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I. INTRODUCTION
The concept of fuzzy sets was introduced by Zadeh [9], in 1965, as a new way to represent the vagueness in every day life. In
mathematical programming problems are expressed as optimizing some goal function given certain constraints, and there are
real life problems that consider multiple objectives.Genrally it is very difficult to get a feasible solution that brings us to the
optimum of all objective functions. A possible method of resolution, that is quite useful is the one using fuzzy sets [4] .It was
developed extensively by many authors and used in various fields to use this concept in topology and analysis several researcher
have been defined fuzzy metric space in various ways [3, 7, 8, 10, 11, 14, 17, 19, 21].George and Veeramani [1] modified the
concept of fuzzy metric space introduced by Kramosil and Michalek [13] in order to get the Hausdorff topology. Jungck [5]
introduced the notion of compatible maps for a pair of self mapping.Mishra et al. [16] obtained common fixed point theorems
for compatible maps and asymptocilly commuting maps on fuzzy metric space which generalize,extened and fuzzily several
fixed point theorems for contractive-type maps on metric spaces and other spaces.Popa [18] proved theorem for weakly
compatible non-continuous mapping using implicit relation..In 2008 I.Altun and D.Turkoglu [6] proved common fixed point
theorem on FM space with an implicit relation. In this paper a fixed point theorem has been established using the concept of

compatible maps of type (/) which generalized the result of some standard result on fuzzy metric space.

Il. PRELIMINARIES
Definition 2.1 [2] A binary operation * ! [0,1] X [0,1] - [0,1] is called a continuous t norm if ([0,1], *) is an abelian topological monoid with
unit 1 such that a* 0D < C*d whenever a < ¢ andb <d a,b,c,d €[0,1].
Example of t-normsare d*PD =abanda*b = min{a, b}

Definition 2.2 [1] A Triplet (X M ,*) is called a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set on
X 2 X[O, OO) satisfying the following conditions: forall X,Y,Z € X andt,S > 0,

i M(x,y,0)=1,

iy M(xy,t)=M(y,xt),

iy M(X,y,t)=1forant>oifandonlyif X =y,

ivy M (X, y,) . [0,00) - [0,1] is left continuous,

v M, y,t)*M(y,z,5s) <M(X,z,t+5S),

(vi) !Lrg M(x,y,t)=1
Note that M (X, Y, '[) can be considered as the degree of nearness between x and y with respect to tWe identify X = Y with M (X, y,t) =1 for
ant>0.
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Definition 2.3 [2] Let (X, d) be a metric space. Define @ * b = min{a, b}and M (X, y,t) = ﬁ forall X,y € X and all
+ad(Xx,Yy

t >0 Then (X , M , *) is a fuzzy metric space. It is called the fuzzy metric space induced b the metric d.
Definition 2.4 [1] Let (X, M, *) be a fuzzy metric space. Then

(i) A sequence {x-} in X is said to converges to x in X if for each € >0 and each t > 0, there exists no € N such that M (x», x, t) > 1- E€forall N > no .
(ii) A sequence {x,} in X is said to be Cauchy if for each € >0 and each t > 0, there exists

Ne € N such that M (Xn, Xm, t) >1 —€ forall N, M = n, .

(iii) A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.5 [18] Let ¢ be the set of real and continuous function:

¢ : (R®) — R, non decreasing in the first, second, third, fourth, fifth argument satisfying the following conditions

¢(u,v, uv,v) <0 ulw

Example: ¢(t1,t2,t3,t4,t5) = min(tz,tg,t4,t5) -1

Definition 2.6 [15] Let F and G be maps from a fuzzy metric space (X M, *) into itself. The maps F and G are said to compatible if
limM (FGx,,GFx,,t) =1

n—oo

Forall t > Owhenever {Xn} is a sequence in X such that

lim FXn = Iimen = Zforsome Z € X .

n—oo n—ow

Definition 2.7 [15] Let F and G be maps from a fuzzy metric space (X M, *) into itself. The maps F and G are said to compatible of type (ﬂ) if
limM (FFx,,GGx,,t) =1

n—oo

For all t > Owhenever {Xn} is a sequence in X such that

lim |:Xn = Iimen =7 forsome Z € X .

n—oo n—oo

Definition 2.8 [2] A pair (F, G) of self -map of a fuzzy metric space is said to be weak compatible if F and G commute at their coincidence points .i.e. For

X € X if FX = GxXthen FGX = GFX.

