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Abstract- In this paper, we shall discuss the ideal on supra
topological space and the properties of ¥ operator on
topological space. Moreover, We introduce ¥, operator and its
properties on supra topological space. In addition with the help
of W, operator, ( )*u operator and its properties are also
discussed here.
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I. INTRODUCTION

In 1960, Kuratowski[5] and Vaidyanathswamy[14] were
the first to introduce the concept of the ideal in topological
space. They also have defined local function in ideal
topological space. Further Hamlett and Jankovic in [3] and
[4] studied the properties of ideal topological spaces and
they have introduced another operator called ¥ operator.
They have also obtained a new topology from original ideal
topological space. Using the local function, they defined a
Kuratowski Closure operator in new topological space.

Further, they showed that interior operator of the new
topological space can be obtained by ¥ - operator. In 2007,
Modak and Bandyopadhyay[9] have defined generalized
open sets using ¥ operator. More recently Al-Omri and
Noiri[1] have defined the ideal m-space and introduced two
operators as like similar to the local function and ¥
operator. Different types of generalized open sets like
semi-open[6], preopen[7], semi-preopen[2], a-open[12]
have a common property which is closed under arbitrary
union. Mashhour et al[8] put all of the sets in a pocket and
defined a generalized space which is supra topological
space.

In this space, two type of set operators i.e. p-local
function and ¥, operator are defined under ideal. Further
the properties of these two operators are discussed. Finally,
u-codense ideal, p- compatible ideal and ¥, — C set with

the help of ¥, operator and their properties are discussed.

Il. PRELIMINARIES

Definition 2.1 : A topology on a set X is a collection T of
subsets of X having the following properties:
1. ¢andXareinT.
2. The union of the elements of any subcollection of T
isinT.
3. The intersection of the elements of any finite
subcollection of T isin 7.
A set X for which a topology T has been specified is called
a topological space.

Definition 2.2 : A subfamily p of the power set g(X) of a
nonempty set X is called a supra topology on X if u satisfies
the following conditions:

a. M contains ¢ and X,

b. pis closed under the arbitrary union.
The member of  is called supra open set in (X, ). The pair
(X, ) is called a supra topological space.

Definition 2.3 : A subfamily p of the power set g(X) is
said to be supra closed set in (X, W) if X — W is supra open
set.

Definition 2.4 : A supra topological space (X, W) with an
ideal 1 on X is called an ideal supra topological space and
denoted as (X, W, I).

Definition 2.5 : A nonempty collection | of subsets of X is
called an ideal on X if:

a. Ae€landB c A implies B € | (heredity) ;

b. A e€eland B € | implies A U B € 1 (finite

additivity).

For a subset A of X, A*={x € X:UnAg|I, for every
U € t(x) where t(x) is the collection of all nonempty open
sets containing x}. A* is a closed subset for any A c X.

Definition 2.6 : If X is a topological space with topology T,
then a subset U of X is an open set of X if U belongs to the
collection T.

Definition 2.7 : A subset U of a topological space X is said
to be closed if X — U is open.

Definition 2.8 : A subset A of a topological space X, the
interior of A is defined as the union of all the open sets
contained in A.

Definition 2.9 : A subset A of a topological space X, the
closure of A is defined as the intersection of all the closed
sets containing A.

Definition 2.10 : A neighborhood of x is a subset W c X
such that there exists an open set A such thatx e Ac W.

Definition 2.11 : Let X and Y be topological spaces. A
function f: X — Y is said to be continuous if for each open
subset V of Y, the set f~1(V) is an open subset of X.

Definition 2.12 : Let (X, u) be a supra topological space
and A c X . Then supra interior of A in (X, ) defined as
u{U:UCA, Ue p}and it is denoted as Int*(A).
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Definition 2.13 : Let (X, K) be a supra topological space
and A c X .Then supra closure of A in (X, W) defined as
N{F:ACSF,X—Fe€ p}anditis denoted as CI*(A).

Definition 2.14 : Let (X, u) be a supra topological space
and M c X.Then M is said to a supra neighborhood of a
point x of X if for some supra open set U € Y, x € U © M.

Definition 2.15 : Let (X, W, I) be an ideal supra topological
space. A subset A of X is called a Baire set with respect to
and I, denoted A € B.(X, W, I), if there exists a supra open
set U € p such that A= U[mod I].

