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Abstract- soft set theory was introduced by Molodtsov in 1999 as a mathematical tool for dealing with problems that
contain uncertainty. Faruk Karaaslan et al.[6] defined the concept of soft lattices, modular soft lattices and distributive
soft lattices over a collection of soft sets. In this paper, we define the concept of soft ideals and soft filters over a
collection of soft sets, study their related properties and illustrate them with some examples. We also define the
maximum and minimum conditions in soft lattice. In addition, we characterize soft modularity and soft distributivity
of soft lattices of soft ideals.
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I. INTRODUCTION

Soft set theory was introduced by Molodtsov [9] in 1999 as a mathematical tool for dealing with
uncertainty. Maji et al.[8]defined some operations on soft sets and proved related properties. Irfan Ali et al.[5]
studied some new operations in soft set theory. Li [7], Nagarajan et al.[10] defined the soft lattices using soft sets.
Faruk Karaaslan et al.[6] defined the concept of soft lattices over a collection of soft sets by using the operations of
soft sets defined by Cagman et al.[1]. Nagarajan et al. [11] proved characterization theorems for modular and
distributive soft lattices. Serife Yilmaz et al. [12] defined and discussed soft lattices (ideals,filters) using soft set
theory. In this paper, we define the concept of soft ideals, soft filters, prime soft ideals, prime soft filters, principal
soft ideals and principal soft filters over a collection of soft sets. We study their related properties with some
examples. We define the notion of maximum and minimum conditions in soft lattice. We prove that the set of soft

ideals is a soft lattice. Further, we prove that the soft lattice L is modular if and only if the soft ideal lattice
I (L) is modular. We also prove that the soft lattice L is distributive if and only if the soft ideal lattice | (L) is
distributive.

The readers are asked to refer [1,8,9] for basic definitions and results of soft set theory and [6,10,11]
for results on soft lattices.

Throughout this work, U refers to the initial universe, P(U) is the power set of U, E is a set of

parametersand AcC E. S(U) denotes the set of all soft sets over U.
I1. SOFT IDEALS AND SOFT FILTERS Definition 2.1 A non - empty soft subset | of a

. . . soft lattice L is said to be a soft ideal if
In this section we introduce the concept of

soft ideals and soft filters with examples. We prove
that every soft ideal and soft filter of a soft lattice
L is a convex soft sublattice of L and
conversely. We also study about prime soft ideals
and prime soft filters. Throughout this work, the soft

lattice L means the soft lattice (L,v,A) .

() f,, fgel implies fyv fgel

(1) fyoel implies f,Af, el for every
element f, of L or equivalently f, el and
fy < f, implies f, €1.

Definition 2.2 A non - empty soft subset F of a
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soft lattice L is said to be a soft filter if

(F) fu, fyeF implies fy,Anf,eF

(F) f,eF implies f,v f, eF for every
element f, of L or equivalently f, €F and

f, < fy implies f, € F.

Note 2.3 Every soft ideal of a soft lattice L is a

soft sublattice of L.
Example 2.4 Let

U ={u;, Uy, U;, Uy, Us, Ug, U, Ug, Ug ),
E={e.e,, 6} P={e},Q={e,},R={e},
S :{el’eZ}’T :{el’e3}’v :{eZ’eB}'

W ={ee, e}

where P,Q,R,STV,WCE and
L={fy, fo, fo, o, fs, fr, £, fy 3= S(U)
with the operations O and A.

Assume that, f, =

fo ={(e.{u})}
fo ={(e,{u, 1)}
fo ={(e; {UD)}
f
f

s ={(e.{u,u}), (e, {uz, us3)}

r ={(e{un ugl) (&5 {uz, u 1)}

fy ={(e,.{uz, Us}), (&5.{Us, U 1)}

fo ={(e,{u, u,,us}), (&, {U,, Us, Ug}),
(e;.{u;, U7, U}

Then (L,0,") is a soft lattice. The Hasse
diagram of it appears in figure 1.

Figure 1.
(D) Consider the soft set
I ={f,, f,, Ty, s} L. Clearly 1 #{.

