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Abstract - This paper investigates the N-soliton solutions of the (2+1)-dimensional generalized Caudrey-Dodd-Gibbon-Kotera-
Sawada equation. By virtue of the Hirota bilinear method, the bilinear form of the equation is derived, and the analytical
expression for its N-soliton solutions is constructed. When N = 2, with reasonable parameter constraints and appropriate
parameter selections, the multi-soliton solutions can degenerate into other types of solitons and exhibit the nonlinear interaction
characteristics between different solitons. For instance, two-line solitons can transform into a periodic soliton, and a two-kink
soliton can simplify to a kink breather soliton. Three line solitons can present the interaction between a line soliton and a periodic
soliton. In contrast, a three-kink soliton can exhibit the interaction between a single-kink soliton and a kink breather soliton.
Meanwhile, the four-soliton solution can effectively describe the collision and evolution processes between two line solitons and
one periodic soliton, as well as the interaction between two periodic solitons. In addition, applying the long-wave limit method
yields lump soliton solutions, and the interaction mechanism between lump solitons and line solitons is examined. Numerical
simulations are conducted for the derived soliton structures, and their spatial evolution diagrams are presented. Furthermore,
the dynamic characteristics and propagation rules of these solitons are systematically investigated. This finding enriches the
solutions to this equation, broaden research on soliton categories and interaction mechanisms, and offer theoretical references
for analyzing relevant nonlinear physical models.

Keywords - (2+1)-dimensional generalized Caudrey-Dodd-Gibbon-Kotera-Sawada equation, Line Soliton, Kink Soliton,
Periodic Soliton, Lump Soliton.

1. Introduction

Solitons [1], a type of analytical solution with special physical significance in nonlinear partial differential equations
(NPDEs), possess characteristics such as stable form and elastic interaction. These features reflect the fundamental laws
governing nonlinear evolution processes in nature. They have extensive application prospects in various fields such as fluid
mechanics [2.3], quantum mechanics [4], plasma physics [5.6] and optical fiber communication [7]. Based on the above
application value, soliton solutions have become one of the indispensable core research objects in these disciplinary fields. The
construction, characteristic analysis and interaction studies of soliton solutions not only enrich the solution system of evolutionary
equations but also provide important support for the explanation and solution of various practical nonlinear problems. Since the
discovery of the soliton phenomenon, scholars have proposed various methods for constructing soliton solutions. Among them,
Hirota’s bilinear method [8-11], inverse scattering transformation method [12], Darboux transformation method [13-17],
Bécklund transformation method [18-21] and the long-wave limit method [22-25] have become the most representative research
approaches. The application of these methods has promoted the research progress of soliton solutions for a wide range of NPDEs,
from the classic KdV equation and Schrédinger equation to various new nonlinear evolution equations. Breakthroughs have been
continuously achieved in the construction and characteristic analysis of soliton solutions. However, with the continuous
emergence of various complex high-order dynamic models, the construction theories and solving methods for soliton solutions
still need further improvement and optimization, and the inherent physical mechanisms behind soliton interactions also require
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more in-depth and systematic research. The traditional types of bright solitons, dark solitons, and kink solitons cannot fully cover
the rich dynamic phenomena in complex nonlinear systems.

Currently, soliton research is gradually expanding to more specialized types such as high-dimensional localized solitons,
composite interacting solitons, and irregular evolving solitons. Numerous scholars at home and abroad have conducted extensive
systematic research on various high-order nonlinear evolution equations, and continuously explored diverse local wave solutions
contained in these equations as well as their dynamic evolution characteristics. Wang et al.[26] studied the extended (3+1)-
dimensional Jimbo-Miwa equation via the Hirota bilinear method and derived its N-soliton solutions. By imposing novel
resonance conditions on the obtained N-soliton solutions, they constructed soliton molecules and Y-shaped soliton solutions, and
further investigated the complex multi-soliton solutions of this equation. Sachin et al.[27] adopted the Lie symmetry method and
unified method to investigate the coupled breaking soliton (¢cBS) model, and derived polynomial and rational function solutions.
They also visualized the dynamical behaviors and characteristics of breather solitons, conical solitons, lump solitons, petal-
shaped patterns, periodic solitons, and solitary waves through graphical illustrations. Sachin et al.[6] investigated a nonlinear
fifth-order partial differential equation (PDE). By virtue of the simplified technique of the Hirota method, they expressed multiple
solitons in the forms of single-soliton, two-soliton, and three-soliton solutions, as well as their interaction behaviors. Yan et al.[28]
studied the (2+1)-dimensional Kadomtsev- Pet- viashvili equation with variable coefficients and constructed four different types
of solutions based on its bilinear form. In addition, they performed the long-wave limit method on two-soliton, three-soliton, and
four-soliton solutions to obtain lump solutions and rational function solutions. Ma et al.[29] investigated the (2+1)-dimensional
generalized Benjamin-Ono (gBO) equation, by using the Hirota bilinear method, trial function method and homogeneous balance
principle, they derived lump solutions, breather solitons and new soliton solutions of the equation, and analyzed their dynamical
behaviors via graphical simulations.

