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. INTRODUCTION

By a graph, we mean a finite simple , undirected graph and connected graph with neither loops nor
multiple edge. The vertex set and edge set of a graph G denoted are by V (G) and E(G) respectively. Let p
=|V(G) |, q =| E(G) |. The degree of any vertex u in G is the number of edges incident with u and d is
denoted by d(u), The minimum and maximum degree of a graph G is denoted by §(G) and A(G)
respectively. For graph theoretic terminology we follow [4]. For each vertex v of a graph G , take a new
vertex u . Join u to those vertices of G adjacent to v . The graph thus obtained is called the splitting graph
of G . Itis denoted by S(G) . For a graph G, the splitting graph S of G is obtained by adding a new vertex
v corresponding to each vertex u of G such that N(u) = N(v) and it is denoted by S(G) .

1. PRELIMINARIES

A set D of vertices in a splitted graph S(G)=(V,E) is called a dominating set if every vertex in V-D is
adjacent to some vertex in D. The domination number y [S(G)] of S(G) is minimum cardinality of a
domination set of S(G)

A dominating set D of a splitted graph S(G) = (V, E ) is an independent dominating set if the induced
subgraph < D > has no edges. The independent domination number i[S(G)] of a graph S(G) is the
minimum cardinality of an independent dominating set.

I1l. RESULTS

Theorem 3.1. Independent domination number of the splitted graphs S(B,), then

i [S(P)] =2[n/3]
proof Let S(P,) be splitted graph of P, . Let V [S(P,)] = {u;,v;: 1<i <n }, vertex u; is adjacent
tou;_1, Ujy1 ,Vi_1, Vi1 Where as v; is adjacent to u;_, and u;,, forall 2 <i < n-1. By definition, u;
and v; are not adjacent and in every triplet of u; and v; the middle vertices satisfy the independent
dominating set condition.
Hence, i [S(B,)] =2 [n/3].

For example, i [S(P;)] = {u, ,v, ,us ,vs ,u;,v,} as shown in the figure 3.2
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Figure 3.2 S(P-)

Theorem 3.3. Independent domination number of the splitted graphs S(H,,) if n is odd, then
(1) i [S(HL)] :g(n+ 1) ifn=2(mod3)

(2) i [S(HL)] :g(n+2) if n=1(mod3)

(3) i[S(Hy)]=2"+2 if n=0(mod3)

proof let S(H,) be splitted graph of H, if nisodd

case (1) n=2(mod3)

Let V [S(H,)] = {u; ,v; ,ul ,v}: 1<i <n}, vertex u; is adjacent to u;_, , uj1 ,vi_1 V4, Where as
v; is adjacent to u;_; and u;;, forall 2 <i < n-1. By definition, u; and v; are not adjacent and in every
triplet of u; and v; the middle vertices satisfy the independent dominating set condition. The same process
is application for the set of vertices u} and v}.

Hmmaiﬁugnzg(n+1)
For example, i [S(Hs)] = {uy ., vy, us , vs, ul, v, ul, vi} as shown in the figure 3.4.
case (2) n=1(mod3)

Let V [S(H,)] = {u; ,v; ,u} ,v}: 1<i <n}, considering a triplet in the case to choose a pair of
vertices from u; ‘s, (n+2) is alone a multiple of 3. In the same process. It is required pair of vertices from
ul ‘s to the dominating set.