It also satisfies the properties |, and I,. Hence

| isasoft ideal of L.
) Consider the soft set

I ={f,, fs,f,, f,JSL Claly 3. It
satisfies the property 1, but f, el and

f

< f; implies f; does not belong to 1.

R <
Hence | isnotasoft ideal of L.
?3) Consider the soft set

F={f,, fs,f,, fy}S L. Clearly F={.
It also satisfies the properties F, and F,. Hence

F s a soft filter of L.
4) Consider the soft set

F={f, f,, fs, f;}S L. Clarly F=J. 1t
satisfies the property F, but f,eF and
fo < fg implies fg does not belong to F.

Hence F isnota soft filter of L.
Theorem 2.5 Every soft ideal and soft filter of a soft
lattice L is a convex soft sublattice of L.

Conversely, every convex soft sublattice of L is
the soft intersection of a soft ideal and a soft filter.

Proof. Let | be an soft ideal of L. Let

fy, f, el. Then by
(), fyvf,el, fynf, <f, f, el
implies f, A f, €l. Therefore | is a soft

sublattice of L. Let f,,fyel and f,<f,.
Then (fg]={f,eL|f, <f}cI.f, <A1,
implies [f, felc(fzl1c . Therefore
[f,, fg]S 1. Hence | is a convex soft
sublattice of L.Similarly,[f,, f;]E&[f,) S F.

Hence F isa convex soft lattice of L.
Conversely, let K be a convex soft sublattice of
L. Let I={f,eL|f,<f, for some

f, e K}. Clearly f, el and hence | is non
- empty. Let f,,f, €l. Then there exist
fVl’ f\,2 e K such that f, < fV1 and

f,<f

y < fy,. Since fVl’ fV2 ek, fvlv fV2 e K.

Alsosince f, v f, < fvlv sz’ fyv i, el

Suppose f, €l and f, <f,. Then there
exists f, e K such that f, <f,. Since
fy < fy, f, < f,. Therefore f, €l. Hence
I is a soft ideal of L. Let
F={f,eL|f, <f, for some f, €K}

Clearly f, € F and hence F is non - empty.
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Let f,,f, € F. Thenthereexist le’ fW2 eK
such that le <f, and fW2 < f,. Since
le, fW2 ek, le A fW2 e K. Also since
le/\fW2 <funf,, funf, eF.

Suppose fy, €F and f, <f,. Then there
exists f, € K such that f, < f,. Since
fy < f,, fy < f,. Therefore f, € F. Hence
F is a soft filter of L. Let f, € K. Then
fy <f, for some f, eK,f,el and
fy < f, forsome f, eK, f, e F. Therefore
f,elAF. Hence KCIAF. Let
f,elAF. Then f, el and f, eF.
Therefore, there exists f, e K, f,, € K such
that f, <f, and f, <f,. Therefore
fy < fy < f, for some f,, f,, € K. Since K
is a convex soft sublattice,[ f,,, f, ] < K implies
f, € K. Therefore
K=1AF.
Definition 2.6 A soft ideal | of the soft lattice L

is said to be a prime soft ideal if and only if atleast
one of an arbitrary pair of elements whose meet isin

L is contained in . That is, f, AT, €l

| A"F S K. Hence

implies f, €l or f, el.
Definition 2.7 A soft filter F is said to be a prime
soft filter if f, v f, €F implies f, €F or

f, eF.

Definition 2.8 Let L be a soft lattice. Let
foeLl. Then {f, eL|f, <f,} is a soft
ideal and is called the principal soft ideal generated
by f, andisdenoted by (f,].
Definition 2.9 Let L be a soft lattice. Let
foeLl. Then {f, eL|f,<f} is a soft
filter and is called the principal soft filter generated
by f, andisdenoted by [f,).
Example 2.10 Let
U ={u;,u,,us,u,,Us, Ug, Uy, Ug, Ug, Uy, },
E={e.e,,e},A={e},B={¢e,e,},
C={e.e}.D={e, &, 6}
where A B,C,DcE and
L={f,, f, fs, fc, fo}= SWU) with the

operations U and M. Assume that, f,=0

fo={(e.{u,u,})}

fy ={(e,.{u;,u,,u.}), (e, {us, us})}
f

f

c =8 {Us, Uy, U}, (85, {U7, Uh)}
D {(el'{ul'UZ'u3'u4})’(eZ'{US’UB’UQ})Y
(&5,4Uy, Ug, Uy )}

Then (L,0,") is a soft lattice. The Hasse
diagram of it appears in figure 2.

fo

fB fC

f¢
Figure 2.