Definition 2.16 : A subset A of a topological space (X, T, I)
is called I-dense if every point of X is in the local function
of A with respect to land T, i.e. if A*(I) = X.

Definition 2.17 : An ideal I in a space (X, W, 1) is called p-
codense ideal if p N I= {¢b}.

Definition 2.18 : Let (X, 1) be an ideal supra topological
space. Then the p- structure p is p - compatible with the
ideal I, denoted p ~, |, if the following holds : For every
A C X, if for every x € A there exists U € u (x) such that
UNAE I, thenA €l

Definition 2.19 : Let A be the subset of a nonempty set X,
Then W-operator is defined as W(A) = X — (X — A)*.

Definition 2.20 : Let (X, T, 1) be a topological space and
A c X, A is said to be a W-C set if A c CI(W(A)). The
collection of all W-C sets in (X, T, I) is denoted by W(X, 1).

Definition 2.21 : Let (X, y, 1) be an ideal supra topological
space. A set operator ()™ : g(X) — g(X), is called the p-
local function of | on X with respect to , is defined
asi(A)(l, p) ={xeX:UNA ¢l forevery Ue px
T.where p(x) = {U € u: x € U}.This is simply called p-local
function and simply denoted as (A)*®.

Definition 2.22 : Let (X, W, 1) be an ideal supra topological
space. An operator W, : (X) — p is defined as follows for
every A € $(X), P,(A) = {x € X: there exists a U € u(x)
suchthatU —A €l}and W, (A)= X— (X—A)™.

Definition 2.23 : Let (X, W, 1) be an ideal supra topological
space. A subset A of X iscalled a¥, - Csetif A < CI*(¥,
(A)). The collection of all ¥, - C sets in (X, y, I) is denoted

by ¥, (X, W).

Definition 2.24 : A subset A of a space (X,7') is called a
generalized closed set if CI(A) € Uwhenever AcUand U
is open.

Definition 2.25 : Amap f: X — Y is called a generalized
continuous if f~1(F) isg-closed in X or every closed set
Fofy.

Definition 2.26 : A subset A c X is semi-open set if
A c CI(Int(A)). The collection of all semi-open sets in a
topological space (X, T) is denoted by SO (X, T).

Definition 2.27 : A subset A of X is said to be a semi-
preopen set if A < CI(Int(CI(A))). The collection of all
semi-preopen sets in (X, t) is denoted by SPO(X, 1).

Definition 2.28 : A subset A c X is semi-closed set if
A c Int(CI(A)). The collection of all semi-closed sets in a
topological space (X, ) is denoted by SO(X, T).

Definition 2.29 : A subset A c X is semi-closure if the
intersection of all semi-closed sets that contain A and it is
denoted by sCI(A)

Theorem 2.1 : Let (X, W) be a supra topological space and
A c X. Then

a) Int*(A) c A

b) A epifandonlyif Int*(A) = A.

c) CI*A)2A.

d) Aisasupraclosed set if and only if CI*(A) = A.

e) x € CI*(A) if and only if every supra open set U,
containing X, U,N A # ¢.
Proof :
a) From the definition of supra interior,
Let (X, W) be a supra topological space and A c X.
Then supra interior of Ain (X, ) defined as U{ U : U C A,
U € p} and it is denoted as Int*(A).

= Int*(A) = U.
Since U C A,
= Int*(A) S A.

Since arbitrary union of supra open sets is again a supra
open set, then proof is obvious.
¢) From the definition of supra closure,
Let (X, W) be a supra topological space and A c X.
Then supra closure of A in (X, p) defined as N{ F: A € F,
X —F € u} and it is denoted as CI*(A).

