FSGMs are validated through suitable illustrations and a real-world
application.
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1. Introduction

Molodtsov [1] developed the soft set theory as a generic mathematical framework that handles uncertainty without
imposing limiting criteria to overcome these restrictions. Also, the Soft set theory has garnered interest since its inception, due
to its adaptability and efficacy in simulating the unclear and complicated scenarios.

The Fuzzy soft sets enable parameterization and graded membership to be incorporated in a single framework, which was
developed as a result of merging the soft set theory with fuzzy set theory. When compared to the traditional fuzzy or soft
models by themselves, this combination provides a more comprehensive depiction of uncertainty. At the same time, fuzzy
graph theory provides a useful tool for modeling systems where relationships between elements are not well defined. Also, the
Fuzzy graphs provide a natural method of modeling imperfect connections in real-time and decision-oriented systems by giving
vertices and edges membership values [2].

Expanding on these concepts, [3] presented the concept of fuzzy soft graphs and studied their basic operations, like
intersection and union. Through their study, the basic structure of fuzzy soft graphs was developed, and its applicability to
parameter-dependent systems was shown. The theoretical underpinnings of the soft graph models under uncertainty were later
strengthened by Akram and Nawaz [4], who further developed this framework by defining the new operations and
classifications. Although fuzzy soft graphs provides the strong modeling foundation, it has the difficulties in describing and
manipulating them computationally, specifically when dealing with big systems or algorithmic implementations. By
transforming the graph structures into numerical forms appropriate for algebraic analysis and computer processing, matrix
representations are important to classical graph theory [5, 6]. Although, because fuzziness and parameter dependency coexist in
fuzzy soft graphs, traditional adjacency matrices are not directly applicable to them.

Motivated by these concepts, this paper suggests the fuzzy soft graph matrix, that is matrix representation of the fuzzy soft
graphs. This style makes the mathematical analysis easier and provides a methodical and condensed manner to store fuzzy soft
graph information. Within the matrix framework, basic operations such as the union, intersection, complement, and Cartesian
product are developed, and their key characteristics are examined. Also, the decision-making application demonstrates the
practical utility of fuzzy soft graph matrices, emphasizing their efficiency in managing the imprecise and multi-parameter
information.

2. Preliminaries
Definition 2.1 [3]

Let U, the universal set and A, the set of the parameters. P, power set of U. Then mapping F4: A = P is known as the
fuzzy soft set over the pair (U, A), where F4(a) = u# ,» Tepresents the collection of all fuzzy subsets of U, for each parameter
a €A
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This collection of all fuzzy soft sets defined on the pair (U, A) is represented by FS(U, A).

Definition 2.2 [3]
Let V be a non-empty set of vertices and p : V — [0,1]. Again, let E be a set of edges, E =V XV and w: E = [0,1]
such that

nee,y) < p(x) Ap(y) V(x,y) €V XV.

Then the pair G = (p, ) is called a fuzzy graph over the set V. Here p and [ are respectively called fuzzy vertex and
fuzzy edge of the fuzzy graph G = (p, ).

Definition 2.3 [3]
Let a simple graph G* = (V, E) where, V = { v1, V5, V3, ..., U} be the non-empty set of the vertices, E, the set of edges,
if A represent the set of parametersand A € E.

A fuzzy soft graph is the ordered pair.
G(A,V) = (G *' b, ,Ll)

i) pg:A — P(V)is afuzzy soft vertex function
ii) ug:A — PV XV)isa fuzzy soft edge function such that,

e (v, v)) < min{pa(vi), pa(vj)} holds foralla € Aand foralli,j = 1,2,...,n.
Here, P(V) denotes the fuzzy power set of V and P(V X V)denotes the fuzzy power set of E.

Example 2.4
The simple graph G* with the set of vertices V = {v;, v,, v5,v,} and a set of edges E = {e, €;, €3, €4, €5} as shown in
Figure.