Proposition 2.9 [15] Let (X M, *) be a fuzzy metric space and F and G be continuous maps from X into itself. Then F and G are said to compatible

if they are compatible of type (ﬂ) .

Proposition 2.10[15] Let (X M, *) be a fuzzy metric space and F and G be maps from X into itself. Then F and G are compatible of type (ﬂ) and
Fz=Gzforsomez € X , then FGz =GGz =GFz = FFz.

Proposition 2.11 [15] Let (X M, *) be a fuzzy metric space and F and G be compatible of type (ﬂ) from X into itself. Let {Xn} is a sequence in
X such that
lim |:Xn =lim GXn =7 forsomeZ € X .

n—oo n—oo
Then we have the following:

(i) lim GGXn = Fz ifFis continuous at z,

n—ow

(ii) lim FFXn = (7 if G is continuous at z,

n—co

(iii) FGz =GFz and FzZ = Gz ifF and G are continuous at z.
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Lemma 2.12 [18] Let (X M, *) be a fuzzy metric space. If there exists k > 1 such that forall x,y € X, M (X, Y, kt) <M (X, Y, t) Y ot>
0, thenx =y.

Lemma 2.13 [12] Let (X M, *) be a fuzzy metric space. Then forall X,y € X, M (X, Y, ) is a non-decreasing function.

Lemma 2.14 [18] Let{Xn} be a sequence in a fuzzy metric space (X, M, * ). If there exists a number k > 1 such that

M (Xn,X kt)S M(Xn+l,Xn+2,t) ¥V t>0andn € Nthen {Xn}isaCauchysequenceinX.

n+1?
Lemma 2.15 [12] The only t-norm * satisfying r * r>r for all r € [0, 1] is the minimum t-norm, that is ab = min {a, b} foralla,b € [0, 1].

I11. MAIN RESULTS

Theorem 3.1 Let (X, M, * ) be a complete fuzzy metric space and let A, B, S, T, P and Q be mappings from X into itself such that the following conditions
are satisfied:

(@) PX) C ST(X), Q(X) © AB(X),

(b) One of P or AB is continuous,

(c) PB=BP,ST=TS, AB=BA, QT=TQ,

(d) The pair (P, AB) is compatible maps of type ( 3 ) and the pair (Q, ST) is weak compatible,

(e) There exists k > 1 such that for every x, y € X and t >0

¢[ M(ABx, STy, kt),M(Px,Qy,t),M (Px,ABx,kt),M(Qy,STy,t),M (Px,STy,t) | <0

Then A, B, S, T, P and Q have a unique common fixed point in X.

Proof: Letx, € X be an arbitrary point in X. construct sequences {Xn} and {yn} in X such that

PXZn = STX2n+1 = Yonuq and QX2n+l = ABX2n+2 =Yon2 N= 0,1,2,—-
Step 1
Put X = X,,and Y = X, ; inequation (e), we get

M (ABX,,,STX 1, Kt), M (PX,,, QX5 0, 1), M(PX,, , ABX,, ki),
M(QX2n+1’ STx2n+1't)1 M (PXZn ! STx2n+1,t)

<0
Letting N —> o0
M (yZn,y2n+1’ kt)' M (y2n+1' y2n+2't) 1 M (y2n+1,y2n , kt)’
M (y2n+2’ y2n+1’t)1M (y2n+1' y2n+1't)
¢|:M (yZn,y2n+1' kt) ' M (y2n+1' y2n+2't) ' M (yZn 1y2n+11 kt)! M (y2n+1’ y2n+2’t)11} S 0

¢ is non-decreasing in fifth argument

¢|:M (yZn,y2n+1' kt)' M (y2n+1' y2n+2't) ! M (y2n1y2n+1’ kt)’ M (y2n+1’ y2n+2’t)’M (y2n+1’ y2n+1’t)} < O

Therefore by the definition of implicit relation (2.5)

M (yZn,y2n+1’ kt) < M (y2n+1' y2n+2 ! t)

Similarly we have
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M (y2n+1,y2n+2’ kt) < M (y2n+2 ! y2n+3' t)

Thus we have
M (yn'yn+1 kt) <M (yn+1' yn+2’ t)
Therefore lemma (2.14) {yn}is a Cauchy sequence in X.

