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1. INTRODUCTION

In 1924, Friedmann and Schouten [7] introduced the idea of semi-symmetric linear connection on a differentiable manifold. A linear

connection V inan N -dimensional differentiable manifold M is said to be semi-symmetric connection if its torsion T is of the
form

T(X,Y)=u(X)Y —u(Y)X, )

where U is a 1-form. The connection V is a metric connection if there is a Riemannian metric g in M such that Vg =0,

otherwise it is non-metric. In 1930, H.A.Hayden [8]defined a semi-symmetric metric connection on a Riemannian manifold and this
was further developed by K.Yano[18]. In [3], Agashe and Chafle introduced a semi-symmetric non-metric connection on a
Riemannian manifold and this was further studied by U.C.De and D.Kamilya[15], J.Sengupta, U.C.De and T.Q.Binh[11], S.C.Biswas
and U.C.De[10], B.B.Chaturvedi and P.N.Pandey[4] and others. In[9], Sharfuddin and Hussian defined a semi-symmetric metric
connection in an almost contact manifold by identifying the 1-form U in(1) with the contact form 77, that is by setting

T(X.Y)=n(X)Y -n(¥)X. (2)

U.C.De and J.Sengupta[16] investigated the curvature tensor of an almost contact metric manifold that admits a type of
semi-symmetric metric connection and studied the properties of curvature tensor,conformal curvature tensor and projective curvature
tensor. M.M.Tripathi[12] studied the semi-symmetric metric connection in a Kenmotsu manifolds. In [13], the semi-symmetric non
metric connection in a Kenmotsu manifold was studied by M.M.Tripathi and N.Nakkar. Also in [14], M.M.Tripathi proved the
existence of a new connection and showed, under particular cases, this connection reduces to semi-symmetric connections, which are
not introduced so far. On the other hand, A generalized Sasakian space form was defined by Carriazo et al. in [1], as an almost contact

metric manifold (M,¢,&,17,9) whose curvature tensor R is given by
R=fR +f,R,+ f;R;, ©)

where f,, f,, f, are some differentiable functionson M and
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R, (X,Y)Z = g(X,¢2)pY —g(Y,¢Z)pX +29(X,¢Y )¢z 4)
Ry(X,Y)Z =n(X)n(Z2)Y —n(Y)n(Z)X +9(X,Z)n(Y)E - a(Y,Z)n(X)S,
for any vector fields X,Y,Z on M . In [6], the authors have defined a generalized (K, z) space form as an almost contact
metric manifold (M ,¢,&,m7,9) whose curvature tensor can be written as

R=fR +f,R,+ f,R, + f,R, + f.R, + f Ry, (5)
where f,f,, f,, f,, f., g aredifferentiable functionson M and R,,R,,R; are tensors defined above and
R,(X,Y)Z =g(Y,Z)hX —g(X,Z)hY +g(hY,Z)X —g(hX,Z)Y,
R, (X,Y)Z =g(hY,Z)hX —g(hX,Z)hY + g(¢hX,Z)ghY —g(¢hY, Z)¢hX,
Re(X,Y)Z =n(X)n(Z)hY —n(Y)n(Z)hX +g(hX,Z)n(Y)E —g(hY,Z)n(X)E,
for any vector fields X,Y,Z, where 2h= Lé(/ﬁ and L is the usual Lie derivative.This manifold was denoted by
M(f,f,, f,,f,, f, f).

Natural examples of generalized (K, zt) space forms are (K, ) space forms and generalized Sasakian space forms. The
authors in[1] proved that contact metric generalized (K, 1) space forms are generalized (K, ) spaces and if dimension is greater
than or equal to 5, then they are (K, 1) spaces with constant ¢ — sectional curvature 2 f6 —1. Theygave a method of constructing
examples of generalized (K, 1) space forms and proved that generalized (K, zz) space forms with trans-Sasakian structure reduces

to generalized Sasakian space forms. Further in [2], it is proved that under D, —homothetic deformation generalized (k, tt) space
form structure is preserved for dimension 3, but not in general.
In this paper we study the semi-symmetric metric connection in generalized (K, t£) space form. Section 2 is devoted to

preliminaries. In section 3, we find the expression for curvature tensor(resp. Ricci tensor) with respect to the semi-symmetric metric
connection and investigate relations between curvature tensor (resp.Ricci tensor) with respect to Levi-civita connection. In sections

4,5,6 respectively we investigate the conditions for a generalized (K, 1) space forms to be Ricci semi-symmetric, ¢ -projectively

semi-symmetric and h -projectively semi-symmetric with respect to semi-symmetric metric connection. In all these cases the
manifold becomes an 7 -Einstein manifold.