Inspired by the above research achievements, this paper focuses on the construction and characteristics of soliton solutions
of nonlinear partial differential equations. Taking the (2+1)-dimensional generalized Caudrey-Dodd-Gibbon- Kotera- Sawada
(CDGKS) equation as the specific research object. The equation belongs to the fifth-order KdV integrable hierarchy. Compared
with the classical (1+1)-dimensional CDGKS equation, this model introduces a fifth-order dispersion term, which can describe
the nonlinear wave phenomena dominated by higher-order dispersion. By introducing a two-dimensional lateral differential
coupling term while retaining the core terms such as high-order dispersion and cubic nonlinearity, the physical applicability range
of the equation has been expanded. Most of the current research on the (2+1)-dimensional generalized CDGKS equation focuses
on the derivation of analytical solutions for a single type of soliton, or simply discusses the propagation characteristics of traveling
wave solitons. Most of the literature lacks a systematic analysis of the interaction dynamics between different types of localized
waves (striped solitons, lump solitons, breathing solitons).

36U + (Uyerx + 15Ul + 15u3) — avyy, — b(Uyyy + 3uu, + 3u, v, ) = 0 (D
where u = v,, The Eq. (1) is equivalent to the following form
36Vsy + (Vexrx + 15U Uy + 1505) — avyy, — b(Veyny + 30y [ vydx + 30,1) = 0 (2)
u(x,y, t)and v(x,y,t)are functions of x,y and t, a, b are constants.

Owing to the excellent integrable properties and abundant local wave solutions of the equation, numerous scholars have
conducted in-depth discussions on the construction of its various analytical solutions and evolutionary laws in recent years. For
example, Ma et al.[30] derived the explicit expressions of N-oscillation wave solutions for the equation. By imposing novel
constraint conditions on these solutions, they constructed resonant Y-shaped and X-shaped oscillatory wave solutions.
Furthermore, they revealed the interaction behaviors between resonant Y-shaped oscillatory waves and higher-order lump
solitons via the long-wave limit method. Based on the Hirota bilinear form of this equation, Peng et al.[31] investigated a class
of exact interacting wave solutions by means of the vector symbolic method, and discussed that such solutions can be transformed
into pure lump waves or stripe solitons under certain conditions. Deng et al.[32] derived the Nth-order Pfaffian solutions of this
equation, from which the one-soliton and two-soliton solutions were obtained. Meanwhile, they constructed one-periodic and
two-periodic wave solutions via the Hirota-Riemann method. Although Ref.[33] derived one- to three-soliton solutions for the
fixed-coefficient original CDGKS equation via the Hirota bilinear method, it cannot tune soliton behaviours and pays little
attention to four-soliton-related localized waves, long-wave-limit lump construction and systematic dynamics of auxiliary field
v. Motivated by these gaps, this paper investigates the generalized CDGKS equation with two tunable coefficients (a, b), whose
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bilinear form and dispersion relation depend explicitly on (a,b). We construct one- to four-soliton solutions, study
parameter-degeneration rules, analyse mixed-wave interactions and explore kink-soliton features of field v.

The structure of this article is as follows. In Section 2, the generalized Hirota bilinear method is employed to derive the
analytical expression of the N-soliton solution of the (2+1)-dimensional generalized Caudrey-Dodd-Gibbon-Kotera- Sawada
equation. By imposing reasonable constraints on the relevant parameters from the two-soliton solution to the four-soliton solution,
various localized interaction solutions are constructed, and the morphological characteristics and evolution laws of each soliton
are graphically presented. In Section 3, the research results of this article are summarized, and relevant summary comments and
prospects are given.

2. The N-Soliton Solutions of the (2+1)-Dimensional gCDGKS Equation

The functions u and v are assumed to take the following form

u= Z(an)xxa v = Z(an)x 3)
By virtue of the definition of the bilinear operator, given as

D,C"D{}Df (a,b) = (0x — 0x")™(0y — 9y )" (0t — 0t a(x,y, )b(X, ¥, t ) xmxry=yr=ts 4)

0x, dy and dt denote the first-order partial derivatives with respect to x, y and ¢, respectively. The bilinear form of Eq.
(1) can be obtain , written as
(36D,D; + D¢ —aD2 — bD3D,)f - f =0 (5)

Eq. (5) can also be written as

2[36ftxf - ftfx + fxxxxxx + 15fxxxxfxx - 10fx35cx - 6fxxxxxfx
_b(fxxxyf - fxxxfy - 3fxxyfx + 3fxxfxy) - a(fyyf - fyz)] =0 (6)

According to the Hirota bilinear method, the function f can be written as
f=1v=2u=01 exp(Ti i + Xaicjen it Ri)) ™)
f(x,y,t) is the auxiliary function introduced through the bilinear transformation.

Where
§i = ki(x + 55y + wit) + &

36w; — as? — bk?s; + ki =0

e

Where i,j =1--N. & stands for the phase of the i-th soliton. k;, s; are spatial wave numbers; w; is the angular
frequency; &,; denotes the initial phase constant. They are all real parameters. e™i represents the phase coupling coefficient
between the i-th and j-th solitons. N is the number of solitons. X, is the summation of all possible combinations of u;, p; =
0,1 which runs over all 2V binary combinations, i.e.(u; -, uy) € {0,1}".