Hence, i [S(Ha)] =3 (n +2)
For example, i [S(H,)] = {uy, v, us, Vs, Uy, v5,ul, vi, ut, vi,ul, vl } as shown in the figure 3.5.
case (3) n=0(mod3)

In addition to the above process. It is not possible to consider both un+1 and vn+1 . simultaneously in

2 2
the dominating set . It is in need to consider the adjacent vertices of either un+: 0or vn+1 inthe
2 2

dominating set which result is addition of two more vertices,
Hence, i [S(H,)] = = + 2
For example, i [S(Hy)] = {uy, v,, us, Vs, Ug, Vg, u3, v3, u, vi, ul, vl } as shown in the figure 3.6.
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Figure 3.4 S(Hs) Figure 3.5 S(H;)

Figure3.6 S(Hy)
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Theorem 3.7. Independent domination number of the splitted graphs S(H,,) if n is even, then
1) i[SH)] = 2 ifn=0 (mod12)

3

2) i[S(H,)] = %(n +1) ifn=2 (mod12)

() i[S(H,)] = %(n +2) ifn=4 (mod12)

(@) i[S(H)] = = ifn=6 (mod12)

(5) i[S(H,)] = %(n +1) ifn=8 (mod12)

(6) i[S(H,)] = %(n +2) ifn=10(mod 12).
Proof let S(H,) be splitted graph of H,, if niseven.

case (1) n=0 (mod12)

Let V [S(H,)] = {u; ,v; ,ui ,v}:1<i <n}, vertex u; is adjacent t0u;_;, Uj41 ,Vi_1 , Vir1 Where as
v; is adjacent to u;_; and u;,, forall 2 <i < n-1. By definition, u; and v; are not adjacent and in every
triplet of u; and v; the middle vertices satisfy the independent dominating set condition. The same process
is application for the set of vertices u} and v}.
Hence , i [S(HA)] = 2.

For example, i [S(H,,)] = {uz, V5, Us, Vs, Ug, Vg, Ugq, V11, Us, Vo, us, v, ul, v3 ,ul;, vl } as shown in the
figure 3.8.

case (2) n=2 (mod12)

Let V [S(H,)] = {u; ,v; ,ui ,v}:1<i <n}, considering a triplet in the case to choose a pair of
vertices from u; ‘s, (n+1) is alone a multiple of 3. In the same process. It is required pair of vertices from
u} ‘s to the dominating set.

Hence, i [S(H,)] = (n +1)

For example,

i [S(H14)] = {2, V2, Us, Vs, Ug, Vg, Uy, Vi1, Uns, Vian Uz, V3, US, VS, Ug, Vg , Uiy, Vi, Uis, Via } @S Shown in
the figure 3.9.

case (3) n=4(mod3)

Let V [S(H,)] = {u; ,v; ,u} ,v}: 1<i <n}, considering a triplet in the case to choose a pair of
vertices from u; ‘s, (n+2) is alone a multiple of 3. In the same process. It is required pair of vertices from
u} ‘s to the dominating set.

Hence, i [S(H,)] =5 (n +2)
For example, i [S(H,)] = {uy, V3, Ug, v4 ul, v2,ul, v} } as shown in the figure 3.10

case (4) n=6 (mod12)

Let V [S(H,)] = {w; ,v; . u} ,v}:1<i <n}, vertex u; is adjacent tou;_;, Uj4q1 ,Vi—1, Vipq Where as
v; is adjacent to u;_; and u;,, forall 2 <i < n-1. By definition, u; and v; are not adjacent and in every
triplet of u; and v; the middle vertices satisfy the independent dominating set condition. The same process
is application for the set of vertices u} and v}.
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Hence , i [S(HA)] = 2.

For example, i [S(Hg)] = {u, v, us, vs, ud, vi, u, vi } as shown in the figure 3.11.

case (5) n=8 (mod12)

Let V [S(H,)] = {u; ,v; ,ui ,v}:1<i <n}, considering a triplet in the case to choose a pair of vertices
from u; ‘s, (n+1) is alone a multiple of 3. In the same process. It is required pair of vertices from u} ‘s to
the dominating set.

Hence, i [S(H,)] =3 (n + 1)

For example, i [S(Hg)] = {u, V5, Us, Vs, Ug, Vg, us, i, ui, vi, ui, v } as shown in the figure 3.12.

case (6) n= 10 (mod 3)

Let V [S(H,)] = {w; ,v; ,u} ,v}: 1<i <n}, considering a triplet in the case to choose a pair of
vertices from u; ‘s, (n+2) is alone a multiple of 3. In the same process. It is required pair of vertices from
u} ‘s to the dominating set.