2. PRELIMINARIES

A (2n+1)-dimensional Riemannian manifold (M, Q) is said to be an almost contact metric manifold if it admits a tensor
field ¢ of type (1,1), a vector field &, and a1-form 7 satisfying

¢*=-1+n®&n(E) =1,¢£ =004 =0, (6)
g(¢X,4Y) = g(X,Y)—n(X)n(Y), (7)
g(X,9Y) =-g(#X.Y),9(X,¢X) =0,9(X,&) =n(X). (8)

Such a manifold is said to be a contact metric manifold if dn =®d,
where @(X,Y)=g(X,4Y) isthe fundamental 2-form of M .

It is well known that on a contact metric manifold (M ,¢,£,17,9), the tensor h is defined by 2h = Lé(/ﬁ which is
symmetric and satisfies the following relations.

hé =0,hg = —¢h,trh=0,0h =0, ©)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 174




International Journal of Mathematics Trends and Technology —Volume 9 Number 3—May 2014

V& ==X —ghX, (Vyn)Y = g(X +hX, 4Y). (10)
Ina (2n+1)-dimensional (K, £) -contact metric manifold, we have [5]
h? = (k -1)¢* k <1, (11)
(Vi#)(Y) = g(X +hX,Y)& —n(Y)(X +hX), (12)
(Vih)(Y) = [(1-K)g(X,4Y)+g(X,hgY)IS +n(Y)h(gX +¢hX) 19
—un(X)gny.

Definition 1: A contact metric manifold M is said to be
(i) Einstein if S(X,Y)=Ag(X,Y),where A isaconstantand S is the Ricci tensor,

(i) n-Einsteinif S(X,Y)=ag(X,Y)+ Bn(X)n(Y),where @ and S are smooth functionson M .
Ina (2n+1)-dimensional generalized (K, z) space-form, the following relations hold.

R(X,Y)E = (f, = f)[n(Y) X —n(X)Y]+(f, = f)[n(Y)hX —n(X)hY], (14)
QX = [2nf +3f,— f,]X +[(2n-1)f, — f.]hX -
—[3f,+(2n-1) f;]n(X)<,
S(X,Y)= [2nf +3f,—f.]g(X,Y)+[2n-1)f, - f,]g(hX,Y) i~
—[Bf, +(@2n-1) f,In(X)n(Y),
S(X, &) = 2n(f, - f,)n(X), (17)
r=2n[(2n+1)f, +3f,-21.], (18)
for any vector fields X,Y,Z where Q is the Ricci operator, S is the Ricci tensor and r is the scalar curvature of
M (f,,..., f,).
The relation between the associated functions f,,i=1,...,6 of M (f,,..., f;) was recently discussed by Carriazo et al.

[6]. Let M be a (2n+1)-dimensional generalized (K, zt) space-form and V be Levi-Civita connection on M . A linear

connection V on M is said to be semi-symmetric if the torsion tensor 'F(X,Y) = %XY —%YX —[X,Y] satisfies
T(X.Y)=n(Y)X =n(X)Y (19)

forall X,Y € TM . A semi-symmetric connection V s called semi-symmetric metric connection, if it further satisfies %g =0.

A semi-symmetric metric connection 6 in a generalized (K, z) space-form can be defined by
VY = V.Y +1(Y)X —g(X,Y)E, (20)
where V is the Levi-Civita connectionon M ([17],[9]).

3. GENERALIZED (k, ) SPACE-FORM ADMITTING SEMI-SYMMETRIC METRIC CONNECTION

Let M be a (2n+1)-dimensional generalized (K, z) space-form. The curvature tensor Ii of M with respect to the

semi-symmetric metric connection V is defined by
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R(X,Y)Z=V,V,Z-V,V,Z -V, ,,Z. (21)
From (20) and (21) we have,
R(X,Y)Z=R(X,Y)Z-a(Y,Z)X +a(X,Z2)Y —=g(Y,Z)B(X)+g(X,Z2)B(Y), (22)
where
R(X,Y)Z=V,V,Z-V,V, Z —V[XVY]Z
is the curvature tensor of M with respect to Levi-Civita connection V', « is atensor field of type (0,2) defined by
= 1
a(X,Y) = (Vin)(¥)+29(X.Y) (23)

and

= 1
PX)=Vye+o X, (24)

Theorem 1: Let M be a generalized (K, 1) space-form with the semi-symmetric metric connection 6 Then
a(X,Y)=g(B(X),Y) forall X,Y €eTM .
Proof: By using the definition of £ , (6) and (8), we have

GBOOY) = 9@, +2X.Y)
= 9(V (& +1(E)X —g(x,5)5+§x,v) 25)

= —g(#X,Y) - g(#hX.Y)+ 2 9 (X, Y)-n (X))
On the other hand from (6) and (10), we obtain
(Vam(Y) =V,n(Y)-n(V,Y)
=—=9(#X,Y) = g(ghX,Y)+g(X,Y)—n(X)n(Y).
This completes the proof.

