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I.  INTRODUCTION 
         
        By a graph, we mean a finite simple , undirected graph and connected graph with neither loops nor 
multiple edge. The vertex set and edge set of a graph G denoted are by V (G) and E(G) respectively. Let p 
= | V(G) |, q = | E(G) |. The degree of any vertex u in G is the number of edges incident with u and d is 
denoted by d(u), The minimum and maximum degree of a graph G is denoted by (ܩ)ߜ	݀݊ܽ	(ܩ)∆ 
respectively. For graph theoretic terminology we follow [4]. For each vertex v of a graph G , take a new 
vertex u . Join u to those vertices of G adjacent to v . The graph thus obtained is called the splitting graph 
of G . It is denoted by S(G) . For a graph G , the splitting graph S of G is obtained by adding a new vertex 
v corresponding to each vertex u of G such that N(u) = N(v) and it is denoted by S(G) . 
 

II. PRELIMINARIES 
 
     A set D of vertices in a splitted graph S(G)=(V,E) is called a dominating set if every vertex in V-D is 
adjacent to some vertex in D. The domination number γ [S(G)] of S(G) is minimum cardinality of a 
domination set of S(G) 
      
    A dominating set D of a splitted graph S(G) = ( V, E ) is an independent dominating set if the induced 
subgraph < D > has no edges. The independent domination number i[S(G)] of a graph S(G) is the 
minimum cardinality of an independent  dominating set. 
 

III. RESULTS 
 
Theorem 3.1. Independent domination number of the splitted graphs S( ௡ܲ), then                                    
                         i [S( ௡ܲ)]   = 2 ⌈݊/3⌉ 
 proof  Let S( ௡ܲ)  be splitted graph of ௡ܲ . Let V [S( ௡ܲ)] = {ݑ௜	,   ௜ is adjacentݑ ௜: 1≤ i  ≤n }, vertexݒ
to	ݑ௜ିଵ	, ,		௜ାଵݑ  ௜ݑ ,≤ n-1. By definition	i	≤	 for all 2	௜ାଵݑ		݀݊ܽ	௜ିଵݑ ௜ is adjacent toݒ ௜ାଵ where asݒ,	௜ିଵݒ
and ݒ௜ are not adjacent and in every triplet of ݑ௜ and ݒ௜ the middle vertices satisfy the independent 
dominating set condition. 
Hence, i [S( ௡ܲ)]   = 2 ⌈݊/3⌉. 
 
For example, i [S( ଻ܲ)] = {ݑଶ	,ݒଶ	,ݑହ	,ݒହ	,ݑ଻	,  ଻} as shown in the figure 3.2ݒ
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Theorem 3.3. Independent domination number of the splitted graphs S(ܪ௡) if n is odd, then    
(1)  i [S(ܪ௡)] = ସ

ଷ
(݊ + 1)      if  n ≅ 2 ( mod 3 )  

(2)  i [S(ܪ௡)] = ସ
ଷ

(݊ + 2)      if  n ≅ 1 ( mod 3 )  

(3)  i [S(ܪ௡)] = ସ௡
ଷ

+ 2     if  n ≅ 0 ( mod 3 )  
 proof    let  S(ܪ௡)   be splitted graph of  ܪ௡   if  n is odd         
 case (1)   n ≅ 2 ( mod 3 ) 
       Let V [S(ܪ௡)] = {ݑ௜ ,	௜ଵݑ,	௜ݒ,	 ,	௜ିଵݑ	௜ is adjacent toݑ ௜ଵ: 1≤ i  ≤n } , vertexݒ ,	௜ିଵݒ,		௜ାଵݑ  ௜ାଵ where asݒ
 ௜ are not adjacent and in everyݒ ௜ andݑ ,≤ n-1. By definition	i	≤	 for all 2	௜ାଵݑ		݀݊ܽ	௜ିଵݑ ௜ is adjacent toݒ
triplet of ݑ௜ and ݒ௜ the middle vertices satisfy the independent dominating set condition. The same process 
is application for the set of vertices 	ݑ௜ଵ	ܽ݊݀	ݒ௜ଵ. 
Hence, i [S(ܪ௡)] = ସ

ଷ
(݊ + 1). 