(1) Consider the soft ideal | ={f,, f,, fg}.
Now, fgafo="Ff,el implies f;el
Hence | is a prime soft ideal of L.

(2 (fg]1={f, f, f5} isaprincipal soft ideal
generated by fj.

(3) Consider the soft ideal | ={f,, f,}. Let
fg, foeL. Then, fyAf.=1f,el . Hence

| isnot a prime soft ideal of L.
Example 2.11 Let

U ={u,,u,,u,,u,,Us, Ug, U;, Ug, Ug, Uy},
E={e.e, e}, A={e}.B={e,}.C={e,6,},
D={e, e, e}

where A,B,C,DcE and

L={f,, f, f5, fc, ol S(U) with the

operations U and M. Assume that, f,=0
fa={(e.{u,u, )}

fs ={(e,.{u;,u, 1}

fo ={(e,.{u;,u,,us}), (&, {5, U, UG 1)}
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fo ={(e,,{u,, u,,us5,u.}), (e, {u;, U, Ug, Ug}),

(3,4 Ui )}

Then (L,0,") is a soft lattice. The Hasse
diagram of it appears in figure 3.

fo

fA fB

fs
Figure 3.

(1) Consider the soft filter F ={f,, f., fy}.
Now, f,vf,=f.eF implies f,eF.
Hence F is a prime soft filter.

(2) Consider the soft filter F ={f., fy}. Let
fg, fc € L. Then, fgv f, = f. € F . Hence
F is not a prime soft filter.

(3) [fa)={f4, fc, fo} isa principal soft filter

generated by f,.

Theorem 2.12 Every soft lattice has almost one
minimal and one maximal element. These elements
are at the same time the least and greatest element
of that soft lattice.

Proof. If possible, let there be two minimal elements
fu, fy el then f, A fy < f,. Since f,
is a minimal element, f, Af, <f, s
impossible. Therefore f,, A fy = f,, and hence
fy < fy. Similarly we take f,, A f < f,
then f, < f,,. Therefore f,, = f,. Hence the

soft lattice L has atmost one minimal element and
it is the least element of the lattice. By the principle
of duality, every soft lattice has atmost one maximal
element and it is the greatest element of that soft
lattice.

Definition 2.13 An element f, of a soft lattice L

is called a greatest element of the soft lattice L if
fy < f, for all f, € L. Similarly an element

f 5 Of a soft lattice L is called a least element of
Lif f,<f, foranl f, eL.

1. THE MAXIMUM AND MINIMUM
CONDITIONS

In this section, we define the maximum
and minimum conditions in soft lattice. We also
obtain a necessary and sufficient condition for a soft
lattice to satisfy the maximum condition. we also
define Vv and A of two soft ideals and we prove
that the set of all soft ideals is a soft lattice.

Definition 3.1 Let C, be any element of a poset
P in the soft lattice. Let us form the subchain of
P in the following way: Let the greatest element of
the subchain be C,. Let C,(k>1) be an

elementof P suchthat C, <C, ;. If eachof the
chains so formed, commencing at any C0 is finite,

then P is said to satisfy the maximum condition.
Definition 3.2 Let the least element of the subchain

be C,. Let C,(k>1) be an element of P such
that C,_, <C,. If each of the chains so formed,

commencing atany C, is finite, then P is said to
satisfy the minimum condition.

Result 3.3 Ifaposet P in a soft lattice satisfies the
minimum condition then for any f, € P, there

exists atleast one minimal element f,, of P such
that f,, < f,.

Result 3.4 If aposet P in a soft lattice satisfies the
maximum condition then for any f, € P, there

exists atleast one maximal element f,, of P

such that f, < f,,.

Corollary 3.5 Every soft lattice satisfying
minimum (maximum)condition has a least (greatest)
element.