From theorem(1) we have the following corollary
Corollary 1: In a generalized (K, z) space-form, the tensor field S of type (1,1) is self-adjoint.

(26)

Theorem 2: In a (2n+1)-dimensional generalized (K, zt) space-form M the Ricci tensor S and scalar curvature r of

semi-symmetric metric connection 6 are given by
S(Y,Z2)=S(Y,Z)-2n-Da(Y,Z)-trace(a)g(Y,Z) (27)
and
r =r-4ntrace(a) (28)
where S and r denote the Ricci tensor and scalar curvature of M with respect to Levi-Civita connection V respectively.

Consequently, S is symmetric.

Proof: From (22) wEhave
g(R(X,Y)Z,U)= g(R(X,Y)Z,U)-a(Y,Z)g(X,U)+a(X,Z)g(Y,U)
—9(Y,2)g(B(X),U)+9(X,Z)g(B(Y).U).

Put X =U =e, and summing up with respect to i. Then (29) implies (27) and (28) follows from (27). Also from (27), it is

(29)
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obvious that S is symmetric.

Lemmal:Let M bean (2n+1)-dimensional generalized (K, z) space-form with the semi-symmetric metric connection V. Then

PROCNZ)= [ = 6= 29002000 - 900 20NN = LLGMY 20 (X) (e
S g, Z)r (1 - (7, 207 (X) + @ (X, Z)(Y)

ROCGHE= (=t 3 JnOX =0 OOY T (f= R =n OO T @D
EQYICIRRIESVIG

REYIZ = (- 1,-2[g(.2)E-n@)V ]+ (f,- gV, 2)E-n@IV] (g
+Q(§Y.Z)E + g(PhY , Z)E ~n(Z)[4Y +ghY ]

R(EY)E = (.~ f,=2)[n(Y)E =Y1+(f, - f,)hY —g¥ —ghY (33)

2n-1)
2

§(X,§):[2n(fl— f,)— — trace (a)}n(X) (34)

Proof: In the view of relations (22) ,(27) ,(14) and (17) we have obtain the above lemma.

4. RICCI SEMI-SYMMETRIC GENERALIZED (k, ) SPACE-FORM

Theorem 3: A Ricci semi-symmetric generalized (K, 1) space-form with the semi-symmetric metric connection is an 1 -Einstein
manifold.
Proof: Let a (2n+1)-dimensional generalized (K, ) space-form M is said to be Ricci semi-symmetric with respect to
semi-symmetric metric connection which satisfying the condition
R(X,Y)-S =0. (35)
So we have
S(R(X,Y)U,V)+S(U,R(X,Y)V)=0. (36)
Put X =U =¢& and using (32),(33) ,(34) in (36), we obtain
§(Y,V) = Ag(Y,V)+ A,g(hy ,V)-A,g(¢Y . hV )+ A,g(oY.V)

- {(f(zf‘fl’_"z)}n (Y In(v),

(37)

where
(2n-1)

A= [(Zn(f1 - f;)- —trace(a)j+(2n -1)(f, - fg +k-1)]

[ (f, - f)(4nf, —@n+1) f, +3f, - (n+1))+2(2n-1)
_[@n-2)f,—2nf, -3f, +(1-2n)f,— (n-2)
AS B L (fl_ f3_2) }
A _[@-Kk)@@n-1)f, - 2nf,)-31, + (1-2n) f3+2n—1}
L (fi-1,-2) '
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Take Y =¢@Y and V

=hY and use (27) in (37), to get

Sov= |-t 2N vy 4 -AEA gy

+

AA_(k_l\Aﬁ((m_l)f4_f6_B)i| (¢Y V)
JwepABD, @- 1)k } V).