Consider parameter set A = {a,, a,, as} and the fuzzy soft vertex function p: A — P(V) is defined as follows:
p(ay) = {v,]0.6,v,| 0.8,v5]0,v,]| 0.5}
p(a,;) = {v110.4,v,| 0,v5]0.7,v,| 0.5}

The fuzzy soft edge function p is defined as follows:
.u(al) = {ello'zi eZl Ol €3 |0, €4| 0, €5 |04}
M(ﬂz) = {ellol €; | 0, €3 |05I 64' 061 65|04}

Therefore, G4y (a1) is represented as (p(dl), u(a,l)), and G4y (a;) is represented as (p(az), u(az)), both of which
are FSG of G* as shown in Figure 1.

€1
v
vy 0 2
€s €4 e
2
€3
O 0
G*
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v,(0.6) e1(0.2) v;(0.4)
O O
0.8
es(0.4) v(0.8) es(0.4)
e3(0.5)
1,(0.5) O v3(0.7)
1,(0.5) 0
Gy (@1) Geavy (a2)

Fig. 1 Fuzzy soft graphs corresponding to the given parameters

Definition 2.5 [3]
Consider, Geay) (@1) = (G7, pay) la,) and Gayy (@2) = (G*, paz,uaz) be two fuzzy soft graphs defined on G*. Then the
union of two FSG G,y (a1) and G4y (a,) is defined by the,

Guan(a) U Gupy(az) = Gy (@) = (G*, pa, ta)

where, p,(v;) = max{p,,,p,,} for all v; € V and for all a € 4, also u,(v;, v;) = min{u,, (vi, v;)Vua,(vi v;)} if vy,
v; € V and for all a € A.

Definition 2.6 [3]

Consider, Giayy (@1) = (G7, Pa,, ta,) and Guyy (a2) = (G*,pdz,,udz) be two fuzzy soft graphs defined on G*. Then the
intersection of two FSG G,y (@1) and G,y (a,)is defined by,

Gy (a1) N G(A,V)((lz) =Gy (@) = (G",pa ta)

where, p,(v;) = min{pal,paz} for all v, €V and for alla€A, also p,(v;, vj) = max {ual(vi, vj)v
ta,(vi, v;)} if vi, v; €V and foralla € A.

Definition 2.7 [3]
The complement of an FSG, Guy)(a) = (G7,pa,tha) is defined as Giyyy(a) = (G*,pg, ug), where pi(vy) = 1—
pa(w) Vv, €Vanda €A, and uS(v;, v;)= 1—p,(vi, vj)if vi, v;€Vanda€ A,

Definition 2.8 [3]
Adjacency matrix of the fuzzy graph G* = (V,E) is,

{u(u, v), if i,jinthe neighbourhood
Apg =

0, otherwise
Example 2.9

e,(0.6)

v,(0.4) O 0 12(0.9)

6:(08) 67(07)
e;(0.5)

1,(0.5) O O v3(0.6)
G*

Fig. 2 Adjacency matrix representation of a fuzzy graph
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Fuzzy adjacent matrix of the abovementioned fuzzy graph is,

0 06 0 08
06 0 07 0

0 07 0 05
08 0 05 0

Apg =

3. Fuzzy Soft Graph Matrix
Definition 3.1

Let, Gavy = (G*,p, 1), is a fuzzy soft graph, where G* = (V,E) is the simple fuzzy graph and A is a non-empty
parameter set for each parameter a € A, an adjacency matrix is defined as:

M _ (u(u,v), if thereis an edge between the vertices
FSG[Gay (a)] — 0, otherwise

The matrix Mgsgc, (a;)) denoted as Fuzzy Soft Graph Matrix for each parameter a; € A.

Note
The matrix Mg is designated as the Fuzzy Soft Graph Matrix.