= CI*(A) = F.
Since ACF = F2A

=CI*(A)2A
d) If Aisasupra closed set,then smallest supra closed set
containing A is A .Hence CI*(A) = A.
e) Let x € CI*(A). If possible suppose that U,N A = ¢,
where U, is a supra open set containing Xx.
Then A ¢ (X - Uy) and X - U, is a supra closed set
containing A.
Therefore x € (X - Uy ), a contradiction.
Conversely,
Suppose that U,N A # ¢,for every supra open set U,
containing X.
If possible suppose that x & CI*(A), then x € X - CI*(A).
Then there isa U,/( € W such that U,/( c (X -CI*(A)),

i.e, U, c (X—=CI*A)) c (X—A).
Hence U,/(ﬂ A = ¢, a contradiction. So x € CI*(A).
Theorem 2.2[5] : Let (X, W) be a supra topological space
and A c X. Then Int*(A) = X — CI*(X — A).
Proof :
Let x € Int*(A).Then there is U € , such that x e U c A.
Hence x ¢ X — U, i.e., x € CI*X — U,
Since X — U is a supra closed set.
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By the definition of supra closure,

CI*(X — A) c CI*(X = U)
So x & CI*(X — A).And hence x € X — CI*(X — A).
Conversely,
Suppose that x € X — CI*(X — A).So x ¢ CI*(X — A), then
there is a supra open set U, containing X, such that
U,n(X—=A) = ¢.
So U, c A. Therefore x € Int*(A).

11 ()™ OPERATOR

Theorem 3.1 : Let (X, W, I) be an ideal supra topological
space, and let A, B, Al, A2,----- Ai,---- be subsets of X.
Then

a) ¢ =¢.

b) A cBimpliesA™ c B .

c) for another ideal J 2 1 on X, A*(J) c A*(l).

d) A" c CI*A).

e) A*isasupraclosed set.

f) (A"m)™w cA™w

g) AmuUB™ c (AUB)™.

h) u; A c (U; A)™

i) (AnB)®*cA™NnB™,

j) forVep,Vn(VNnA)® cVnA™

k) forlel, (Aul)v=A"=(A—1)™w
Proof :
a) From the definition of p-local function,
A set operator ()*+ : g(X) — g(X), is called the p-local
function of I on X with respect to y, is defined as:
Al w={xexXx:UnAgl, foreveryUep(x) }
where pu(x) = {U € u: x € U}.
= (@)L ={dexX:Undo¢el foreveryUe X},
where pu(¢) ={U € u: ¢ € U}.
= (I)*H = q)
b) Let x € A*. Then for every U € pu(x), UNA ¢ I. Since
UNnAc UnB, then UNB €& I. This implies that x € B*.
Hence A™ c B™.
c) Let x € A*%(J). Then for every Ue u(x), UnA¢g J.
This impliesthat UN A & I, Sox € A™(l).
Hence A™(J) c A™(l).
d) Let x € A", Then for every U € pu(x), UnA ¢ 1. This
implies that U n A # ¢. Then x € CI*(A).
Hence A" c CI*(A).
e) From definition of supra neighbourhood, each supra
neighbourhood M of x contains a U € p(x).
IfFANMEIlIthenfor ANUcCANM,ANUEL
It follows that X — A* is the union of supra open sets.
Since the arbitrary union of supra open sets is a supra open
set. So X - A™ is a supra open set and hence A* is a supra
closed set.
f)  From (d), (A*)™ cCI*(A™") = A™ , since A™ is a
supra closed set. Hence (A™)* < A%,
g) SinceAc(AuUB)andBc (AUB).
Then from (b), A"*c (AU B)* and B**c (A U B)™.
Hence A"+ UB™ < (AU B)™.
h) Proof is by induction method,
Consider i = 1,2; Since A; (A; UA,) and A, (A; UA)).

Then from (b),
Amc (A UA) R and A, < (AL UAY)™.

= A" UA c (AL UA))™
Similarly, For i =1,2,3,... =U; A" c (U; A}
i) Since AnBc Aand A nB c B, then from (b),
(AnB)*c Amand (ANB)™ c B™,
Then (AU D)™ = A% = (A— )™,
Hence (AN B)*"c A" N B
j) Since VN A c A, then (VNA)*™ c A",
SovVn(VNA)*"cVNnA™,
k) Since Ac (AU ), then

A c (AU D)™ - (i).
Letx € (AU )™ . Then forevery Ue p(x), Un(AU) ¢
I. This impliesthat Un A ¢ I.
If possible suppose that UN A€ I.
UnlclimpliessUnle land hence Un(AUul)€el, a
contradiction. Hence x € A" and

AUD)™MC AM o (ii).
From (i) and (ii) it implies

AUD)H =AM e (iii).
Since (A —1) c A, then

N ) I (iv).