E (f-1,-2)

Replacing Y by hY and using (27) in (38), we have

S(Y,V)= KA—

(k‘l)Aé(l‘ A3)j+((zn—1) f—f,— A,

+A3<1—A4>E—I1<1—A3>j( 1)(/%2 AL~ A»ﬂgw V)

[a-

,  El

E

(k- 1)(A2 Al-A) A»ﬂgw V){(k 1)(/5 A(L- A»j

, El

1,

_(on_ L(A-1)-AC-A)
(Az (2n-1)f, + f, +-L = j

—( T _1)ﬂn(Y)n(V),

where

E=(nf +3f,— f3)—g +trace§a)—A
(k-DA(@ 1)f oA 4

e, K 1)%(1—%)+ L(A-A)
.= =

L= A

Againreplace Y by @Y and use (27) in (39), to obtain

where
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Ay = (2n—1)f A+ A3(1_A4)_|1(1_A3)j A, A(1-A)
1 2 E 3 —E|2

k=)@ n-1)f, -, -A,) C(k-1) A, AL-A)
El, 1, ElLI,
(Il((Zn—l)f AZ)—lj{l—(A (k=D A(@2n-1)f, - fe_Az)j
N E

(i_ A (1 A, )j((k—l)ll((Zn—l) f, - fe—Az)_lﬂ

| E
(k-1 - Aa)((z n-1)f, - f,) +([1—((2n—1> f, — fe)](k—1>J
E El,

4 6 2 E

(k_l)AE(l_A3)—(2n—l)( fo— f,+ k1)

_(i_M](k_l)((zn_l) f4— fe_A2+ As(l—A4)_ |1(1—A3)]
I, El, E

—(k—l)[i— @n-1)f, - fej(lz((Zn—l) f, - fe—Az)_l]
I, El, E
+[(2n_l) f4_ fe](k_l)[(2 n_l) f4_ fe_Az]

E

A, = (fz ——A?’(IEI_ A“)J(k —1)(A2—(2n—1) foa £+ (A= D) ‘EAs(l‘ AU)

(_@n-Dk  (k-DA A - ) [(E-KA@N-1) f,— fy - A,]
(f, - f3-2) E El ,

. A4J_( A, A Q- A4)j(k_1)(ll[(2 n-1 f, - f, - Az]_lj]
I 1,1, El I, E

(A4_ (k1) A,J@n-1) f, - f, - AZ])_(h_MJ(k _1)

l,= 3f,+n-2+ 2trace (a)+

VR

E I, E

(Il[(Zn—l) f4_fs_Az]_lj_l_(k_l)(Aa_l)[(z n_l) f4_f6]+(k—l)
E E

(Az—(Zn—l) f4+ f6+ |1(A3_1) _EAs(l_ A4)j[l_((2 ngll) f4_ fs)] J

This completes the proof.

5. PROJECTIVE CURVATURE TENSOR GENERALIZED (k, ) SPACE-FORM WITH RESPECT TO
SEMI-SYMMETRIC METRIC CONNECTION
Let M be a (2n+1)-dimension generalized (K, 1) space-form. The projective curvature tensor I3 of type (1,3) of M with
respect to semi-symmetric metric connection is defined by
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IS(X,Y)Z:ﬁ(X,Y)Z—Zi[§(Y,Z)X—§(X,Z)Y]. (41)
n
51 ¢-PROJECTIVELY SEMI-SYMMETRIC GENERALIZED (k,u) SPACE-FORM

A Riemannian manifold (M ani g),n>1, issaid tobe ¢ -projectively semi-symmetric with respect to semi-symmetric metric
connection if IS(X,Y)-(/ﬁ =0 holdson M.

Theorem 4: Let M be a ¢ -projectively semi-symmetric generalized (K, 1) space-form with respect to semi-symmetric metric
connection. Then M isan 7 -Einstein manifold.

Proof: Let M be an ¢ -projectively semi-symmetric generalized (K, £t) space-form with respect to semi-symmetric metric

connection. The condition IS(X ,Y)-¢ =0 turnsinto
(P(X,Y)-¢)Z = P(X,Y)-¢Z —¢P(X,Y)Z =0, (42)

for any vector fields X,Y,Z . In view of (41), we have

R(X,Y)¢Z —gR(X,Y)Z +%[S~(X,¢Z)Y —S(Y,9Z)X +S(Y,Z)¢X —S(X,Z)¢Y]=0 (43)
Use (22) and (27) in (43), to obtain

fL9(Y, @)X —g(X, @)Y —g(Y, Z)X +9(X, 2)¢¥ ]+ F,|a(X,Z)Y —g(Y,dZ) X
+9(Y, Z)@X —g(X, )@ +n(X)Q(Y . @2)E+n(Z)PY) —n(Y )X, fZ2)E+1(Z)¢X)]
+ FL9(X, @)Y )E =Y, @Z)n(X)E—n(XZ)PY +n(YnZ)¢X]+ f,[a(Y, fZ)hX
—g(X, @)Y +g(hY, @)X —g(hX,@2)Y —g(Y,Z)¢ghX+g(X, Z)¢hY—g(hY, Z)¢X
+g(hX,Z)¢Y ] + f.[29(hY,dZ)hX -29(hX,&Z)hY +29(hX, Z)¢nY —2g(hY, Z)¢hX]
+ f[g(X, @Z)n(Y)E g (Y, @Z)n(X)E—n(XnZ)hY +n(Y)n(Z)ghX]
+29(Y,2)X —n(Y)n(Z)X +9(hY, Z)X =39(Y,dZ) X —29(X, Z)Y +n(X)n(Z)Y
—g(hX,2)Y +39(X,dZ)Y —29(¢Y, Z)¢X +9(Y, Z)ghX +1(X)g(Y, iZ)&