Note 3.6 By a soft ideal chain of a soft lattice L,

we shall mean a set of soft ideals in L in which
one of every pair of soft ideals includes the other.
Lemma 3.7 The soft union of any soft ideal chain

of a soft lattice L isitself a soft ideal in L.

Proof. Let C be a chain of soft ideals of L. Let
| denote the soft union of all soft ideals of L in
C. Let f,, f; €l. Then there exists soft ideals

I, and I, in C such that f, el and
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fgel,. Since 1,1,€C, either I, 1, or

I,cl,. Let LS, Then f,el Cl,.
Therefore foel,. Since
fo,foel,, favisel,. Hence
f,vigel. Let fy €L Then
funf,el, C . Therefore f,Af, el.

Hence | is asoft ideal.
Theorem 3.8 A necessary and sufficient condition

for a soft ideal | in a soft lattice L to be a

principal soft ideal is that the soft lattice L
satisfies the maximum condition.

Proof. Suppose the soft lattice L satisfies the
maximum condition. Then it is also satisfied in

every softideal | of L. By corollory 3.5 the soft
ideal | includes a greatest element f,. Then

I =(f,]. Hence every soft ideal of L is a

principal soft ideal.Conversely, suppose that every
soft ideal is a principal soft ideal. We have to prove
soft lattice satisfies the maximum condition.
Suppose not, then we can find an infinite subchain

of the foom C=C,<C, <.... The set

I =0%,(C,] being the soft union of the
elements of the soft ideal chain is itself a soft ideal

by lemma 3.7. Hence | cannot be a principal soft
ideal since every one of its elements is less than the

other of its elements. Therefore | has no greatest
element which is a contradiction.

Theorem 3.9 Let | and J be soft ideals of a
soft lattice L. Define
IAd={f, eL|f, elnI} and
IvI={f,eL|fy,<f,vi;, f,el fyel}
Then the set of all soft ideals 1(L) is a soft
lattice.

Proof. Clearly IAJ#Q for fyel and

fy,ed. Let o fg el AJ. Then,
f,elnd and fyelNJ. Thatis, f, el
and f,eJ. Also, fgel and fzel.
Therefore, f,v fgel and f,v f;el.
Hence fovfgelnd and hence

fav el Al Let

fy <f,. Then f,el and f,eJ. Since

fy<f,=>f, el and

f,elAd and

fyeld=f, el AJ. Therefore 1 AJ is a
soft ideal .Next we prove that | v J isa soft ideal.

Clearly IvJ#& for if fyel and so

fobelvd. Let f,,f,elvd. Then
fy < f”i\/fBl’fY < fszfBZ where
fAl,fAzel and fBl,fBzeJ. Therefore,
fxvaS(fAival)v(fszfBZ):
(fAl\/fAz)v(fBlVfBz)'

Since f/ﬁ’fAze
fBl,fBzeJ,fBlvazeJ. Hence
fy v f, elvJ. Suppose
f, <fy,. Then f, <f,v f; where f, el

I,f,,ivazel. Since

fyelvJd and

and fgeld. Since
f<fy<f,vig f,<fvi;. Thus,
fyelvJ. Hence IvJ is a soft ideal
Therefore 1(L) isa soft lattice.

Theorem 3.10 The set 1,(L) of all principal soft

ideals of a soft lattice L is a soft sublattice of
I (L), softisomorphicto L.

Proof. We claim that (f,]v (fg]=(f,v fg]
and (fJA(fg]l=(f, A fz] holds for every
pair of elements f,, f; of L. First to prove
(fdv (fe]=(fyv fgl. Let
fy € (Falv (fs]1=(f 1O (f]= fy e(f,]
or fye(fg]l=f, <f, or
fy<fa=>f, <f,vi,= 1 e(f,v il
Thus (f v (fglc (v 15l Let
fy e(fyv fg]. Then f, <f,vf, where
foe(f ] foe(fg] (Since f, <f, and
foe(f ] fy, e(f,] and since f, < f; and
fg e(fe] fx e (fgl) = f, e (fulv(f].