For reverse inclusion, let x € A" . Claim that x € (A — 1),
if not, then thereisUe pu(x), Un(A—-1D € L.
Giventhat 1 € I, thenlu (Un(A=1)) €l

= 1u(UnNA)e I So, UnA € |, a contradiction
to the fact that x € A"+, Hence

A C (A= 1) oo (V).
From (iv) and (v) it implies
F N (e ) (vi).

From (iii) and (vi),

= AUD"=A"=(A—-1)w.
Example 3.1 : Show that A*™ U B** = (AU B)* does not
hold in general.
Proof :
Let, X={a, b, c, d}, I ={d,{c}}.
u={¢, X.{a} {b}{ab}{ac}{ad}{b.c}.{b,d}{abc}{ab
d}{ac,d}{b,c.d}},
Then,Supra open sets containing‘a’ are:
X.{a},{a,b}, {a,c}.{a,d}.{ab,c}{a,b,d}{ac,d};
Supra open sets containing ‘b’ are:
X,{b}.{a,b}.{b,c}.{b,d}.{a,b,c}.{a.b,d}{b,c,d};
Supra open sets containing‘c’ are:
X,{a,c}{b,c}, {a,b,c}, {a,c,d},{b,c,d};
Supra open sets containing ‘d’ are:
X,{a,d},{b,d},{a,b,d}.{a,c,d},{b,c,d}.
Consider A = {a,c} and B = {b,c}.
Then,

A" = {a}, B™ ={b} and

(AuB)™ ={a,b,c} ={ab,c,d}.
Hence A UB™ #(AUB)™ .

IV.¥- OPERATOR AND W - C SET

A. W¥- Operator

Theorem A.1 : Let (X, 7, I) be a topological space, then
U < W(U) for every open set U of (X, 1).
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Proof :

Since P(U) =X — (X —U)~.

Then (X — U)* c CI(X —U) =X — U,

Since X — U is closed.

Therefore X — (X —U)* 2 X—-(X-U)=U

=Ucwy).
Example A.1 : A set A which is not open but satisfies
Ac¥(A).

Proof :
Let X = {a,b,c}t = {d, X, {a, c}},| = {dp.{c}}.
Then ¥({a}) =X - (X —{a})*

=X—{b,c}

=X—{b}

={a,c}.
Therefore {a} c ¥({a}), but {a} is not open.
Corollary A.1[3] : Let (X, 1, I) be a space, then Int(A) c
Y(A) for any subset A of X.
Proof :
Since Int(A) is open, then by theorem A.1,

Int(A) c P(Int(A)) - (i)
= Int(A) C A,

Therefore,

P(nt(A)) € P(A)  —meemmemeeeeees (i)

From (i) and (ii),
= Int(A) c PY(A).
Theorem A.2[3] : Let (X, 1, I) be a space, where I is
codense. Then for A c X, ¥(A) c A*.
Proof :
Suppose o € P(A) but o€ A". Then there exists a
nonempty neighborhood U, of a such thatU, n A € 1.
Since a € W(A), thereforea e U{M — A € 1},
= there existV € Tsuchthata e VandV—-A€ I
= U, NV is aneighborhood of a.
= U, NV NA € I, by heredity.
= U, NV — A € | by heredity.
U, nV=U,NnVnAU U, NV-A)EI
(By finite additivity).
Since U, NV is honempty open,
A contradiction to | being codense.
Therefore,
a€EA. = YA cA.
Corollary A.2 : Let (X, T, I) be a topological space, where |
is codense. Then for A c X, W(A) c CI(A).
Theorem A.3 : Let (X, T, I) be a topological space and | be
codense. Then
(@) forany A c X, ¥(A) c Int(CI(A)).
(b) for any closed subset A, W(A) c A.
(c) forany A c X, Int(CI(A)) = W(Int(CI(A))).
(d) for any regular open subset A, A = W(A).
(e) foranyU € 7, ¥(U) < Int(CI(U)) € U".
f forJel,¥Q) =o.
Proof :
(@) From corollary A.2,
Y(A) c CI(A) .
Since W(A) is open, then W(A) < Int(CI(A)).
(b) From the definition of W-operator,

For any closed subset A, W¥(A) c A.
(c) Foranyset A,

p (Int(CI(A))) c CI(Int(CI(A))),by corollary A.2.
Since ¥ (Int(CI(A))) is open,
w (Int(CI(A))) < Int(Cl (Int(CI(A))))