Since (X, M, *) is complete, {yn } converges to some point z € X. Also their subsequence converges to the same point. i.e. z € X

i.e. {Pxan} — zand {ABxzn} — z and {Qxzn+1} — z and {STon1} — 2
Casel

Let P is continuous. Since P is continuous, we have

PABX,, — Pzand PPX,, — Pz

As (P, AB) is compatible pair of type (ﬂ) therefore we have
ABABX,, — Pz

Step 2

Put X = ABX2n and Y = X,,,; inequation (e)

M (ABABX,,,STX,,.,, kt), M (PABX,,,QX,.;, 1),

<0
M (PABX,,, ABABX,,, kt), M(QX,,,1, STX,,,1,1), M (PABX,,,STX,,, 1)

Letting N —> o0
¢[M(Pz,z, kt),M(Pz,z,t),M(Pz,Pzkt),M(z,z,t),M (Pz,z,t)] <0
$[M(Pz,2,kt),M(Pz,2,t),11,M (Pz,z,1)]<0

¢ is non-decreasing in third and fourth argument

¢[M(Pz,z,kt),M(Pz,z,t),M(Pz,z,kt),M(Pz,z,t),M (Pz,z,t)]go

Therefore by the definition of implicit relation (2.5)
M(Pz,z, kt) <M (Pz,z,t)

Therefore using lemma 2.12 we get

Pz=1z
Step 3
AsP(X) < ST(X), thereexists W € X such that
z=Pz=STw
We put X = X,,, Y = Win (e) we get

[ M(ABX,,,STW,kt),M(PX,,,Qw, ), M (PX,,, ABX,,, kt), M(Qw, STw,t), M (PX,,,STW,1) | <0
Letting N —> 0O
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¢)[M (z,2,kt),M(z,Qw,t),M(z,2,kt),M(Qw, z,t),M (z, z,t)] <0
$[LM(z,Qw,t),1,M(Qw,z,1),1]<0

¢ is non-decreasing in first, third and fifth argument

¢[ M(z,Qw,kt),M(z,Qw,t),M(z,Qw,kt), M(Qw,z,t),M(z,Qw,t)]<0
Therefore by the definition of implicit relation (2.5)

M (z,Qw,kt) <M (z,Qw,t)

Therefore using lemma 2.12 we get

z=0Qw
Hence STW=QwW = Z As (Q,ST) is weak compatible we have QZ = STz
Step 4
Taking X =X, ,, Y = Z in (e) we get
[ M(ABx,,,STz,kt),M(PX,,,Qz,t),M(PX,,, ABX,,, kt), M(Qz, STz,t),M (Px,,,STz,t) | <0

Letting N —> o0
¢)[M (z,2,kt),M(z,Qz,t),M(z,z,kt), M(Qz, z,t), M (z,z,t)] <0

$[1M(2,Qz,1),1M(Qz,2,1),1]<0

¢ is non-decreasing in first, third and fifth argument

¢[M(Qz, z,kt), M (Qz,z,t),M(Qz, z, kt), M(Qz, z,t), M(Qz, z,t)] <0
Therefore by the definition of implicit relation (2.5)
M(Qz,z,kt) <M (Qz,z,t)
Therefore using lemma 2.12 we get
Qz=z
Thus Pz=Qz=STz =12
since Q(X) < AB(X) there exists V € X such that

z=Qz=ABv
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Step 5
Taking X =V, Y = Z in (e) we get

[ M(ABv,STz,kt),M(Pv,Qz,t),M(Pv,ABV,kt),M(Qz,STz,t),M (Pv,STz,1) | <0

Letting N —> o0
¢)[M (z,2,kt),M(Pv,z,t),M(Pv,z,kt),M(z,2,t),M (Pv, z,t)] <0

$[LM(Pv,2,t),M(Pv,z,kt),1,M (Pv,z,t)]<0
¢ is non-decreasing in first and fourth argument