2.1. One-Soliton Solution
When N =1, from Eq. (7), let i =1, the following soliton solutions can be obtain
fi=1l+e f 8)

By substituting Eq. (8) into Eq. (3), the expressions of u and v are as follows.

u= kz—%sec h? G fl) €C))
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_ 2kyexp(§1)
VT Trew(en (10)

Where & =k, (x + s,y +w;t) + &y;. The above explicit analytical solutions for N =1 are substituted into the Eq.(1), for
exact symbolic verification using Maple. The equation holds identically from Eqs. (9) and (10), it can be observe that the value
of u is always positive, while the sign of v is determined by k,. Their shapes are both independent of the system parameters a
and b Therefore, in order to obtain the image of the one- soliton solution, assume the system parameters to be a = 2, b = 2.
Furthermore, set the other parameters as k; = 3, s; ==, §,; = 0and use the mathematical software Maple, the image of Eq.
(1) at the time ¢ = 0 is presented in Figure 1. It can be observed that w is in the form of a smgle -line soliton, whereas v appears
as a kink soliton. From Egs. (9) and (10), it can calculate that the amplitudes of u and v are —and 2k, respectively.

(a) (b)

157

10

~104

154,

© @

Fig. 1 The one-soliton solution of Eq. (1) at ¢ = 0 when the parameters are chosen as follows: k; = 3,5, = ;, 01 =0,a=2,b=2 a,3D structure of
u; b, 3D structure of v; ¢, 2D density plot of u; d, 2D density plot of v

2.2. Two-Soliton Solution
In order to obtain the two-soliton solution of Eq. (1), set N =2 and then use Eq. (7), f, can be as follows.

=1+ %1 4 g5z 4 eS1t82tR1z (11)

Substituting Eq. (11) into Eq. (3), the expressions of u and v can be obtained, given as follows:
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_ o |kaebiakpedz (kg tip)ed itz Rz (klefl+k2e52+(k1+k2)e51+52+9‘12)2 12

u= 1+eé1+es24eé1+821R12 1+ef1+eé24e81182+R12 ( )
o kyeflikgef2 4 (kytky)ef1tiat Rz

v=2 1+e€1+eé2+es1t821R12 (13)

Substituting Eqs. (11) and (12) into Eq.(1), for exact symbolic verification using Maple. The equation holds identically,
which proves that the derived low-order soliton solutions strictly satisfy the governing equation and demonstrates the validity of
the proposed construction approach. By constructing different types of parameter relations, different forms of the two-soliton
solution can be obtained. The following four cases were obtained in this study.

2.2.1. The Line and Kink Solitons
When the values of k; and s; are real parameters, u exhibits the form of a two-line soliton, while v corresponds to a two-
kink soliton structure. To visually demonstrate the dynamic behavior of the solitons, specific parameter values k; = 3, k, = 2,
2 . . . .
S1== 85,=3,&1=&,=0, a=1, b =1 were selected to draw the three-dimensional space evolution plots and density
distrilgution diagrams of u and v. Figure 2 displays these results: (a) and (c) show soliton u, (b) and (d) show soliton v.

10-

(©) @
Fig. 2 Two-soliton solution of Eq. (1) at #=0 when the parameters are chosen as follows: k, = 3, k, =2, s, = ;, §=3,801=%02=0,a=1, b=
1. 3D structure of u; b, 3D structure of v; ¢, 2D density plot of u; d, 2D density plot of v
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2.2.2. The Periodic and Kink Breather Solitons
To obtain periodic solitons, the complex conjugate method can be employed in Eq. (11). By setting the relevant phase

parameters k; =k, =d;, 54 =5s; =my +idy, 9501 = §02 =0 (i? = —1), then the fcan be re-expressed as
fo =1+ e?@*z 4 2e% cos5(85,d,y + Pqt), (14)
where
e‘R12 — 4(15%

60d3-4a82-12bm,d?’
am? — ad? + bdim, — d?f
a, = dlx + dlmly - d1 36 t

3 2am, 6, + bd?5,
e

Set parameters s;and s, as pure imaginary numbers, namely m = 0, whiczh enables the construction of a periodic soliton
perpendicular to the x-axis. Further, by taking specific parameter values d; ==, §; =-, a = 2, b = —2, the periodic soliton
u and the kink breather soliton v can be obtained. Their images are presented in the Figure. 3.

i

s 0 5 10
X X
(© (d)

Fig. 3 The y-periodic soliton and kink breather soliton at ¢ = 0 when the parameters are chosen as follows: d, = 3’ 6, = ;, $01=802=0, a=2,
b = —2, a, 3D structure of u; b, 3D structure of v; ¢, 2D density plot of u; d, 2D density plot of v
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2.2.3. The (x,y)-Period and Kink Breather Solitons

Unlike the results obtained in subsection 2.2.2, when the parameter s;takes a complex value, the equation has a (x,y)-
periodic soliton. In the specific construction, by reasonably selecting d; ==, §; ==, my = > $01=&2=0,a=2, b=
—2and employing Maple software, the three-dimensional and density graphs of # and v were obtained, shown in Figure. 4. During
propagation, both the waveform and amplitude remain invariant.

(a) (b)

(c) (d)
Fig. 4 The (x,y)-periodic and kink breather soliton solutions at ¢ = 0 when the parameters are chosen as follows: d; = g, 6, = g, my = g, o1 =
§02 =0, a =2, b =-2.a,3D structure of u; b, 3D structure of v; ¢, 2D density plot of u; d, 2D density plot of v

2.2.4. The Lump Solito
In this subsection, applied the long-wave limit method to obtain the lump soliton. First, set &,; = &y, = imrwhen k; = 0

6bk,k,(s; + s5)

R —_
e-'12 I +
a‘(sl 52)

+0(k)

Eq. (11) can be rewritten as

6b(s1+52)
a(sy—s2)2l

fo = ik, (0,6, + (15)

Ignoring the common factor k; and, k; Eq. (16) was derived,
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fo =06,6,+ 9112‘ (16)
Where
as?
0, =x+ s,y +wit, w; =3—6L,l':1,2

_ 6b(s; +57)

125 7 g
a(s; — s3)?