+29(dX, 2)PY —g(X, )Y —n(Y)a(X, d2)E +20(¢X, Z)@Y —g(X, Z)dhY
—1(Y)9(X, @2)E+0(@Y,hD)X +39(Y, Z)X —n(Y)n(Z)#X —g(@X ,hZ)gY
—~3g(X, 2)¢Y +n(X)n@)PY —n(X)9(Y,Z)é+g(Y, 2)hX+g(X, Z)n(Y)E

—g(X,Z)hY+%[§(X,¢Z)Y —S(Y, )X +S(Y,Z)¢X —S(X,Z)¢Y]=0.

(44)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 180




International Journal of Mathematics Trends and Technology —Volume 9 Number 3—May 2014

Replacing X by ¢X in (44) and taking the inner product with W and using (6) ,we obtain

flo(Y.4Z)g(@X W) —g(X,Z)g(Y W) +g(Y,Z)g(X,W)-n(X)g(Y,Z)nW)
+n(X)(Z)g(Y, W) +g(¢X,Z)g(gY W)]+ f,[- g(#X,Z)g(gY W) -g(Y,Z)g(X,W)
+n(X)nW)G(Y,Z)+n(X)n(Y)n(Z)nW) - g(Y,¢Z)g(¢X W)+ f,[g(X, Z)n(Y)nW)
—g(X,W)n(Y)n(Z)1+ f,[g(Y,4Z) g (¢X ,hW) - g(X,Z)g(hY W) +n(X)n(Z)g(hY,W)
+9(hY,gZ)g(#X W) +g(hX,Z)g(Y W) -g(Y,Z)g(hX, W)+ g(¢X,Z)g(ghY W)
+g(hY,Z)g(X,W)-n(X)nW)g(hY,Z)+g(¢X,hZ)g(gY ,W)]

+ fS[Zg(hY,qbZ)g(q)X,hW)+Zg(hX,Z)g(hY,W)+2g(¢X,hZ)g(¢hY,W)
—2g(hY,Z)g(hX,W)]+ fo[g(hX,W)n(Y)n(Z) - g(hX, Z)n(Y )n(W)]1+29(Y,Z)g(¢X W)
—n(Y)n(Z)g(#X W) +g(hY,Z)g(gX W) -3g(Y,4Z)g(#X W) —2g(¢X,Z)g(Y W) (45)
—g(¢X,hZ)g(Y,W)+3g(X,Z)g(Y,W)-3n(X)n(Z)g(Y,W)+2g(4Y,Z)g(X W)
—2n(X)g(gY, Z)nMW ) +g(Y,4Z)g(hX W) -2g(X,Z)g(¢Y W) +2n(X)n(Z)g(4Y W)
—g(X,Z)g(¢hY W) +n(X)n(Z)g(ghY W) —g(X,Z)n(Y)nW)+g(ghY,Z)g(X W)
—g(¢hY, Z)n(X)nW)-3g(Y,Z)g(X W) +3g(Y,Z)n(X)nW) +g(X,W)n(Y)n(Z)
+9(hX,Z)g(gY W) -3g(¢X,Z)g(gY W) +g(Y,Z)g(#X,hW) +g(¢X, Z)n(Y )n(W)

—g(¢x,Z)g(hY,W)+2—1n[§(¢x,¢Z)gW,W)—§W,¢Z)g(¢x,W)
“5(Y,2)g(X, W) + 5 (Y, Z)n(X)n(W) - S (¢X, Z)g (¢ W)= 0.