¢[M (Pv,z,kt),M(Pv,z,t),M(Pv,zkt),M(Pv,z,t),M (Pv, z,t)] <0
Therefore by the definition of implicit relation (2.5)
M (Pv, z,kt) < M (Pv, z,t)
Therefore using lemma 2.12 we get
Pv=z
Thus Pv=ABvV =17 .As (P, AB) is compatible type (ﬂ) and so it is weak compatible.

We get Pz = ABz.

Therefore Pz = ABz=Qz=STz=1z.

Case 2

Let AB is continuous. Since AB is continuous and (P, AB) is compatible type (ﬂ) we get

{ABPx,,} - ABz, {AB}*x,, — ABzand {P}*x,, — ABz
Step 6
Taking X = PXZn, Y = X;,,1 in(e) we get

M (ABPX,,,STX01,kt), M (PPX,,, Q% t),

<0
¢ M (PPX,, ABPX,, , Kt ), M(QX 5.1, STX 01, 1), M (PPX,, STX 5,1, 1)

Letting N —> o0
[ M(ABz,z,kt),M(ABz,z,t),M(ABz, ABz,kt),M(z,2,1),M (ABz,z,t) | <0
¢[ M(ABz,z,kt),M(ABz,2,1),1,1,M (ABz,2,1) | <0

¢ is non-decreasing in third and fourth argument

[ M(ABz,z,kt),M(ABz,z,t),M(ABz,z2,kt), M(ABz,2,t),M (ABz,2,t) | <0

Therefore by the definition of implicit relation (2.5)

M(ABz,z, kt) <M (ABz,z,t)

Therefore using lemma 2.12 we get

ABz =z
As instep 5 we get Pz=1z
Hence P2 = ABz =72
Hence by step 3 and step 4 it follows that PZ = STz = QZ = Z .Thus in both the case we have

Pz=Qz=ABz=STz=z.
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Step 7
Taking X =12,Y =TZ in(e) we get

$[ M(ABz,ST(T2),kt),M(Pz,QTz,t),M(Pz, AB(T2),kt), M(Q(Tz), ST (Tz),t), M (Pz,ST(T2),1) |<0

As QT =TQ and ST =TS
we have ST (Tz) =Tzand Q(Tz) =Tz
Letting N —> 00

$[M(z,Tz,kt),M(2,T2,t),M(z,2zkt),M(Tz,Tz,t),M (2, Tz,t) | <0
$[M(z,Tz,kt),M(2Tz,t),11M (z,Tz,t) | <0

¢ is non-decreasing in third and fourth argument

¢[M (z,Tz,kt),M(z2,Tz,t),M(z,Tz,kt),M(z,Tz,t),M (z,Tz, t)] <0

Therefore by the definition of implicit relation (2.5)

M(z,Tz kt) <M (z,Tzt)

Therefore using lemma 2.12 we get

=Tz
Now STZ=Zad Tz=12 gives Sz=12

Step 8

Uniqueness: Let u be another common fixed point of A, B, S, T,P,and Qthen AU=Bu=Pu=Qu=Su=Tu=u
Taking X =V, Y =U in (e) we get

¢[ M(ABv,STu,kt),M(Pv,Qu,t),M(Pv,ABv,kt), M(Qu,STu,t),M (Pv,STu,t)|<0

Letting N —> o0
¢[M(v,u,kt),M(v,u,t),M(v,v, kt),M(u,u,t),M (v,u,t)]so
$[M(v,u,kt),M(v,u,t),11,M (v,u,t) |<0
¢ is non decreasing in third and fourth argument

¢[M(v,u,kt),M(v,u,t),M(v,u,kt),M(v,u,t),M (v,u,t)]so

Therefore by the definition of implicit relation (2.5)
M(v,u, kt) <M (v,u,t)
Therefore using lemma 2.12 we get

V=uUu
Thus V is the unique common fixed point of self maps A, B, S, T, P and Q.
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