Example 3.2
Consider the graph G*withV = {v,,v,,v3,v,} and E = {e;, e,,e3,€4,€5} Let A = {a,,a,, a3} be a set of parameters
associated with the graph. The fuzzy soft vertex and edge membership functions are defined for each parameter in A.
p(a,) = {v,10.4,v,| 0.2,v5]0,v,]| 0.8 }
p(a,) = {v,]0.5, v,| 0,v5]0.6,v,| 0.7 }
p(as) = {v|0,v,| 0.5, v5]|0.7, v,| 0.8}

ulay) = {e110.1,e,| 0,e5]0,e4] 0.2,e5|0.4}
u(az) = {e110,e;,] 0,€3]0.5, 4] 0, e5]0.4}
u(asz) = {e110,e,] 0.4, e5]0.6,e,] 0.3, e5|0}

Consequently, G,y (a,) is represented as (p(ay), u(ay)), Geay) (az) is expressed as (p(ay), u(ay)), and Gay)(ay)is
denoted as (p (as), ,u(a,?,)), all of which are FSG of G*.

€1

2 1(0.1
v v 1 (04) e (0-1) 1,(0.2)
“ 5 e es(0.4)
e,(0.2
€3
Uy O VU3 1,(0.8) Gy (@1)
G
v1(0.5) v,(0.5)
es(0.4) e4(0, e,(0.4)
e;(0.5) e;(0.6)
,(0.7) o v3(0.6) ,(0.8) o v3(0.7)
Gayy (az) G (as)

Fig. 3 Fuzzy soft graphs for the given parameter set
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0 01 0 0.4
u _101 0 0 0.2
FSG[Gay (a1)] — 0 0 0 O
04 02 0 O

0 0 004

y 10 0 00O

FsGl6av@d]l = o o0 0 05
04 0 0.5 O]

0 0 00

y _10 0 040.2
FSGlGav@)l |9 04 0 06
0 03 06 O

4. Operations on Fuzzy Soft Graph Matrix
Definition 4.1

Let Mpsgi6,y(a,)] = Mij and MFSG[GAV(aZ)] = n;jbe two Mpgg associated with parametersaq, @, € A respectively.
The union of the two Mg is defined as,

MFSG[GA\,w(al)] U MFSG[GA\,V(az)] = MFSG[GA\,v(a)] = lij
Where, ll] = max{mij,nij} v l,]
Example 4.2

Using the fuzzy soft graph matrices obtained in Example 3.2, the union operation is performed by taking the maximum of
the corresponding entries in the two matrices.

0 01 0 04
M _101 0 0 0.2
FSG[Gpy(a)] — 0 0 0 O
04 02 0 O
0 0 0 04
u 10 0 0 O
FSG[Gay(az)] = 0 0 0 05
04 0 05 O
0 01 0 04

101 0 0 0.2
MFSG[GA,W(“l)] U MFSG[GA,W(ﬂz)] 1o 0 005

04 02 05 0
Definition 4.3
Let Mpsgic,y(ap)) = Mij and Meselay(az] = Mij be two Mpg; associated with parameters a,, a, € A respectively. The
intersection of the two My, is:
MEsgieay(a N Mesc[oay(an] = Mrscieay(@i = lij
Where, [;; = min{m;;,n;;} V i,j.

Example 4.4

The intersection of the matrices corresponding to Example 3.2 is obtained by selecting the minimum value of each pair of
corresponding entries.

0 01 0 0.4
M _101 0 0 0.2
FSGlGay(ad] ~ | o 0 0 0
04 02 0 O
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0 0 0
M _]10 0 0 O
Fseleav@] T 1o 0 0 05
04 0 05 O
The resulting matrix represents the intersection of associated fuzzy soft graphs.

0 4
0
0

o o o

0 0.

M nM =0 0

FSG[Gay(a1)] FSG[Gay(az)] — 0 0
0.

4 0 0 O
Definition 4.5
Let Mpsgicyy(a)) = Mujbe the fuzzy soft graph matrix associated with the parameter a € A.Then Mzgsa[a av(@]

Complement is then defined as
Misoioay@y = 1—mi Vi, ).
Definition 4.6
Let Misgieyy(ay)) = Mij and MFSG[GA’W(@)] = ny;be two Mg, associated with parameters a,,a, € A respectively.

