International Journal of Mathematics Trends and Technology — Volume 8 Number 2 — April 2014

On Isomorphism in c*-Ternary Algebras for a Cauchy-Jensen
Functional Equations

R.Murali®, K.Ravi? and N.Anbumani®

123 Department of Mathematics
Sacred Heart College

Tirupattur-635 601, Tamilnadu, India.

Abstract: In this paper, we investigate isomorphisms between C* -ternary algebras by proving the
Hyers-Ulam-Rassias stability of homomorphisms in C” -ternary algebras and of derivations on
C*-ternary algebras for the following Cauchy-Jensen additive mapping:

XY oo X2y, )=
f( 2 Hj f( 2 HJ '

X+Y X—Yy B
f(T+zJ+f(T+zJ_f(x)+2f(z)

2f(¥+z}= F(X)+ f(y)+2f(2)

Key words: Cauchy-Jensen functional equation, C™ -ternary algebra isomorphism, Hyers- Ulam-Rassias

stability, C"-ternary derivation.

1.INTRODUCTION AND PRELIMINARIES

A C’-ternary algebra is a complex Banach space A, equipped with a ternary product
(x,y,2) > [x,y,z]of A®to A, whichis C -linear in the outer variables, conjugate C -linear in the
middle variable. Also it is associative in the sense that

[x,y. [z, w, VIl =[x [w. z, y]vI =[xy, z] w,V]

and satisfies P[X,y,z]P<P.P.P,P.P,P and P[x,x,X]P=PxP°. Ifa C"-ternary algebra (A ,[.,...]) has an
identity, i.e., an element e € A such that x =[X,e,e] =[e, e, x] forall x € A, thenitis routine to verify
that A, endowed with xoy =[x,e,y] and X =[e, x,e],isaunital C" -algebra. Conversely, if (A, o) is

a C"-algebra, then [, Yy, zZ] = X0y oz makes A into C"-ternary algebra.

A C -linear mapping H : A— B is called a C"-ternary algebra homomorphisms if
H([x,y,z]) =[H(x),H(y),H(z)] forall x,y,z € A.If, inaddition, the mapping H is bijective, then
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the mapping H : A— B iscalled a C"-ternary algebra isomorphisms. A C -linear mapping
5:A— Aiscalleda C-ternary derivation if

o([x,y,zD) =[6(X), v, z] +[x,6(Yy), 2] +[X,Y,6(2)] forall x,y,z€ A.

The study of stability problems for functional equations is related to a question of Ulam [13]
concerning the stability of group homomorphisms and affirmatively answered for Banach spaces by
Hyers [5]. It was further generalized and excellent results obtained by number of authors [3,4,10].
During the past two decades, a number of papers and research monographs have been published on
various generalization and applications of the generalized Hyers-Ulam stability to a number of functional
equations and mappings, for example, Cauchy-Jensen mappings, K -additive mappings, invariant
means, multiplicative mappings, bounded n-th differences, convex functions, generalized orthogonality
mappings, Euler-lagrange functional equations, different equations, and Navier-Stokes equation. Also,
the stability problem of ternary homomorphisms and ternary derivations was es- tablished by Park [9]
and J.M.Rassias, Kim [12].

2. STABILITY OF HOMOMORPHISMS IN C*-TERNARY ALGEBRAS

Throughout this section, assume that A isa C-ternary algebra with norm P.Pa and that B isa
C’ -ternary algebra with norm P.Pg. For a given mapping f : A— B, we define

_ | BXEHY _ufl Y o
Puf(x,y,z)_f( 5 +uzJ uf( 5 +2j ut(y)
Quf(x,y,z)zf(@wz}uf(X;Zyuj—uf(x)—zuf(z)

X+ p1y
Ruf(X,y,Z)=2f(TJrﬂZj—ﬂf(X)—Mf(Y)—ZHf(Z)
Forall peT'={AeC:|A|=1} andall x,y,ze A.

We prove the Hyers-Ulam-Rassias stability of homomorphism inC” -ternary algebras for the
functional equation P, f(X,y,z)=0.