Hence, i [S(H,)] = g (n +2)
For example, i [S(Hyo)] = { Uz, V2, Us, Vs, Ug, Vg, Ugg, Uz, V3, UL, v, ud, vy , uly, vip} as shown in the
figure 3.13.

Figure 3.8 S(Hq3)

Figure 3.9 S(Hq4)
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Figure3.13 S(Hqp)

Figure 3.12 S(Hg)
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Theorem 3.14. Independent domination number of the splitted graphs S(B;") .then

i [S(B;")] = 2n.
Proof. Let V [S(B)] = {u; ,v; ,u} , v} 1<i <n}, vertex v; is adjacent to w;_;,u;.,, u} whereas v}
is adjacent to u; for all 2 < i < n-1. By definition, v; and v} are not adjacent and every v; and v} ; 1< i
<n, vertices are satisfy the independent dominating set condition.
Hence, i[S(R;)]=2n.
For example, i [S(P3)] ={v,,v,, v3, vi, v2,v3} as shown in the figure 3.15

Figure 3.15 S(PE)

Theorem 3.16. Independent domination number of the splitted graphs S(P, ° NK;) .then

i [S(B, ° NK;)] =n (1+N).

Proof. Let S(P, e NK;) ={u; ,v; ,u;; ,v;;: 1< i <n,1<] <N} vertexv; is adjacent to

U;_q ,U;4g and adjacenttou;; ;1< i <n,1<j <N whereas v;;isadjacenttou; forall1 < i <
n,1 < j < N.Bydefinition, v; and v;; are not adjacent and every v; and v;; ; 1< i <n1<j <N,
vertices are satisfy the independent dominating set condition.

Hence, i[S(B, ° NK;)] =n (1+N).

For example, i [S(P, ° 2K;)] ={v1, V3, V3, V4, V11, V12, V21, V22, V31, V32, V33, V23, V13 &S Shown in the
figure.3.17
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Figure 3.17 S(P4 ° 2K,)]

ISSN: 2231-5373 http://www.ijmttjournal.org Page 62




International Journal of Mathematics Trends and Technology — Volume 8 Number 1 — April 2014

Theorem 3.18 For any connected Graph S(G), i [S(G)] < q — AIS(G)].
Proof. Let S(G) be a splitted graph. Let D < S(G) such that the subgraph < D > is independent.
Clearly, D is an i-set of S(G). It follows that | D | < g — A[S(G)]. Hence i [S(G)] < q — AIS(G)].

Observation 3.19. Any splitted graph p < gq.

Observation 3.20. For any splitted graph S(G), (i) A[S(G)] < i[S(G)]
(ii) ALS(G)] > i [S(G)] for S(P,) and S(P,) .

Theorem 3.21. For any splitted graph S(G),
y [S(O] < i [s(6)]

and this bound is sharp.

Proof. clearly, every independent dominating set is a dominating set of G. Thus y [S(G)] < i [S(G)].
For the splitted graph S(P,) and S(P5) the bound is sharp y [S(P,)] = i [S(P,)] = 2 and y [S(P5)] =
i[S(P)I=2

Theorem 3.22. For any splitted graph S(G),

Y [S(G)] +i[S(G)] <p
and this bound is sharp.
Proof. Form the definition, the proof follow and bound is sharp for S(P,).

Theorem 3.23. For any splitted graph S(G),

PA[S(G)]
(SO < ||

and this bund is sharp.
Proof. By theorem 3.22, i [S(G)] <p —y [S(G)].

since [(A[S(G)]+1)] <y [S@)].

i[S(G)] <p-—- m]

_ PA[S(G)]
< _—.
Hence, i [S(G)] = l@as)1+1)

For the splitted graph S(P,), the bound is sharp.
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