By substituting Eq. (16) into Eq. (3), u and v can be written as

4 6,+6, )2
u= 9102+ER12 2 (0102+m12 (17)
0,1+6
= 0% 1
v 0102+%R12 (18)

The parameters satisfy the following relationship s; = s; = ¢ + di, and then can construct a lump soliton degenerated from
the two-soliton solution. Specifically, by taking k; = k, = 0.01, s; =s;, =1+1i, a =2, b =—2, the image of the lump
soliton can be obtained and shown in the Figure. 5. From Figure 5, it can observe that u is localized in the two-dimensional
plane, with the energy mainly concentrated in the central area and rapidly decaying towards all directions. The image of the v
component (Figure b) is significantly different from that of u. It fails to exhibit a symmetric double-peak structure and instead
features one dominant peak accompanied by a secondary peak.

(a) (b)

(©) (@)
Fig. 5 The lump soliton at =0 when the parameters are chosen as follows: k; = k, =0.01, s; =85, =141, §oy =&y, =im, a=2, b=—-2.2a,3D
structure of u; b, 3D structure of v; ¢, 2D density plot of u; d, 2D density plot of v
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To visually reveal the regulatory effects of parameter relationships and their values on the dynamic morphology of two-
soliton solution, the aforementioned analytical results are systematically summarized in Table 1. In this table, the first column
corresponds to the order of N-solitons, the second column presents the structural characteristics of the localized waves, and the
last column shows the parameter values corresponding to each structure.

Table 1. The localized wave patterns for two-soliton solution

N-soliton Localized waves patterns Variable values
The line and kink solitons k=3, k=2, s,=2, s,=3,
3
$01=802=0,a=1b=1
klzkzzgl 51=S£=%i, $o1 =
The y-periodic and kink $0o=0,a=2, b=-2

breather solitons
3 5 5

ki=ky,== s, =5, ==+=i
1 2 5’ 1 2 3 2

The (x,y)-periodic and §01=%02=0, a=2 b=-2
kink breather solitons )
ki =k, =001, s;=5,=1+1i

The lump soliton $o1=%02=1im, a=2, b=-2

2.3. The Three-Soliton Solution
Let N=3, based on Eq. (7), the three-soliton solution expression is derived as follows.

fi=1+ 81 4 %2 4 o83 4 81182+ R12 4 p81+E3+ N3

4e82+83+Ra3 4 o818 +83+R1+R13+Ry3 (19)
substituting Eq. (19) into Eq. (3), Eq. (20) can be obtain
_p. B _ (& 2] .k
u—Z[f (f) cv=2-L (20)

where
. = kief1 2eé2 efs 1 ,)efitéztin 1 5)2ef1tisthis
ket + k3ebz + kZe®s + (ky + ky)eb1t82+ Mz 4 (kg + kg)2efrtist®
+(k, + k3)efz+f3+m23 + (ky + ky + k3)ze€1+§2+§3+m12+m13+m23
= kye’t + kyes2 + kzes3 + (kg + ky)esrms27o2 4 (k + es1Ts3 T3
= ke’ + kpeb2 + kyebs + (ky + ky)ed1tietTz 4 (e, + ky)eb1tostR
+(ky + ks)efz+f3+‘ﬁz3 + (ky + ky + k3)efl+fz+fs+9ﬁz+9‘13+‘ﬁzs,

2.3.1. The Line and Kink Solitons

Without loss of generality, when take k; =3, k, =2, k3 =1, s, = 3, S;=2,83=4, &1 =8§,=¢&3=0, a=2,
b = 2, it can obtain u as a three-line soliton and v as a three-kink soliton. The corresponding waveform images are shown in
Figure 6. Figure. 6(a) and 6(b) are the three-dimensional spatial structure diagrams of the field quantities u and v, respectively,
while Figure. 6(c) and 6(d) are the corresponding two-dimensional density diagrams.

62



Ai Jing & Wuming Li/ IJMTT, 72(8), 54-75, 2026

-20+ T T T y -20+

© @
Fig. 6 Three-soliton solution of Eq. (1) at = 0 when the parameters are chosen as follows: k, =3, k, =2, k3 =1, 5, = g, S, =2, S3=4, §1 =
02 =03 =0, a=2, b =2,a,3D structure of u; b, 3D structure of v; ¢, 2D density plot of u; d, 2D density plot of v

2.3.2. The Line, Periodic, Kink and Kink Breather Solitons (I)

To investigate the nonlinear interaction characteristics between periodic soliton and line soliton, as well as kink soliton and
kink breather soliton, set the parameter relationship as k, = k3 =m s, = s3 = p + qi. Under this condition, the soliton u
degenerates into a line soliton and a periodic soliton, while the soliton v degenerates into a one-kink soliton and a kink breather
soliton. Further, by taking m = %p=0, q= 2 other parameters k; = g, 51 =0,601 =&, =3 =0, a=18, b = —18it
can obtained the three-dimensional structure images and two-dimensional density plots of u and v at different times, which are
presented in Figure. 7 and 8, respectively. Analyzing Figure. 7, it can be seen that both the line soliton and the periodic soliton
are parallel to the x-axis and propagate along the x-axis direction. At ¢ = 0, they collided. During the collision process, the
waveforms of both show significant deformation and distortion, after the collision, they can maintain their original shapes and
separate, demonstrating good elastic collision characteristics. For the v component in Figure 8, the kink soliton and the kink
breather soliton also exhibit the characteristic of propagation along the x-axis. The dynamic evolution process of their interaction
is similar to that of u and this will not be elaborated further here.