Theorem 1 . Let r >1 and @ be positive real numbers, and let f : A— B be a mapping such that
[P f 0y, 2], <O+l + ([, ®

| @y, 2D -LF (0, £ (), @), < O], +|vi

+2]) (2)

Forall ueT"andall x,y,z e A Then there exists a unique C -ternary algebra homomorphism
H : A— B such that
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If () -H)|, < 2??2 IX[, . forall xeA (3)
Proof: Let =1 and y =z =x in (1), we get
|f@x)-2f(x)], <30, (4)
Forall xe A So
X 360 r
f(x)-2f|=|| <—
H () ( 2} Rt

For all X e A Hence

-1
zkf(ikj_znf(i,j < zjf(ij_sz(_.xlj
2 2' ), = 2/ 2 e
30 L2 r
<= — 5
2[‘ e 2][’ || ||A ( )

for all non-negative integers | and k with | >k andall x € A. It follows from (5) that the sequence
{2” f (ij} is a Cauchy sequence for all x € A. Since B is complete, the sequence {2” f (ij}
2" 2"

converges. So one can define the mapping H : A— B by

N
H(x)=1lim2 f(;}

n—oo

Forall x e A Moreover, letting k =0 and passing the limit | — oo in (5), we get (3).

It follows from (1) that

H(—X+y+zj—H(X_y+zj—H(y) ~lim2"
2 2 .

n—oo

2n+ 2n 2n+ 2n 2n
2"0

< lim = (I, +1, + 21, ) =

Forall X,y,ze A.So

H (XLZy+ZJ—H (X;Zy+zJ: H(y)
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Forall x,y,z € A.By the same way of [1, Lemma 2.1], the mapping H : A— B is Cauchy additive.

Letting y =z = x in (1), we get
| f (20x)—2uF (x)|, <30|X]

A

Forall ueT"andall xe A So

H (ux)=lim 2" f (‘2‘—}— lim 12" f (le = uH (%)

n—oo n—oo

Forall ueT" andall X e A Sothe mapping H : A— B is C -linear by the same reasoning as in the

proof of [8, Theorem 2.1]. It follows from (2) that
f [ili} _ f(ij f (lj f (ij
2" 2" 2" 2" 2" 2" )]s

8'0
< lim =, + Iyl + el ) =0

n—oo

[H(x.y. 2D ~[H (9, H (). H D], =limg"

Forall X,y,ze A.So

H([xy.z])=[H (x).H(y).H(2)]

Forall x,y,z€ A.Nowlet S: A— B be another Cauchy-Jensen additive mapping satisfying (3). Then
we have

ORO

|

6.2".0

2nr (2r . )” ”
Which tends to zero as n — oo forall X e A So we can conclude that H (x)=S(x) forall xe A

This proves the uniqueness of H.

Thus the mapping H : A— B isaunique C”-ternary algebra homomorphism satisfying (3).
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Theorem 2. Let r <1 and 6 be positive real numbers, and let f : A— B be a mapping satisfying (1)

and (2). Then there exists a unique C” -ternary algebra homomorphism H : A— B such that

Hf(x)—H XHB_Z 2r||x|| forall xe A (6)

Proof: It follows from (4) that

For all X e A Hence

S H(2%)-5 1(2%)

B j=k

30I1
|| A

for all non-negative integers | and k with | >k andall x € A. It follows from (7) that the sequence

{Zi” f (2” x)} is a Cauchy sequence for all x € A. Since B is complete, the sequence {Zi” f (2" X)}

converges. So one can define the mapping H : A— B by

H (x )_Ilmif( )

n—ow 2

Forall x e A Moreover, letting k =0 and passing the limit | — oo in (7), we get (6).
The rest of the proof is similar to the proof of Theorem (1).
Similarly we can obtain the results for the functional equations Qﬂ f (x, Y, z) =0 and
R, f(xy,z)=0.
3. ISOMORPHISMS BETWEEN C"-TERNARY ALGEBRAS

Throughtout this section, assume that A isa C*-ternary algebra with norm P.P5 and unit e, and
that B isa C’-ternary algebra with norm P.Pg and unit e .