= @ (Int(CI(A))) < INt(CI(A)) ~-ormevr- (i)
Since Int(CI(A)) is open, therefore by theorem A.1,
= Int(CI(A)) € ¥ (Int(CI(A))) ~-mrmevr- (ii)

From (i) and (ii),
= Int(CI(A)) = ¥ (Int(CI(A)))
(d) If Ais regular open, therefore A = Int(CI(A)).
From (c), A=¥(A).
(e) By corollary A.2, ¥(U) c CI(V).
Since W(A) is open, therefore
= YY) c Int(ClV)) -------------- (i)
Here 1 is codense and U is open, therefore U* = CI(U)
= Int(CI(V)) c U* - (i)
From (i) and (ii),
= Y(U) c Int(ClI(U)) c U~
(f) Giventhat,J] el
From theorem A.2,
Let (X, T, I) be a space, where I is codense.
Then for A c X, W(A) c A*.It follows, () = ¢.
Theorem A.4[15] : Let (X, T, I) be a topological space.
Then for each x € X, X —{x} is | -dense if and only if
v({x}) = ¢
Proof :
From the definition of I-dense set, A subset A of a
topological space (X, T, 1) is called I-dense if every point of
X is in the local function of A with respect to I and .

ie. ifA*(D =X
for each x € X, X — {x} is | -dense if and only if
Y{x) = ¢
Conversely,

Y({x}) = ¢pifand only (X —{x})* = X.
Hence, ¥ ({x}) = ¢ if and only if for each x € X, X — {x} is
| -dense

B. ¥- C Set

Theorem B.1 : Let (X, T, I) be a topological space. If A €t
then A € ¥(X, 1).
Proof :
Since, W(A) = X — (X — A)*.
Then (X — A)* c CI(X — A) = X — A,
Since X — A'is closed.
Therefore, X— (X—A)* 2 X—-(X—-A)=A
=Ac¥YA) = Ae¥YX ).
Example B.1 : Show that the reverse inclusion of the above
theorem is not true.
Proof :
LetX ={ab,c,d}, T = {$, X, {c,d}},| = {,{c}}.
Therefore c(t) = {&, X, {a,b}}.
Then W({a,d}) = X—{b,c}* = X—{a,b} = {c,d}.
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Thus CI(W({a,d})) = X. Therefore {a, d} < Cl(¥({a,d})),
but {a, d} is not open in t.
Example B.2 : Show that any closed set in (X, T, I) may not
be a W-C set.
Proof :
Let X = {a, b, c},t = {, X, {b},{a b}, {b, c}}.I = {¢, {a}}.
c(® = {¢, X {a,c},{c}. {a}}.
Then W({a}) = X — {b,c}* = X —{a,b,c} = ¢.
Therefore {a} is closed in (X, T) but {a} ¢ CI(¥({a}).
Theorem B.2 : Let {A, : o € A} be a collection of
nonempty ¥ - C sets in a topological space (X, T, 1), then
U.A, € P (X D).
Proof :
For each «,

A, c CI(W(A)) c Cl(W(UyeaA,)

= U.A, € CI(Y(ULA,)

Thus Ug e A€ P (X, T).
Example B.3 : Show that intersection of two W- C sets in
(X, T, I) may not be a W-C set.
Proof :
Let X={abcd, t={d X {a}{b,ct{ab,c}l=
{d,{c}}.

C(® ={d.X,{b,c,d} {a d},{d}}.
Then $({a,d}) = X —{b,c}* = X —{b,c,d} ={a}.
ThereforeCl(¥({a, d})) = {a,d} = {a,d} c Cl(¥{a,d})).
Then W({b,c,d}) = X — {a} = X — {a,d} = {b,c},