(d) (e

® ® () ® @
Fig. 7 One line and periodic solitons of Eq. (1) at different times when the parameters are chosen as follows: k; = E, k, =k; = 2, $1=0, s, =

S3 = %i, §01=%02 =§03 =0, a =18, b = —18. a-e, 3D structures of u; f-j, 2D structures of u; a, ft=-10;b,gr=-5;¢c,ht=0;d,i7=5;¢,jt=10
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® ® (h) @ D)
Fig. 8 One kink and kink breather solitons of Eq. (1) at different times when the parameters are chosen as follows: k; = 1, k, =k; = E, s, =0,
) 3 40
S, =53 = ﬁi, &o1= %02 = &3 =0, a=18,b = —18. a-e, 3D structures of v; f-j, 2D structures of v; a, fr=-10; b, gt=-5;¢c,h¢#=0;d,ir=5;¢,j¢
=10

2.3.3. The Line, Periodic, Kink and Kink Breather Solitons (II)
In this subsection, set the parameter s; = %, and keep the other parameters consistent with those in subsection 2.3.2. In this

case, u degenerates into an intersecting line soliton and periodic soliton, while v degenerates into an intersecting kink soliton and
kink breather soliton. Figure. 9 (a)-(e) show the three-dimensional plots of soliton u at different times and Figure. 9 (f)-(j) show
their corresponding two-dimensional density distribution plots. The time parameters from left to rightare t = —8, t = —4, t =
0, t =4, t = 8. As illustrated in the figures, a periodic soliton travels along the positive x-axis, while the line soliton intersects
both the x-axis and y-axis in the (x,y)-plane. As time increases, this line soliton propagates from the upper right toward the
lower left. In Figure 10, (a)-(e) are the three-dimensional plots of soliton v, and (f)-(j) are their corresponding density plots. It
can be observed that the kink breather soliton is also parallel to the y-axis, while the kink line of the kink soliton intersects both
the x and y-axes in the (x,y)-plane. The overall movement trajectory of soliton v is similar to that of soliton u.

@ ®) © @ ©

0

X X X X X

® ® (h) @ @
Fig. 9 One line and periodic solitons of Eq. (1) at different times when the parameters are chosen as follows: k; = g, k, =k; = %, s1= %, S, =83 =

%i, €01 =¢$02 =§03 =0, a=18, b = —18. a-e, 3D structures of u; f-j, 2D structures of u; a, ft=-8;b,gt=—4;¢c,hr=0;d,it=45¢,jt=8
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@) ® @ ©

-10 0 10 20 30

® ) )

Fig. 10 One kink and kink breather solitons of Eq. (1) at different times when the parameters are chosen as follows: k,; = g, k, =k; = w S1=

()]
33 3
2 ¢
S, =83 = 1_‘;i’ §01=%02 =§03 =0, a=18, b = —18. a-e, 3D structures of v; f-j, 2D structures of v;a,fr=-8;b,gt=—4;¢c,ht=0;d,it=4;e,j¢
=8

2.3.4. The Lump, Line and Kink Solitons
In this subsection, adopt the long-wave limit method to obtain mixed solitons composed of line or kink solitons and lump
soliton. First, set g1 = §gp = imwhen k; — 0i =1, 2, and the Eq. (19) can be expressed in the following form

f3 = 0192 + le + ef3 (0102 + ER12 + ER1302 + G‘R2391 + iR13iRZ3)’ (21)
where 2
0; = x + s,y +wit, w; =% i=1,2

&3 = k3(x + s3y + wst) + &o3,

as3+bk3s3—ks

W, =
3 36 >

_ 6b(s; +s,)

125 T
a(s; —s3)?

_ —6kj(5k7—bs;—bs;)
a(si—sj)z+k]2-(5ki2—bsi—2bsj)’

Rz

i=1,2,7=3

When take the parameters relationship as s; = s, mixed solitons consisting of lump soliton and other types of solitons can
be derived. To visually demonstrate the evolution process of the interaction between these hybrid solitons, select a specific set of
parameters as k; = k, = 0.01, k; = g, s;=s5;=1+1i, s3= 5, a =2, b = —2 and conduct a numerical simulation using
the Maple software, the relevant results are shown in Figure. 11 and 12. Figure 11 depicts the interaction behavior between the
line soliton and the lump soliton. By combining the three-dimensional evolution plots (a)-(e), it can be seen that the two types of
solitons exhibit opposite propagation directions. The line soliton propagates from the upper right to the lower left, while the lump
soliton moves from the lower left to the upper right. At ¢ =0, the two solitons collide with only a slight variation in amplitude.
After separation, they restore their original wave profiles and continue to propagate along their initial trajectories. Figure 12
displays the three-dimensional structures and density distributions of soliton v, illustrating the interaction characteristics between
the lump solitons and the kink soliton. The figures show that, as time progresses, the lump soliton and the kink soliton intersect
in the upper and lower spatial regions, respectively. Moreover, the amplitudes and wave shapes of both solitons remain stable
without obvious deformation before and after collision.
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® () (h) 0] 0]
Fig. 11 One line and one lump solitons of Eq. (1) at different times when the parameters are chosen as follows: k; = k, = 0.01, k3 = E, S =53 =