We investigate isomorphism between C’-ternary algebras, associated to the functional equation
Q,f(xy,z)=0.
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Theorem 3. Let r >1 and 6@ be positive real numbers, and let f : A— B be a mapping such that
Q.7 (xy.2)], < H(IIXIIQ +l, +||Z||L), ®)
f(oy2)=[F (0. F(v). 1 (2)] ©

Forall ueT"andall x,y,ze A If lim2" f (2_6”} =¢, then the mapping f : A— B isa C  -ternary

n—oo

algebra isomorphism.

Proof: Let u=1and y =z = x in(8), we get

| f(@2x)-2f ()|, <30|X|, (10)

Hf(x)—zf(gjf%

Forall xe A So

),

For all X e A Hence

>3 )2 (3

-1

<>

B =k

2‘f( jsz( j
2]+1

30 =
LS,

(11)

for all non-negative integers | and k with | >k andall x € A. It follows from (11) that the sequence

{2” f (Z_X”j} is a Cauchy sequence for all x € A. Since B is complete, the sequence {2” f (Z_X”j}

converges. So one can define the mapping H : A— B by

n—oo

nel X
H(x)=1lim2 f(z J

For all x e A Moreover, letting k =0 and passing the limit | — oo in (11), we get

[f00-H ), <

||x||A forall xe A

It follows from (8) that
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HH(X;y+zj+H (%HJ—H (x)-2H(2)

B

. f(x+1y+ij+ ‘ (X—lerij— f (ij—zf (ij
n—o 2“+ 2” 2n+ 2” 2n 2” B
< tim e (D b I ) =0

Forall X,y,ze A.So

H (XLZYHJ_H(%HJ: H (x)+2H (2)

Forall x,y,z € A.By the same way of [1, Lemma 2.1], the mapping H : A — B is Cauchy additive.
Letting y = z = x in (8), we get

[ (200) 208 ()], <30,

Forall ueT"andall xe A So

n—oo n—oo

H (ux)=lim 2" f (‘2‘—}— lim 12" f (le = uH (%)

Forall ueT" andall X e A Sothe mapping H : A— B is C -linear by the same reasoning as in the
proof of [8, Theorem 2.1].

since f([x,y,z])=] f(x) f(z)] forallx,y,zeA.
H ([ ,2) = lime” [[;, 2.2])

wfeigJer(z)en]
=[H(x),H(y),H(2)]

Forall X,y,z € A.Sothe mapping H : A— B isa C"-ternary homomorphism. It follows from (9) that

H (x) = H ([e.e.x])
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=—Ilim2"f (i[e,e, x])
2 n—oo 2”

=lim4" f ie,ie,x}
n—ow _2” 2”

-t |z o(Fe) 2o (Fe) o0

:[e',e', f (x)]: f(x) forallxeA.

Hence the bijective mapping f : A— B isa C’ -ternary algebra isomorphism.

Theorem 4. Let r <1 and O be positive real numbers, and let f : A— B be a mapping satisfying (8)

and (9). If Ilm— f ( ) e, then the mapping f : A— B isa C"-ternary algebra isomorphisms.

n—om 2

Proof: It follows from (10) that

For all X e A Hence

1 11 1 .
(203 r(2x) <3k rn-gi e
30I1
S 2, @)

for all non-negative integers | and k with | >k andall x € A. It follows from (12) that the sequence
{i f (2” X)} is a Cauchy sequence for all x € A. Since B is complete, the sequence {i f (2” X)}
2" 2"

converges. So one can define the mapping H : A— B by

H (x )_nmif( X)

n—om 2

For all x e A Moreover, letting k =0 and passing the limit | — oo in (12), we get
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f(x)—H( < X forall xe A
|1 (0-H ()], =525,
The rest of the proof is similar to the proof of Theorem (3).
Similarly we can obtain the results for the functional equations P, f (x, Y, z) =0and R, f (x, Y, z) =0.