Let €,i=1,2,....(2n+1) be an orthonormal ¢ -basis of vector fields in M (f,,..., f;). If we put X =W =€, in (45) and
summing up with respect to i and using (6),we obtain

S(Y,2)=Bg(Y,Z)+Bn(Y)n(Z)+B,g(hY,Z) +B,g(4Y,Z) +Byg(4Y,hz), (46)

where,

B, =2nf,+(1-2n)f, +3-6n+

3f, - f3+gtracr(a)}
n

n

3f, - f, +§—trace(a)
B, = 2n—32nf, — 2

B,=(2n-2)f,, B, = (4n—2—£), B, = (E—Zn}
n n

Replacing Y by @Y and Z by hZ in (46) and using (27) , then we have
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Siv.7) = (Bﬁ Bs(k—l)(n—4n2+1)Jg(Y'Z)+(BA+ Bo(k —1)( f, — fG)Jg(qﬁY,Z)

nL, L, (47)
+(Bz+Bs("‘l’(”“‘”z*1’Jn(v)n(2)+(sa+WJg(hY,Z),
nL, nL,
where
3
3f2_ fa -t ( )
L, = 2(n+1) fz—f3+9n—5—{ T J
2 n
Now replacement of Y by hY in (47) and use of (27) , gives
~ _ _4n2 _  an2
S(v,2)= {Bl+[85(k D(n-4n ”)]Jl k)L4[[L2(“ 4n +1)]
nL, L, nL,
B.(n—2n%+1
_f4+f6+[ 4 L, )]]}Q(sz)
+{Bz+[Bs(k—1)(4n2—n—1)]+(1—k)L4[[Lz(émz—n—l)] 48)
nL, L, nL,
B.(n—-2n°+1
- [anmnm
nL,

{Bﬁ[ss(k—l)( fo - fe)}g[[ L, (- k)(f, - fe)]
L, L3 L,

+(k -1)@2n-1))]g(4Y,2),
where

_@n*-n-1)  (k-1)B(f, - f;)
- n L,

L= H@n =3 e @ m) s dn = tace (a)
n

_((k ~1)(1 - 2n?)(n - 4n? +1)]+ n— nz)Lz}

L,

nL, L,
2 2
L, =(@n-2) f4+(1—2n )(S—Zn +1)
n°L,
2
L= @n-Df-f)n-2n"+1) oo o
nL,
L =g, + oKD= Fo) L fLAZKT =) | _9y04_1)
Ll L3 Ll
L7:2nf1+3f2—f3+trace(a)—3n—%+((2n_l) f4_f6|_)(k_l)( fa = Te)
1
B _ _ 2
_Ly(1-k) ﬁ(f4—f6)—(2n—1) ~ Bl+BS(k 1)(n-4n? +1)
L, L, nL,
2 2
LLl-R(L-antel) o Bin-2n+) )|
L, L, nL,

Againreplacing Y by @Y in (48) and using (27), we get
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S(Y,2) = 2,9(Y,2) + A4,n(Y)n(2). (49)

Where

B (k=1)B,(n—4n*+1)) (1-K)L, ([ Ly(n—4n*+1)
o Bﬁ( L, j+ 3 & L, j
fat J{Bs(n—an +1)D+5[(1—k)((21—1) f,— f,)(N—4n? +1)
L L, nL,
—M(i(n—m2 +1)— f, + f, + B, (n—2n? +1)j+(2n—1)—B4
L (nL
LBA-R(f ) | (@KL, (Lz(fﬁ_ fo) Q”‘”ﬂ

L L,

n L, nly
_Bi(n-2n*+1)) L[, Bi(k-1)(f,~f)
nlL, L
L A-kL, ( L fe)_(Zn_l)j_ (2n-D1)f, - f)(k-1)(4n* —n-1)
L (L n
2n-1)+ Ls(ig—k)(Lz(m n-1) (¢ _Bi(n-2n +1)ﬂ

)= BZJ{BS(k —1)(4n2—n—1)j+ L, (1-K) ( L2(4n2—n—1)j_ ot

nky nky

5.2 h-PROJECTIVELY SEMI-SYMMETRIC GENERALIZED (K, 1) SPACE-FORM

A Riemannian manifold (M i g),n>1, issaidtobe h -projectively semi-symmetric with respect to semi-symmetric metric
connection  if IS(X ,Y)-h=0 holdson M .

Theorem 5 Let M be an h -projectively semi-symmetric generalized (K, t£) space-form with respect to semi-symmetric metric
connection. Then M isan 7 -Einstein manifold.

Proof: Let M bean h -projectively semi-symmetric generalized (K, z£) space-form with respect to semi-symmetric metric

connection. The condition IS(X ,Y)-h =0 turnsinto

(P(X,Y)-h)Z =P(X,Y)-hZ =hP(X,Y)Z =0, (50)

for any vector fields X,Y,Z.
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In view of (41), we have
R(X,Y)hZ —hR(X,Y)Z +2i[§(x,hZ)Y ~§(Y,hZ)X
n

- N (51)
; S(Y,Z)hx -S(X,Z)hv]=0.