For example, i [S(ܪହ)] = {ݑଶ	,ݒଶ	,ݑହ	,  .ହଵ} as shown in the figure 3.4ݒ,ହଵݑ,ଶଵݒ,ଶଵݑ,ହݒ
case (2)  n ≅ 1 ( mod 3 ) 
      Let V [S(ܪ௡)] = {ݑ௜ ௜ݒ,	  ௜ଵ: 1≤ i  ≤n } ,  considering a triplet in the case to choose a pair ofݒ,	௜ଵݑ,	
vertices from ݑ௜  ‘s, (n+2) is alone a multiple of 3. In the same process. It is required pair of vertices from 
 .௜ଵ ‘s to the dominating setݑ
Hence,  i [S(ܪ௡)] = ସ

ଷ
(݊ + 2) 

For example, i [S(ܪ଻)] = {ݑଶ,ݒଶ,ݑହ, ,ଶଵݑ,଻ݒ,଻ݑ,ହݒ ,ଶଵݒ ,ହଵݑ ହଵݒ  .} as shown in the figure 3.5	଻ଵݒ,଻ଵݑ,
 case (3)   n ≅ 0 ( mod 3 ) 
     In addition to the above process. It is not possible to consider both ݑ೙శభ

మ
  and ݒ೙శభ

మ
 . simultaneously in 

the  dominating set . It is in need to consider the adjacent vertices of either ݑ೙శభ
మ

  or  ݒ೙శభ
మ

  in the 

dominating set which result is addition of two more vertices, 
Hence, i [S(ܪ௡)] = ସ௡

ଷ
+ 2. 

For example, i [S(ܪଽ)] = {ݑଶ,ݒଶ,ݑହ, ,଼ݑ,ହݒ ,ଶଵݑ,଼ݒ ,ଶଵݒ ,ହଵݑ ହଵݒ ଵ଼ݑ,  .} as shown in the figure 3.6	ଵ଼ݒ,
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Theorem 3.7. Independent domination number of the splitted graphs S(ܪ௡) if n is even, then    
(1)  i [S(ܪ௡)] =		ସ௡

ଷ
                if n ≅ 0   ( mod 12) 

(2)  i [S(ܪ௡)] =		ସ
ଷ

(݊ + 1)     if n ≅ 2   ( mod 12) 

(3)  i [S(ܪ௡)] =  ସ
ଷ

(݊ + 2)     if n ≅ 4   ( mod 12) 

(4)  i [S(ܪ௡)] =  ସ௡
ଷ

                 if n ≅ 6   ( mod 12) 

(5)  i [S(ܪ௡)] =  ସ
ଷ

(݊ + 1)      if n ≅ 8   ( mod 12) 

(6)  i [S(ܪ௡)] =  ସ
ଷ

(݊ + 2)      if n ≅ 10 ( mod 12). 
Proof  let  S(ܪ௡)   be splitted graph of  ܪ௡   if  n is even. 
 
case (1)   n ≅ 0   ( mod 12) 
      Let V [S(ܪ௡)] = {ݑ௜ ௜ݒ,	 ,	௜ଵݑ,	 ,	௜ିଵݑ	௜ is adjacent  toݑ ௜ଵ: 1≤ i  ≤n } , vertexݒ ,	௜ିଵݒ,		௜ାଵݑ  ௜ାଵ where asݒ
 ௜ are not adjacent and in everyݒ ௜ andݑ ,≤ n-1. By definition	i	≤	 for all 2	௜ାଵݑ		݀݊ܽ	௜ିଵݑ ௜ is adjacent toݒ
triplet of ݑ௜ and ݒ௜ the middle vertices satisfy the independent dominating set condition. The same process 
is application for the set of vertices 	ݑ௜ଵ	ܽ݊݀	ݒ௜ଵ. 
Hence ,  i [S(ܪ௡)] =		ସ௡

ଷ
 . 

For example, i [S(ܪଵଶ)] = {ݑଶ, ହݑ,ଶݒ ,଼ݑ,ହݒ, ,ଵଵݑ,଼ݒ ଶଵݑ,ଵଵݒ ,ଶଵݒ, ,ହଵݑ ,ହଵݒ ,ଵ଼ݑ ଵଵଵݑ,	ଵ଼ݒ ଵଵଵݒ, 	} as shown in the 
figure 3.8. 
 
case (2)   n ≅ 2   ( mod 12) 
      Let V [S(ܪ௡)] = {ݑ௜ ௜ݒ,	 ,	௜ଵݑ,	  ௜ଵ: 1≤ i  ≤n } ,  considering a triplet in the case to choose a pair ofݒ
vertices from ݑ௜  ‘s, (n+1) is alone a multiple of 3. In the same process. It is required pair of vertices from 
 .௜ଵ ‘s to the dominating setݑ
Hence,  i [S(ܪ௡)] = ସ

ଷ
(݊ + 1) 

For example,  
i [S(ܪଵସ)] = {ݑଶ,ݒଶ,ݑହ, ,଼ݑ,ହݒ ,଼ݒ ,ଵଵݑ	 ,ଵଵݒ ଵସݑ	 ,ଶଵݑ,ଵସݒ, ,ଶଵݒ ,ହଵݑ ଵଵଵݑ,		ଵ଼ݒ,ଵ଼ݑ,ହଵݒ , ଵଵଵݒ ଵସଵݑ,	 , ଵସଵݒ 	}  as shown in 
the figure 3.9. 
 