4. STABILITY OF DERIVATIONS ON C"-TERNARY ALGEBRAS
Throughtout this section, assume that A isa C-ternary algebra with norm P.Pa .

We prove the Hyers-Ulam-Rassias stability of derivations in C” -ternary algebras for the functional
equation R, f(xy,z)=0.

Theorem 5. Let r >1 and O be positive real numbers, and let f : A— A be a mapping such that

[R. £ ey o), < eI, + Il + 11l 13)

[ (00 ye2) [ 00v2]-[x 1 (9), 2] -y (2)]], <Ol + Il 1el,) 2o

Forall ueT"andall x,y,z e A Then there exists a unique C”-ternary derivation &:A — A such
that

30 :
| ()-8(x), sm”x”A forall xe A (15)

Proof: Let x =1 and y =z = x in(13), we get

|2 (2x)-4f (x)], <30]x[, (16)

s <3
SO

Forall xe A.So

3,

2i f (ij—ziﬂ f (Lj
2] 21

<25 2N, @

j=k

For all X € A.Hence

1-1
<>
j=k

A A
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for all non-negative integers | and k with | >k andall x € A. It follows from (11) that the sequence
2"

{2” f (Z_X”j} is a Cauchy sequence for all x € A. Since B is complete, the sequence {2” f ( X j}

converges. So one can define the mapping H : A— B by

n—w

e X
o(x)=1lim?2 f(;}

Forall x € A Moreover, letting k =0 and passing the limit | — oo in (17), we get (15).

It follows from (13) that

=lim2"

n—oo

e )
2n+ 2n 2n 2n 2n

. 2"6 r r r
< tim = (K T, [l ) =o

Forall X,y,ze A.So

26(XL2y+ Zj=5(X)+5(y)+25(Z)
Forall x,y,z € A.By the same way of [1, Lemma 2.1], the mapping 6 : A— A is Cauchy additive.
Letting y =1z = x in(13), we get

|2 (2ux)-4ut ()|, <30[],

Forall ueT"andall xe A So

n—oo n—oo

5(ux)=lim2" f (‘;—XJ —lim .2" f (ZiJ = u5(X)

Forall ueT" andall xe A Sothe mapping & : A— A is C -linear by the same reasoning as in the
proof of [8, Theorem 2.1]. It follows from (14) that

Jo(0x.y.2D)~[5(0.y.2]-[x6 (). 2]-[x v.5(2)]],
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f[x,y,z] (X)y 2 X ((y) 2
<I|m

lim = 2 (Il el ) =

=lim8"

n—o0

Forall X,y,ze A.So

s([x.y.z])=[8(x).y.z]+[x3(y).z]+[x,y.6(2)] Forall x,y,zeA.

Now we let S : A— A be another Cauchy-Jensen additive mapping satisfying (15). Then we have

500~ =2 o £ )-5( %)
() ()

3.2"0

gt

+

(7))

|

Which tends to zero as h — oo for all X € A. So we can conclude that 5(x) =S (x) for all X e A This

proves the uniqueness of & . Thus the mapping 6 : A— A isa C -ternary derivation satisfying (15).

Theorem 6. Let r <1 and O be positive real numbers, and let f : A— A be a mapping satisfying (13)

and (14). Then there exists a unique C-ternary derivation & : A— A such that

30

[f()-8(%), < m”x”; forall xe A (18)
Proof: It follows from (16) that
1 30
(03120 <IN

For all X € A.Hence

1-1

<3 (20— 1 (2)

A j=k

()~ 1(2%)

A
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L2l
CaLf

r (19)
=k 2

for all non-negative integers | and k with | >k andall x € A. It follows from (19) that the sequence

{Zi” f (2” x)} is a Cauchy sequence for all x € A. Since B is complete, the sequence {Zi” f (2" X)}

converges. So one can define the mapping 6 : A— A by

Forall x € A Moreover, letting k =0 and passing the limit | — oo in (19), we get (18).

The rest of the proof is similar to the proof of Theorem (5).

Similarly we can obtain the results for the functional equations P, f (x, Y, z) =0and Q,f (x, Y, z) =0.
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