Use (22) and (27) in (51), to obtain

f,lg(Y,hZ)X —g(X,hZ)Y —g(Y,Z)hX + g(X,Z)hY 1+ f,[g(X,4hZ)gY

— (Y, $hZ)gX +4g(X,¢Y)PhZ — g(X,¢Z)hgY +g(Y,4Z)hgX ]

+ f,[g (X, hZ)n(Y)EG (Y, hZ ) (X)E —n(X)n(Z)hY +n(Y)n(Z)hX ]

+(k=1) f,[n(VN@Z)X =n (XN (Z)Y =g (Y. Z)n(X)E +g(X,Z)n(Y)é]

+(k -1) f5[—g(Y,Z)hX +n(Y)n(Z2)hX +g(X,Z)hY —n(X)n(Z)hY +g(¢X,Z)ghY
—g(gY, Z)ghX +g(hY,Z)X —g(hY,Z)n(X)é - g(hX, Z)Y + g(hX,Z)n(Y)E

— g(#hX, Z)gY +g(phY, Z)¢X ]+ (k —1) f [a (X, Z)n(Y)E +g(Y.Z)n(X)é
+n(XNZ)Y =n(Y)n(Z)X ]+ g(¢Y ,hZ)X +(k-1)g(4Y,Z)X —3g(Y,hZ)X (52)
—g(¢Y,Z)hX —g(shY,Z)hX +§g(Y,Z)hX -n(Y)n(Z)hX —g(¢X,hZ)Y

—(k=1)g(¢X,Z)Y +3g(X,hZ)Y + g(¢X,Z)hY + g(¢hX ,Z)hY —%g(X,Z)hY
+n(X)n(Z)hY +g(Y,hZ)¢X +g(Y,Z)¢hX +n(X)g(Y,hZ)S - g(Y,Z)he¢X
—(k=1)g(Y,Z)¢X +§g(Y,Z)hX —g(X,hZ)¢Y +g(X,hZ)heY

3
—n()g(X,hZ)&+ (k-1)g(X,2)¢Y =g (X, 2)hY + g (X, 2)hgY
+2i[§(x,h2)v ~§(Y,hz)X +S(Y,Z)hx —§(X,Z)hY |= 0.
n
Replacing X by hX in (52) and taking the inner product with W and using (6),(9), we obtain

f.lg(Y,hZ)g(hX , W)+ g(hX,Z)g(hY W)+ (k =1)(g(X,Z)g(Y W) -n(X)n(Z)
g(Y, W)+g(Y,Z)g(X,W)-n(X)nW)g(Y,Z))]+ f,[g(¢hX , W) +4g(hX,4Y)
g(#hZ W) —g(hX,4Z)g(hgY W)+ (k-1)(g(X,4Z)g(¢Y W)+ g(Y ¢2Z)

g (X, W))]+ (k=1) f,[2n (X (Y )n(Z)n(W) = g(X, Z)n(Y)n(W)

—g(X W)n(Y)n(Z)]+(k-1) f,[n(Y)n(Z)g(hX W)+ g(hX,Z)n(Y )n(W)]
+(k=1) fs[g(hX,Z)g(hY, W)+ g(¢hX,Z)g(ghY W)+ g(hY, Z)g(hX W)
+9(¢nY,Z)g(ghX W) + (K —1)(g(Y,Z)g(X,W) - g(Y,Z)n(X)nW)
—g(X,W)n(Y)n(Z) +2n(X)n(Y)n(Z)nW) + g(8Y, Z)g(¢X W) + g(X, Z)g(Y, Z)
—g(Y W)n(X)n(Z) - g(X,Z)n(Y)nW) + g(¢X, Z)g(4Y ,W))]
+(k=1) fo[g(hX, Z)n(Y)nW) - g(hX W)n(Y)n(Z)1+ g(gY,.hZ)g(hX W)

-39(Y,hzZ)g(hX,W) + g(¢hX,Z)g(hY,W)—gg(hX,Z)g(hY,W)+ g(Y,hz)
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g (dhX W) + (K ~DIg (@Y, Z)g(X.W) —n(X)n(W)g(#Y.Z) + g(¢hY, Z)g(X W)
—n(X)nON)g(qshY,Z)—gg(Y,Z)g(x,vv)+§n(X)n0N)g(Y,Z)+n(Y)n(Z)g(x,vv)

—n(X)n()n(Z)nW) +g(¢X, Z)g(Y,W) - g(¢hX,Z)g(¥,W)-39(X,Z)g(Y,W)