case (3)  n ≅ 4 ( mod 3 ) 
    Let V [S(ܪ௡)] = {ݑ௜ ௜ݒ,	 ,	௜ଵݑ,	  ௜ଵ: 1≤ i  ≤n } ,  considering a triplet in the case to choose a pair ofݒ
vertices from ݑ௜  ‘s, (n+2) is alone a multiple of 3. In the same process. It is required pair of vertices from 
 .௜ଵ ‘s to the dominating setݑ
Hence,  i [S(ܪ௡)] = ସ

ଷ
(݊ + 2) 

For example, i [S(ܪସ)] = {ݑଶ ,ସݑ,ଶݒ, ଶଵݒ,ଶଵݑ	ସݒ ସଵݑ, ,  }  as shown in the figure 3.10	ସଵݒ
   
case (4)   n ≅ 6   ( mod 12) 
      Let V [S(ܪ௡)] = {ݑ௜ ௜ݒ,	 ,	௜ଵݑ,	 ,	௜ିଵݑ	௜ is adjacent  toݑ ௜ଵ: 1≤ i  ≤n } , vertexݒ ,	௜ିଵݒ,		௜ାଵݑ  ௜ାଵ where asݒ
 ௜ are not adjacent and in everyݒ ௜ andݑ ,≤ n-1. By definition	i	≤	 for all 2	௜ାଵݑ		݀݊ܽ	௜ିଵݑ ௜ is adjacent toݒ
triplet of ݑ௜ and ݒ௜ the middle vertices satisfy the independent dominating set condition. The same process 
is application for the set of vertices 	ݑ௜ଵ	ܽ݊݀	ݒ௜ଵ. 
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Hence ,  i [S(ܪ௡)] =		ସ௡

ଷ
 . 

For example, i [S(ܪ଺)] = {ݑଶ,ݒଶ,ݑହ, ,ଶଵݒ,ଶଵݑ,ହݒ  .} as shown in the figure 3.11	ହଵݒ,ହଵݑ
 
case (5)   n ≅ 8   ( mod 12) 
 Let V [S(ܪ௡)] = {ݑ௜ ,	௜ଵݑ,	௜ݒ,	  ௜ଵ: 1≤ i  ≤n } ,  considering a triplet in the case to choose a pair of verticesݒ
from ݑ௜  ‘s, (n+1) is alone a multiple of 3. In the same process. It is required pair of vertices from ݑ௜ଵ ‘s to 
the dominating set. 
Hence,  i [S(ܪ௡)] = ସ

ଷ
(݊ + 1) 

For example, i [S(଼ܪ)] = {ݑଶ,ݒଶ,ݑହ, ,ଶଵݑ,଼ݒ,଼ݑ,ହݒ ,ଶଵݒ ,ହଵݑ ହଵݒ  .}  as shown in the figure 3.12		ଵ଼ݒ,ଵ଼ݑ,
 
case (6)  n ≅ 10 ( mod 3 ) 
    Let V [S(ܪ௡)] = {ݑ௜ ௜ݒ,	 ,	௜ଵݑ,	  ௜ଵ: 1≤ i  ≤n } ,  considering a triplet in the case to choose a pair ofݒ
vertices from ݑ௜  ‘s, (n+2) is alone a multiple of 3. In the same process. It is required pair of vertices from 
 .௜ଵ ‘s to the dominating setݑ
Hence,  i [S(ܪ௡)] = ସ

ଷ
(݊ + 2) 

For example, i [S(ܪଵ଴)] = { ݑଶ, ,ହݑ,ଶݒ ,ହݒ ,଼ݒ,଼ݑ ଵ଴ݑ	 ,ଶଵݑ, ,ଶଵݒ ,ହଵݑ ହଵݒ ଵ଼ݑ, ,		ଵ଼ݒ, ଵ଴ଵݑ ଵ଴ଵݒ, } as shown in the 
figure 3.13. 
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Theorem 3.14. Independent domination number of the splitted graphs S( ௡ܲ
ା) .then  

                          i [S( ௡ܲ
ା)] = 2n. 