The Cartesian product of the two Mg is defined as,
MEs6i6ay(a) X MEsc[oay(az)] = Mrseieay@) = LikG
Where, l(i,k)(]',l) = min{mij,nkl} v l,]

Theorem 4.7
The fuzzy soft graph matrix corresponding to an undirected fuzzy soft graph is symmetric.

Proof
Let, Giavy = (G7, p, ) be the fuzzy soft graph, where G* = (V, E)the simple fuzzy graph, and A is the associated non-

empty parameter set.

For each parameter a € A, the fuzzy soft graph matrix

MEsgiapy(an = Mij
Is defined such that, m;; = u,(u, v)

Where, p,denotes the fuzzy soft edge membership function corresponding to parameter a.
Since,G* be the undirected simple fuzzy graph.
= ,ua(vl-,vj) = ,u(v]-,vi) Vi,j.
Therefore,m;; = m;V i, j, which implies that Mg is symmetric.
Theorem 4.8
The union of two fuzzy soft graph matrices is the fuzzy soft graph matrix.
Proof
Let, Gayy = (G", p, 1)is a fuzzy soft graph, where G* = (V,E) is a simple fuzzy graph, and A is the associated non-

empty parameter set.

For each parameter a4, a, € 4, the fuzzy soft graph matrix Megs(c, y(a)] = Mij and MFsc;[GM(az)] = Nyj.
Then the Union of two Mg is,

MesG 6 y(a) Y Mresclyy(az)] = Mrscleay@) ¥ L J-
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MFSG[GA_V(a,)] = lii
Where, [;; = max{m;;, n;;}.

Since both Mgsg(6, y(a,)) and M FSG[Gay(az)] AT€ fuzzy soft graph matrices, their entries satisfy 0 < m;;, n;; < 1for all i, j.
Hence, 0 < [;; < 1, which ensures that Mrsg(g, (0] 18 @ valid matrix.
Furthermore, for each parameter, the original fuzzy soft graph consistency condition

ta(vi, vj) < max{p,(v;), pa (vj)}

Taking the maximum of two such admissible membership values preserves this inequality, since the maximum of two
values that individually satisfy the condition cannot exceed the corresponding vertex membership bounds.

Thus, the matrix satisfies all requirements of a fuzzy soft graph matrix with respect to the same underlying graph G*.
Therefore, the union of two fuzzy soft graph matrices is itself a fuzzy soft graph matrix.

Theorem 4.9
The intersection of two fuzzy soft graph matrices is also a fuzzy soft graph matrix.

Proof
Let, Geavy = (G, p, ) be a fuzzy soft graph, where G* = (V,E) is a simple fuzzy graph, and A is the associated non-

empty parameter set.

For each parameter aq, a, € A, the fuzzy soft graph matrixMggg g, y(a,)] = Mij and MFSG[GM(M)] =nyj.
Then the Intersection of the two Mg is,

MesGi6ay(an] N Mrescleyy(az)] = Mrseleay@ V 1)
MEscioay(an = Lij
Where, [;; = min{m;;, n;;}.

Since both Mgsg(6, y(a,)) and MFSG[GM(@)] are fuzzy soft graph matrices, their entries satisfy 0 < m;j;,n;; < 1for all i, j.
Hence, 0 < [;; < 1, which ensures that Mrsgg, (0] 18 @ valid matrix.

Moreover, for each parameter a € A, the corresponding fuzzy soft graph matrix entries satisfy the edge — vertex
consistency condition.

lij < min{Pa(Vi)' pa(vj)}

Therefore, the intersection matrix satisfies all the defining conditions of a fuzzy soft graph matrix with respect to the
underlying graph G*.

Hence, the intersection of two fuzzy soft graph matrices is also a fuzzy soft graph matrix

5. Application
A vehicle selection problem is considered to demonstrate the practical usefulness of the proposed fuzzy soft graph matrix
framework.

Let, V = {vy,V,, V3, V4, Vs} be the set of cars of the same model manufactured in different countries, where each 1;
represent the distinct alternative.