+3n(X)n(Z)a(Y W) — g(@X,Z)g(hY . W) — 2g (Y, Z)g (X W) — g(¥Y.Z) g (¢hX W)
—gg(Y,Z)g(x,vv)+§g(v,2)n(X)n0N)+g(x,Z)g(¢Y,W)—g(¢v,vv)n(xm(2)
+g(hX, Z2)g(hgY W) + g(haY W) (X)r(Z) + 9(X, Z)7 (Y )n(W) +7(X)n(Y)

n(Z)nWw) —gg(hX,Z)g(hY,W) +g(hX,Z)g(sY ,W)]+ g(hX,Z)g(hgY W)
+%[S(hX,hZ)g(Y,W) ~S(Y,hZ)g(hX,W)—S(hX,Z)g(hY,W)
+(k—=1) (S(Y,Z)n(X)nW) —S(Y,Z)g(X,W))]=0

(53)

Let §II =1,2,....(2n+1) be an orthonormal ¢ -basis of vector fields in M (f,,..., f;). If we put X =W =§i in (53) and
summing up with respect to i and using (6),we obtain

S(Y,2)=C,g(Y,Z)+Cyn(Y)n(Z) +4ng(¢Y,Z) - C,g(4Y,hZ) -C,g(hY,Z), (54)
where

C, = 2nf, +61,+ (k=1)@n—2) f, ~6n— M *3f =)  3(@n-1)

n 4
C2:2nf3—6f2—(2n—2)f5(k—1)+%+2n+(anﬁifz—fg)
2n-1f, - f
C3:g+n+k ,C4:( )n4 6

Replacing Y by @Y and Z by hZ in (54) and using (27) , then we have
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~ (k-1)C,(C,—2n+1) , (k=1)C;(2n-1+C))
Ml Ml

S(Y,2)= {cl }g(Y,Z){CZ

C,(k-1)(-1)f,~ ,+C,)
Ml

}g(hY,Z),

n(¥)n(Z) {4”—

+{cs(u 2n) .

1

}9(@(,2) (55)

where

M, = 2nf, +3f, — f, -1 =1

—trace(a)-C,.

Now replace Y by hY in (55) and use (27) , to obtain

5.2y {Cl_(k—l)cg(cg—znu)+(k_1)(cg(2n+1)_C4j
Ml M1M3 M3
(nc4_M+c4+MZ(C?’_ZHH)HQ(Y,Z)
Ml Ml
{Cz , (k=1)C,(2n-1+C;) +(k_l)(cg(zn +1) C, j
Ml M1M3 M3
(56)
C.(1+2n M,(2n-1+C
(SR, e, - M 3)ﬂn(v>n(2>
1 1
+{4n_ (k -1)C,(nC, +C,) .k _1)(C3(2n +1) C, j
M, MM, M,
(2n—1+MZ(”C”C“)ﬂg(qu,Z).
Ml
Where
M2=C3(k—1)|\(/|nC4+C4)_2n_l
1
v, =, o K=DC(Ci-2n+1) M, @n+1)
Ml
Againreplace Y by @Y in (56) and use (27), to get
S(Y,Z) = 49(Y. Z)+ 2n(Y)n(2), (57)

where
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 (k=1)C4(C, —2n +1)+(k_1) Ci(2n+1) C,
M, MM, M,
(ncﬁ M,(C, —2n +1)—cs(1+2n)+C4j{4n_(k—1)cs(nc4+c4)
M, M,
k _1)(03(2n +1) C, Izn L Mu(nc, +c4)H
M;M, M 1

i{m _(k=1Cy(nC, +C,) _1)(03(2n +1) C, J

As = C,

Ml MIMS MS

(Zn _1+wj+(2n _1)+(k—1|)v(l¢—1)(nc4 B CS(I1\/|+ 2n)

1

Lc, 4 MaC—2n +1)H
Ml

3

W= G _(k-1)C,(2n-1+C,) (k-1) Ci(2n+1) C,
M, MM, M,
(03(1+2n)—|v|2(2n—1+cs)_nC4_C4J{4n_(k—1)cs(nc4+c4)
M, M,
—(k-1) Coen+1) _Cy Jo_q, Me(nC, *+Co)
MM, M, M,
1 4n_(k—1)03(nC4+C4)_(k_1) C,2n+1) C,
M, M, M, M, M,

(Zn _1+wj+(2n _1)+(k—1|)v(l¢—1)(nc4 B CS(I1\/|+ 2n)

1

Lc, 4 MaC—2n +1)H

3

Ml

M, = M, ¢ (k —1)C,(C, —2n +1) Ck-1) Ci(2n+1) C,
Ml MIMS MS
(nC4 _Ci(2n+1) Gt Mz(Csl\; 2n +1)}
1 1

Hence the proof.
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