1+i, s3= z, a =2, b=-2,a-e, 3D structures of u; f-j, 2D structures of u; a, ft=-1000; b, g t=—-500; ¢, h=0; d, i = 500; e, j = 1000

- £ 2 o 100 200 300
x x x

® ® (h) @ 0)]

Fig. 12 One kink and one lump solitons of Eq. (1) at different times when the parameters are chosen as follows: k; = k, = 0.01, k; = E, S1 =85 =

1+1i, s3= z, a =2, b=-2,a-e, 3D structures of v; f-j, 2D structures of v; a, fr=-1000; b, g #=-500; ¢, hr=0;d,iz=500; e, j = 1000

Consistent with Table 1, the soliton types corresponding to the three-soliton solution under four distinct parameter sets are

summarized in Table 2. The second column presents the wave structure characteristics of the soliton solutions, while the third
column lists the specific values of the relevant parameters.

2.4. Four-Soliton Solution
Set N =4, and the following formula can be obtained from Eq. (7)

fi=1+ €51 + %2 4 %3 4 eS8t Rz 4 o183+ Ras 4 platatRis 4 oS HS3+ a3

4 e$3t8atNfzs 4 o1+ HEa R+ R1z N3 4 pE1+E2 Hat R+ R4+ R,
48118 +EatR1z+ R+ N3y 4 o2 +S3+8a+Roz+Rog+Ras
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+eS1182+83+5atR1o+R13+R14+R23+ R4+ R34

Since the form of f; is relatively complex, the explicit expressions of # and v are omitted here.

Table 2. The localized wave patterns for three-soliton solution

N-soliton Localized waves patterns

The line and kink solitons

The line, periodic, kink
and kink breather solitons (1)

The line, periodic, kink
and kink breather solitons (II)

The lump, line, and
kink solitons

Variable values
ki=3, ky=2, ky=1, s, =2,
S; =2, s3=4,a=2,b=2, {; =
$o2 =$03 =0,

w

$01 =02 =803 =0

hz@:%l,@:?%:?

sS;=5; =140, §p=8%p3=1im ,
601=0,a=2,b=—2

2.4.1. The Line and Kink Solitons

(22)

In this subsection, the parameters k; s;,i = 1---4are taken as real numbers. Thus, u can be expressed as four bell-shaped
line solitons, while v represents a kind of four-kink soliton structure. To investigate the time evolution patterns of these two types
of solitons, fixed parameter values k; =1, k, =2, k;3=1,k, =3, s, =3,s5, = > $3= 4, s, = 3, o1 =802 =603 =
€04 =0, a =2, b =-2, and, performed numerical simulations, the results are presented in the following figures. Figure 13
(a)-(e) present the three-dimensional evolution plots of u, while Figure 13 (f)-(j) show the corresponding two-dimensional density
plots. The time parameters are selected from left to rightas t = —10, t = =5, t =0, t =5, t = 10. The results indicate that
these four line solitons move independently of each other and do not have any interfering effects. The evolution result of the
soliton v is shown in Figure 14, with the parameters remaining consistent with those of u. By analyzing the images, it can be
concluded that as time progresses, the kink soliton v only undergoes minor shape adjustments at the kink distribution positions,

while the overall waveform structure remains stable.
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Fig. 13 Four line solitons of Eq. (1) at different times when the parameters are chosen as follows: k; =1, k, =2, k; = 1,k, =3, s; = 3,5, = ;’
S3=4, S, = g, o1 =%02=803=¢%04 =0, a=2, b =-2. a-e, 3D structures of u; f-j, 2D structures of u; a,ft=-10;b,g¢r=-5;¢,ht=0;d,i?z=5;
e,jt=10
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Fig. 14 Four-kink soliton of Eq. (1) at different times when the parameters are chosen as follows: k; =1, k, =2, k3 =1,k, =3, s, = 3,5, = %’
S3 =4, §4 = g, 01 =%02 =803 =04 =0, a=2, b =-2.a-e, 3D structures of v; f-j, 2D structures of v;a, ft=-10;b,g¢r=-5;¢c,ht=0;d,it=5;
e, jr=10

2.4.2. The Line, Periodic, Kink and Kink Breather Solitq}ns ; ; " .
When the parameter values are set as: k; =k, = > ks =k, = o S1= Sy = §i9 S3=—7, 4 =——, o1 =802 =&03 =

&0 =0, a =18, b = —18, the four-soliton solution u displays a mixed structure consisting of two iine solitons and one
periodic soliton (as shown in Figure 15), v degenerates into a mixed structures consisting of a two-kink soliton and a kink breather
soliton (as shown in Figure 16). To clearly observe the interaction behavior between solitons in the two types of field quantities,
evolutionary analysis is performed at five distinct time points. Observations on Figure 15 indicate that the periodic soliton is
distributed parallel to the x-axis and intersects the two line solitons separately.