Proof. Let V [S( ௡ܲ
ା)] = {ݑ௜ ௜ݒ,	 ,	௜ଵݑ,	 ,	௜ିଵݑ	 ௜ is adjacent  toݒ ௜ଵ: 1≤ i  ≤n } , vertexݒ ,	௜ାଵݑ  ௜ଵݒ  where as	௜ଵݑ	

is adjacent to ݑ௜ for all 2	≤	i	≤ n-1. By definition,	ݒ௜ and ݒ௜ଵ  are not adjacent and every ݒ௜ and ݒ௜ଵ ; 1≤ i  
≤n , vertices are satisfy the independent dominating set condition.  
Hence ,   i [S( ௡ܲ

ା)] = 2n. 
For example, i [S( ହܲ

ା)] ={ݒଵ,ݒଶ,ݒଷ,ݒଵଵ, ଶଵݒ  ଷଵ} as shown in the figure 3.15ݒ,
 

 
 
Theorem 3.16. Independent domination number of the splitted graphs S( ௡ܲ ◦ Nܭଵ) .then  
i [S( ௡ܲ ◦ Nܭଵ)] = n (1+N). 
Proof. Let S( ௡ܲ ◦ Nܭଵ) ={ ݑ௜ ௜௝ݒ,	௜௝ݑ,	௜ݒ,	 ∶ 	1 ≤ 	i		 ≤ ݊	, 1 ≤ 	j		 ≤ ܰ	}. vertex ݒ௜ is adjacent  to 
;	௜௝ݑ and adjacent to	௜ାଵݑ,	௜ିଵݑ	 1 ≤ 	i		 ≤ ݊	, 1 ≤ 	j		 ≤ ܰ where as 	ݒ௜௝ is adjacent to ݑ௜ for all 1 ≤ 	i		 ≤
݊	, 1 ≤ 	j		 ≤ ܰ. By definition,	ݒ௜ and	ݒ௜௝ are not adjacent and every ݒ௜ and	ݒ௜௝ ; 1≤ i  ≤n 1≤ j ≤ N, 
vertices are satisfy the independent dominating set condition.  
Hence ,   i [S( ௡ܲ  ◦ Nܭଵ)] = n (1+N). 
For example, i [S( ସܲ ◦ 2ܭଵ)] ={ݒଵ,ݒଶ,ݒଷ,ݒସ,ݒଵଵ,ݒଵଶ,ݒଶଵ, ,ଶଷݒ,ଷଷݒ,ଷଶݒ,ଷଵݒ,ଶଶݒ  ଵଷ} as shown in theݒ
figure.3.17 
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Theorem 3.18  For any connected Graph S(G), i [S(G)] ≤ ݍ  . [(ܩ)ܵ]∆	−
Proof.  Let S(G) be a splitted graph. Let D	⊆  .such that the subgraph < D > is independent (ܩ)ܵ
Clearly , D is an i-set of S(G). It follows that | D | ≤ ݍ ≥ Hence i [S(G)] . [(ܩ)ܵ]∆	− ݍ  . [(ܩ)ܵ]∆	−
 
Observation 3.19. Any splitted graph  	݌ ≤  .ݍ
 
Observation 3.20. For any splitted graph S(G), (i) ∆[ܵ(ܩ)] 	≤ ݅	[S(G)] 
(ii) ∆[ܵ(ܩ)] > ݅	[S(G)] for S( ଶܲ) and S( ଷܲ) . 
 
Theorem 3.21. For any splitted graph S(G), 
[(ܩ)ܵ]	ߛ                     ≤  [(ܩ)ܵ]	݅
and this bound is sharp. 
Proof. clearly, every independent dominating set is a dominating set of G. Thus ߛ	[(ܩ)ܵ] ≤  .[(ܩ)ܵ]	݅
For the splitted graph S( ଶܲ) and S( ଷܲ) the bound is sharp	ߛ	[S( ଶܲ)] = ݅	[S( ଶܲ)] = 2 and ߛ	[S( ଷܲ)] =
݅	[S( ଷܲ)] = 2. 
 
Theorem 3.22. For any splitted graph S(G), 
[(ܩ)ܵ]	ߛ                     	+ [(ܩ)ܵ]	݅ 	≤  ݌
and this bound is sharp. 
Proof.  Form the definition, the proof follow and bound is sharp for S( ଶܲ). 
 
Theorem 3.23. For any splitted graph S(G),  
[(ܩ)ܵ]	݅		    ≤ 	 ቔ ௉∆[ௌ(ீ)]		

(∆[ௌ(ீ)]ାଵ)
ቕ 

and this bund is sharp. 
Proof. By theorem 3.22, ݅	[ܵ(ܩ)] 	≤ ݌ −  .	[(ܩ)ܵ]	ߛ
since	ቒ ௣

(∆[ௌ(ீ)]ାଵ)
ቓ 	≤  .	[(ܩ)ܵ]	ߛ

[(ܩ)ܵ]	݅ 	≤ ݌ − ቒ ௣
(∆[ௌ(ீ)]ାଵ)

ቓ	. 

Hence, ݅	[ܵ(ܩ)] ≤	 ቔ ௉∆[ௌ(ீ)]		
(∆[ௌ(ீ)]ାଵ)

ቕ. 
For the splitted graph S( ଶܲ), the bound is sharp. 
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