The major objective is to analyze these alternatives on the basis of the multiple qualitative parameters and to determine
whether any car satisfies all chosen criteria simultaneously.
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Let the parameter set be defined as A =.{a;, a,, aj,a,} where, a, represents safety, a, represents affordability, a,
represent maintenance and a, represents performance.

These parameters are chosen because they are commonly used, mutually independent, and essential factors in automobile
evaluation. Since their assessment depends largely on human perception and expert judgment, fuzzy modeling is appropriate.

For each parameter a, € A, fuzzy membership values
pak (vi) € [0:1]

are assigned based on expert opinion and normalized qualitative assessment. A higher value indicates better satisfaction of
the corresponding parameter.

The fuzzy approximate function p : A — P(V) defined by
p(ay) = {v,]10.8,v5] 0.2,v,]0.5}
p(a;) = {v;|1,v3| 0.3,v50.7}
p(as) = {v110.4,v,|0.5,v,] 0.3, v5|0.5}
p(ay) = {v110.2,v,]0.4,v5]0.6,v,|0.4}

The fuzzy approximate function 4 : A - P(E) defined by
u(a,) = {e3] 0.2,e4]0.4,e,]0.2}
u(ay) = { e;] 0.3,e5]0.6, e9|0.3}
u(as) = {e,]10.4,e,] 0.3,e5]0.4, e4] 0.3, e4]0.5, €,4]0.2}
u(a,) = {e,10.2,e,] 0.3,e5]0.4,e4] 0.2,e,]0.1, €,4]0.4}

Thus, G4y (ay) = (p(al)u“(al)): Gay(az) = (P(az)r ll(az)): Gay(az) = (P(%):H(as)) and GA,V(a4)= (P(a4)' ,u(a4)) arc
fuzzy soft graphs of G* with an incidence function of ¢ = {(vi, vj) |vi, v; have similarity between them}

eg(0.6)

v1(0.8) vs(07) o R v,(1.0)
O,
e,(0.3)
e5(0-4) e0.2) e5(0.3)
0.2 v5(0.3)
02 Gay(az)
14(0.5) v2(0.2) :
Gay (a1)
1,(0.2)
v1(0.4) 0 e;(0.2)
es(0.4) e,(0.4) b0
5 (0.
v5(0.5) g 12(0.5) e;(0.3)
e4(0.3) ,4(0.4) o0 v3(0.6)
e3(0.
v(03) Gay (as) Gav(as)

Fig. 4 Fuzzy soft graph representation of the car selection alternatives
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The Mg of the above FSG are,
0 0 02 04 O
0 0
MrsGiaya) =| 02 0 02 0
02 0 02 0 O
0 0 0 O 0

o
o

o o

0 0 O 0 0
0 0 03 0 06
MFSG[GA,V(aZ)] = 00 0.30 00 8 %3

0 06 03 O 0/

0 04 0 03 04
04 0 0 02 05
MrsGiay@n =] 0 0 0 0 O
03 02 0 0 03
04 05 0 03 0

0 02 01 0.2

02 0 03 04

MFSG[GA,V(a4)] = 01 0.3 0 0.4
02 04 04 0 O

0 0 0 0 0

o O O

To identify a car that satisfies all the selected parameters simultaneously, the intersection operation on the corresponding
fuzzy soft graph matrices is performed. This operation captured common structural relationships among alternatives in all
considered criteria. Finally, the resulting intersection matrix represent combined influences of the safety, affordability,
maintenance, and performance.

000 00
00000

(MFSG[GA.v(al)] nMFSG[GA,V(az)])nMFSG[GA,V(a4)] = 00 8 % % 00
00 0 00

In this instance, there are only O entries in the intersection matrix. This shows that, under specified fuzzy thresholds, no
accessible car possibilities satisfy all requirements simultaneously.

6. Conclusion

In this study, Fuzzy soft graph matrices are presented as an organized method to express fuzzy soft graphs and examine
their basic operations. Then the multi-criteria decision-making application is utilized to show the practical applicability of the
suggested framework and to show how subjective characteristics are methodically represented and examined. This framework
may be expanded in future studies by involving the weighted models, ranking techniques, and dynamic decision systems.
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