Hence (fov felc (flv(fel Thus
(fAlv(fgl=(f,v fg]l. Next to prove

(fdA(fel=(fo A fE]. Let
fy G(fA]A(fB]z(fA]ﬁ(fB]: fy e (fal
and fy e(fgl=>f, <f, and

fy<fo=>f, <fuanfy=f e(fyanfgl
(fdA(felS(fanfgl  Let
fye(fanfgl. Then f <f, Af,<f,
and fy <f,Aafy<fy=f <f, and
fy <fg=f, e(f,] and

Therefore
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Therefore  (f, A fo]1S (f A (f5]  Hence
(fAA(fgl=(foAfg]l. Let us  define
n:Lo>1,(L) by n(fy)=(f]. Suppose
n(f,)=n(f,). Then (f,]1=(f,]. Since
f e (= (F1= f e (1= f < f,

and since

f,e(f,]1=(f 1= 1, e(f]=f, < f1,.

Therefore f, = f, and hence 1 is one-one.
For every (f,]el,(L), there exist an element

fy €L such that n(f,)=(f,]. Therefore n
is onto.To prove 7 is a soft lattice
homomorphism.

n(fv ) =0t v i 1=(fIv (]
=n(fy)vn(f,) and

n(f A f) = A 1=(f A (f]
=n(f)An(f,).

Therefore 17 is a soft homomorphism.

Hence the map n:L—>1,(L) is a soft
isomorphismand L = 1,(L) < I (L).

Theorem 3.11 The soft lattice L is modular if and
only if the soft ideal lattice 1(L) is modular.

Proof. Suppose 1(L) is a modular soft lattice.
Then the set of all principal soft ideals 1,(L) ofa
soft lattice L is a soft sublattice of I(L) and is
soft isomorphic to L. That is
L=1,(L) S I(L).I(L) is a modular soft lattice
implies its soft sublattice 1,(L) isa modular soft
lattice. 1,(L) is a modular soft lattice implies its

soft isomorphic copy L is a modular soft lattice.
Hence I(L) is a modular soft lattice implies that

L is a modular soft lattice.Conversely, let L be a
modular soft lattice. To prove that 1(L) is a

modular soft lattice.Let |,J, K be soft ideals of

L such that I <K. Clearly
Iv(IAK)S(IvI)AK. 1t is enough to
prove that (IvJI)AK<IvV(IAK). Let

fye(lvI)AK. Then f,elv] and
fyelvd f,<f,viy
where f,el,f,eJ. Since f,el and
I <K, f, e K. Therefore f,v f, € K. Let

f, € K. Since

fo=f,vf,.  Then f.eK.  Also
f, < fovfy. Therefore
fy S(fav i) A(fav ) S(fav fR)A fe.
Since L is a modular soft lattice,
fa<fo=>(fav fg)afe=fv(fg A fo).
fy < fav(fgafo). Since

foeK, fganfoedaAK.

fy <fav(foafe) where

Therefore

fed and
Therefore
fael, fgnfoedaK. Thus

fy el v(I AK). Therefore

(ITvI)AK<Tv (I AK). Hence I(L) is a
modular soft lattice.

Theorem 3.12 The soft lattice L is distributive if
and only if the soft ideal lattice I(L) is
distributive.

Proof. Suppose (L) is a distributive soft lattice.
Then the set of all principal soft ideals 1,(L) isa
soft sublattice of 1(L) and is soft isomorphic to
L. That is Lzl (L)cI(L).I(L) is a
distributive soft lattice implies its soft sublattice
I,(L) is a distributive soft lattice. 1,(L) is a

distributive soft lattice implies its soft isomorphic
copy L is a distributive soft lattice. Hence I(L)

is a distributive soft lattice implies that L is a
distributive soft lattice.

Conversely, let L be a distributive soft lattice. To
prove that 1(L) is a distributive soft lattice.Let

1,J,K be a soft ideals of L. Clearly
(TAJ) Vv AK)STA(IVK). It is enough
toprove I A(JVK)S(IAJ)Vv (I AK).

Let fyelA(JVvK). Then fyel and
fyelJvK=1f, el ad f,="f;v i,
where fged, f. eK. Now
f,=f Afy =Ff A(fyv i)

=(fy A fg)v(f A fe)

(Since L is a distributive soft lattice).