At =0, the three types of solitons meet at the same point. As time ¢ increases from left to right, the periodic soliton propagates
along the positive direction of the x-axis, while the intersection point of the two line solitons moves along the negative x-axis
and positive y-axis directions. Observations on Figure 16 show that the kink breather soliton is also distributed parallel to the x-
axis, with its kink position moving along the positive direction of the x-axis over time. The positions of the two-kink soliton also
undergo dynamic adjustments with time, and its overall morphological characteristics can be directly observed through the three-
dimensional evolution plots.
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® (6] (h) @ ()]
Fig. 15 Two-line and one periodic solitons of Eq. (1) at different times when the parameters are chosen as follows: k, = k, = g, k; =k, = ;’ §1=
i, S3 = 1—52, Sy = —% §01= %02 = §03 = 04 =0, a =18, b = —18, a-e, 3D structures of u; f-j, 2D structures of u; a, fr=-10; b, gt=-5; ¢,
ht=0;d,ir=5;e,jt=10.

(b)

. x

® (h) @ @
Fig. 16 Two-kink and one kink breather solitons of Eq. (1) at different times when the parameters are chosen as follows: k, = k, = g, k; =k, = %,
S1 =85 = ;i, S3 = 1—52, Sy = —g, &o1=¢%02 = &3 = &04 =0, a =18, b = —18, a-¢, 3D structures of v; f-j, 2D structures of v; a, ft=-10; b, gt =

=5;¢,ht=0;d,it=5;5e,jr=10.

2.4.3. The Periodic and Kink Breather Solitons (I)

In thisssubsectim;, by setting s7peciﬁc parameter conditions and making the parameters satisfy, k; =k, = i, ks =k, =1,
51 =55 =§i, S3 =gi, Sy = —gi, 01 =€ =¢&3=%4=0,a=18, b=-18, it is found that the field quantity
degenerates into two periodic soliton structures, and its evolutionary behavior is presented in Figure 17. Meanwhile, the field
quantity v degenerates into two kink breather soliton structures, with the corresponding dynamical characteristics illustrated in
Figure 18. In Figures 17 and 18, panels (a)-(e) denote the three-dimensional spatial evolution distributions and (f)-(j) are the
density plots at the corresponding moments. Five typical time points, including ¢ = =10, t = =5, t =0, t =5, and t = 10,
are selected to systematically investigate the interaction and evolution laws of the two types of localized excitation structures.
According to the evolutionary characteristics in Figure 17, the two periodic solitons propagate along the positive direction of the
x-axis with distinct propagation velocities. The fast-moving soliton catches up and collides with the slow one. During the collision,
the amplitudes of the solitons change significantly and instantaneously. After the interaction, the two solitons separate gradually,
and their profiles, morphologies, and propagation velocities return to the initial states before collision. As observed from Figure
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18, the two kink breather solitons exhibit identical dynamical evolution behaviors. They collide at t = 0, with only a transient
amplitude disturbance, and their structural morphologies can be completely restored after collision. In conclusion, the interaction
processes of periodic solitons and kink breather solitons are merely accompanied by transient amplitude adjustments, while key
properties such as structural profiles and propagation velocities undergo no permanent variations. It is verified that the collisions
of the two types of localized structures in this evolutionary system belong to elastic collisions.

® (6] (h) @ »
Fig. 17 Two periodic solitons of Eq. (1) at different times when the parameters are chosen as follows:k, = k, = g, k;=kys=1, s, =5;,= ;i, S3 =
%i, Sy = —%i,a =18 ,b = —18, 31 = &pz = §o3 = o4 = 0. a-e, 3D structures of u; f-j, 2D structures of u; a, ft=-20;b,gr=-10;c,ht=0;d,iz=
10;e,j2=20

PRIV

(h) @ ()]

Fig. 18 Two kink breather solitons of Eq. (1) at different times when the parameters are chosen as follows:k, = k, = g, k;=kys=1, s =55 = ;i,

S3 = %i, sS4 = —%i, a=18 ,b =—18, &y = &p2 = &gz = §o4 = 0. a-e, 3D structures of v; f-j, 2D structures of v; a, ft=-20; b, gr=-10;¢c,hr=0;
d,it=105e,jt=20

2.4.4. The Periodic and Kink Breather Solitons (II)

When the parameter values are taken as k; =k, = p ks=ky,=1, s;=5s; = E+Ei, s3=1 +Zi, s, =1 —Zi,a =
18 ,b = =18, &y = &y, = &y3 = &ps = 0, degenerates into two intersecting periodic solitons. One of the solitons is parallel to
the y-axis, which is called a y-periodic soliton, the other one, which has intersections with both the x-axis and the y-axis, is called
the (x,y)-periodic soliton. The corresponding images are shown in Figure 19. From the figures, it can be seen that the y-periodic
soliton propagates along the positive x-axis direction, while the (x, y)-periodic soliton propagates in the direction from the lower
left to the upper right on the (x,y)-plane. During the entire propagation process, these two solitons do not affect each other.
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Similarly, the soliton v splits into two kink breather solitons. One is parallel to the y-axis, and the other has intersections with

both the x-axis and the y-axis. Their evolution are shown in Figure 20, from which it can be seen that the propagation of these
two kink breather solitons is also independent of each other.

|

® ) (h) It (

@) @
Fig. 19 Two periodic solitons of Eq. (1) at different times when the parameters are chosen as follows:k, = k, = ;, ks=kys=1, s, =55= ; + g i,
s3=5,=1 +%i, a=18, b =—-18, &, = &y = o3 = o4 = 0.a-¢, 3D structures of u; f-j, 2D structures of u; a, ft=-20;b,gr=-10;¢c,hr=0;d, i

t=10;e,j1=20

(a) (b)

® (€3]

Fig. 20 Two kink breather solitons of Eq. (1) at different times when the parameters are chosen as follows:k, = k, = ) ky=kys=1, s, =5, =

5
5 7 at
Ei’ s3=s5,=1+ gi, a=18, b = —18, §y; = &y = {93 = &p4 = 0, a-¢, 3D structures of v; f-j, 2D structures of v; a, ft=-20; b, g7=-10; ¢, h#=0;

d,iz=105e,jr=20
2.4.5. Two-Lump Solitons
In Eq. (22),

set &g1 = &92 = §03 = &pq = im f,can be expressed in the form of Eq. (23). Then, substituting it into Eq. (3),
when the condition s; = 53 s3 = sjare satisfied, two lump solitons can be constructed.

fa = 010,050, + R15030, + R1360,0, + R1,0,05 + R,30,0,

+R240,05 + R3,0,0; + RNz + Ri3Roy + RiuRys (23)
Where

as?
0; =x+s;y+wt, w; = 3—6’, i=1,2,3,4
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6b(s1+s2)
Ryp = 27
a(s;—sz)

1<i<j<4

In order to obtain the images of the lump goliton, we selected specific parameter values as k; = k, = 0.01, k; =k, =
0.01, s; =s;, =0.014+0.01i, s3 =s; =-+-i, a=2, b =—2.Their images are presented in Figure 21, where a and ¢
correspond to soliton # and b and d correspond to soliton v.

Table 3 summarizes the relationship between the parameters and the soliton shapes when N =4.

Table 3. The localized wave patterns for four-soliton solution

N-soliton Localized waves patterns Variable values
k1=k3=19 k2=29 k4:3)
he line and Kink sol B=3s = n=hnsy
The line and kink solitons
$01=%02=%03=¢%0a=0 a=

2, b=-2,

The line, periodic, kink S, =8, = Ei, S3 =8, =
and kink breather solitons 3
€01 =802 = <S03 =604 =0,

a=18, b=—18

k1=k2=§3 k3=k4=1,

P 5, 7.
The periodic and s, =85 = Si, 53 = sy = <,

Nes kink breather solitons (I) £y = €y = 03 = Eos = 0,
a=18, b =-18

4

k1=k2=g, ky =k, =1,

The periodic and s, =5 :E+§i53 =s; =7
37 6

kink breather solitons (IT) oy = ¢ 2 oz = &0, =0
01 = S02 = $03 = S04 = U,
a=18, b =-18

. k1=k2= 3=k4_=0.01,
Two-lump solitons s, =3 = 0.01 + 0.01,
. 4 4,
S3 =5, =3 + 3L
$01 = $02 = 03 = o4 = I,
a=2, b=-2
|
0.0 V
o
o0e 002~
¥ X
(a) (b)
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Fig. 21 Two lump solitons of Eq. (1) at t = 0 when the parameters are chosen as follows: k; = k, = k; =k, = 0.01, s, =55 =0.01+0.01i, s3 =

Sy = g + g i,a=2 b=-2 &y =&y =&z = §o4 = im. a, 3D structure of u; b, 3D structure of v; ¢, 2D density plot of u; d, 2D density plot of v

3. Conclusion

This paper systematically investigates the N-soliton solutions of (2+1)-dimensional generalized Caudrey-Dodd-Gibbon-
Kotera-Sawada equation, with focused analysis on four typical cases where N = 1---4. The results reveal that reasonable
constraint and regulation of the key parameters in soliton solutions can induce solution degeneration, thereby generating various
degenerate soliton structures and diverse evolutionary patterns of nonlinear wave interactions. For N=2, the original two-soliton
solution can degenerate into one periodic soliton and kink breather soliton structures. When N=3, coupled interactions and
dynamic evolution can be realized between a one-line soliton and a periodic soliton, as well as between a kink soliton and kink
breather. In the high-order soliton system with N=4, compound interaction processes of multi-component nonlinear waves are
further observed, including two line solitons with one periodic soliton, two-kink soliton with kink breather, two periodic solitons,
and two kink breathers solitons. To construct lump solitons and their multitype coupling models, the long-wave limit method is
adopted for derivation in this work. Single lump solitons are derived from two-soliton solution; coupled structures of straight-
line soliton-lump soliton and kink soliton-lump soliton are obtained based on three-soliton solution; double lump solitons are
constructed via four-soliton solution, and the interaction laws between lump soliton and straight-line solitons are systematically
explored. Through numerical simulation, three-dimensional diagrams and density distribution plots of various solitons are plotted.
Combined with graphical analysis, the propagation characteristics, motion laws, and evolutionary properties of different
nonlinear waves are quantitatively analyzed. Meanwhile, to clarify the regulatory effect of parameters on soliton morphology,
this paper summarizes three sets of tables to intuitively present the morphological differences among solitons corresponding to
different parameter combinations. Based on previous studies, this paper constructs multi-soliton analytical solutions using the
Hirota bilinear method, expanding the types of known soliton solutions for this equation. Different from the fixed-coefficient
CDGKS model in Ref.[34], our generalized CDGKS equation contains tunable coefficients (a,b) to modulate soliton
amplitudes and velocities under valid parameter constraints. Beyond the results in Ref.[34], We obtain four-soliton-degenerated
localized waves, construct lump solutions via the long-wave-limit technique, and complete the systematic analysis for auxiliary
field v and its kink-soliton dynamics, which enriches the research of CDGKS-type integrable equations.
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