Since fy el fgel, fyanf;elAd and
since fuel, foeK, fy Af. el AK.
Therefore

(fynfa)v(fyaf)e(lAd)v(l AK)
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and hence f, e(IAJ)Vv (I AK). Thus
IAQ@VvK)YS(TAd) V(I AK). Hence
I (L) is adistributive soft lattice.

Example 3.13 Consider the soft lattice
L={f,, f\ fg, fc, o} = S(U) under the

operations O and M whose Hasse diagram is
given in figure 4.

fo

fa fc

f¢
Figure 4.

which is a modular soft lattice. The soft ideal lattice
I(L) of L isgiven in figure 5.

4

lo

Figure 5.

Now F(L)={, 1,1, 15 1,} where
L ={f}=(f, 11, ={f,, f.}=(f,]

I, ={fy, fa}=(fa] I; ={f5, fc}=(f.],

I, ={fs fa fo, T, fo3 = (f5]

which is also a modular soft lattice under the
operations U and A\.

Example 4.14 Consider the soft lattice
L={f,, f,, 5, fc, fp}=S(U) under the

operations O and A whose Hasse diagram is
given in figure 6.

fB fC

fy
Figure 6.

which is a distributive soft lattice. The soft ideal
lattice 1(L) of L isgiven in figure 7.

Iy

lo
Figure 7.

Now I(L)={l, 1,1, 15 1,} where
o ={f}= (T, 1.1, ={f,, f,.}=(f,],

I, ={fy fa o= (] 1, ={f,, f, 3= (],

I, ={fs fa fo, T, fo3 = (f5]
which is also a distributive soft lattice under the
operations *) and A.

I V. CONCLUSION

In this paper, we defined soft ideals and
soft filters, discussed their properties and illustrated
them with some examples. We have shown that the
set of soft ideals is a soft lattice. We have
established the theorem that the principal soft ideal
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lattice 1,(L) is soft isomorphic to the soft lattice

L . We proved that the soft lattice L is modular if
and only if the soft ideal lattice 1(L) is modular.

We also proved that the soft lattice L is
distributive if and only if the soft ideal lattice 1(L)

is distributive. We are studying about these soft
lattices and are expected to give some more results.

REFERENCES

[1] Cagman N., and Enginoglu S., Soft set
theory and uni-int decision making, Eur. J.
Oper. Res. 207/2 (2010), 848-855.

[2] Davey B.A., and Priestley H.A. Introduction
to lattices and order, Cambridge University
Press, India, 2009.

[3] Gabor Szasz, Introduction to Lattice Theory,
Academic Press, New York and London, 1963.

[4] George Gratzer, General Lattice Theory,
Second edition, Birkhauser verlag, Boston,
1998.

[5] Irfan Ali M., Feng Feng, Xiaoyan Liu,
Won Keun Minand Shabir M., On some

new operations in soft set theory, Comput.
Math. Appl. 57 (2009), 1547-1553.

[6] Karaaslan F., Cagman N., and Enginoglu S.,

ISSN: 2231-5373 http://www.ijmttjournal.org

[71

(8]

(9]

[10]

[11]

[12]

Soft Lattices, J. New. Res. Sci. 1 (2012),5-17 .

Li F., Soft Lattices, Glob. J. Sci. Front.
Res.10/4 (2010), 56-58.

Maji P.K., Biswas R., and Roy A.R. Soft
set theory, Comput. Math. Appl. 45 (2003),
555-562.

Molodtsov D.A., Soft set theory-First
Results, Comput. Math. Appl.37 (1999),
19-31.

Nagarajan E.K.R., and Meenambigai G.,
An Application of Soft Sets to Soft Lattices,
Kragujevac J. Math. 35/1 (2011), 75-87.

Nagarajan E.K.R., and GeethaP.,
Characterization Theorems for Modular
and Distributive Soft Lattices, J. Innov. Res.
in Sci. Eng. and Tech. 2/11 (2013),
6019-6031.

Serife Yilmaz and osman Kazanchi., Soft
Lattices(ldeals,Filters) Related to Fuzzy
Point, U.P.B.Sci. Bull., Series A. 75/3 (2013),
75-90.

Page 119