= Cl(¥({b,c,d}) = {b,c,d}.
Therefore {b,c,d} c Cl(¥({b, c, d})).
Then {b,c,d} n{a,d} = {d} and
Y({d}) =X—{a,b,c} =X—{ab,cd} = ¢.
Therefore {d} ¢ Cl(¥({d})).
Theorem B.3 : Let (X, T, I) be a topological space then
SO(X 1) € ¥(X, 1).
Proof :
Let A € SO(X, 1), therefore A c CI(Int(A)).
By Corollary A.1, Int(A) c W(A).
Therefore CI(Int(A) c CI(¥(A)).
Thus A < CI(Int(A)) c CI(¥(A)).
Theorem B.4 : Let Abea W - C set in a topological space
(X, t, 1), where I is codense. Then A € SPO (X, T)
Proof :
From the Theorem A.3.(a),
forany A c X, W(A) < Int(CI(A)).
Since W(A) c CI(A)

= A c CI(Int(CI(A)))
Hence A € SPO(X 1).
Example B.4 : Show that the converse of the above
theorem does not hold.
Proof :
Let X ={a,b,c}, T = {¢, X, {a, b}}.| = {.{a}}.
C(® ={d,x.{c}}.
Then W({a}) = X —{b,c}* = X —{a,b,c} = {a} = ¢.
Therefore {a} ¢ CI(W¥({a}).i.e., {a} isnot a ¥ - C set.
But {a} < CI(Int(Cl({a}))), therefore {a} is a semi-preopen
set.

Corollary B.1 : SO(X,1) € W(X,T) € SPO(X, T), when I is
a codense ideal.

Proof :
From Theorem B.3,

SO T) CW(X, T)  —m-mmmmmmmmmeee (i)
From Theorem B.4,

Y(X, T) € SPO(X,T) ------mmemmmmmmmmv (ii)

From (i) and (ii),
= SO0(X, 1) € ¥(X,1) € SPO(X,T).
Theorem B.5 : Let (X,t,1) be a topological space and
Ae¥Y(X 1).IfU et thenUNA e ¥(X1).
Proof :
Consider, if G is open,
forany A c X, Gn CI(A) c CI(G n A),
As well as that, ¥ (A n B) = ¥(A) n ¥(B).
Hence if U € t and A € ¥(X, 7).
Therefore,

UnAc int(CI(Int()) ) n CI(¥(A))
< Int (CI(¥(U)) ) n CI(W(A))
< ol (int(cI(¥ W) n ‘P(A))

=cl <Int (ci(wWyn ‘P(A))))

= ClI(W(U) nW(A)) = CI(¥(U N A)) and
Hence UN A € W(X, 1).
Corollary B.2 : Let (X,t,1) be a topological space and
Ae¥Y(X 7). IfUe T thenUNA € ¥(X 1).
Example B.5 : Show that the converse of the above
corollary does not hold.
Proof :
LetX ={ab,c,d}, T = {,X,{a}, {b,c}.{a, b, c}},
I ={$,{c}}.
C(®) ={d, X, {b,c,d}, {a d},{d}}.
Then W({a,c}) = X —{b,d}* = X —{b,c,d} ={a}.
Therefore CI(¥({a,c})) = {a,d}.
Thus{a, c} € (X, t),where as{a,c} & I.
Also that W(A) = X — (X — A)*, from the definition of I -
dense set

= Y(A) = ¢ ifand only if (X — A) is I - dense.
Therefore for a topological space (X, t, 1) if I is codense
A=xd,Ae¥YXT)ifAElor (X—A)isI-dense.
Theorem B.6 : A set A ¢ W(X, ) if and only if there exists
an element x € A such that there is a neighborhood V, of x
for which X — Ais relatively | -dense in V,.
Proof :
Let A & W(X ).
Since A ¢ CI(W(A)), there exists x € X such that x € A but
x & CI(P(A)).
Hence there exists a neighborhood V, of x such that
V,N¥(A) = ¢.

=V, nX=X=-A))=d,
therefore V, c (X — A)*.
Conversely,
Let U be any nonempty open set in V,.
Since V, € (X — A)*,

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 210




International Journal of Mathematics Trends and Technology — Volume 9 Number 3 — May 2014

therefore UNn (X —A) ¢ I.
= X —Aisrelatively | -dense in V,.

V. ¥,- OPERATOR AND WY, - C SET

The behaviors of the operator ¥, has been discussed in the
following theorem:
A. ¥,- Operator
Theorem A.1 : Let (X, y, I) be an ideal supra topological
space.
a) IfAC X, then ¥, (A) o Int{(A).
b) If A< X, then ¥, (A) is supra open.
c) IfFAc B, then'¥,(A) <'¥,(B).
d) If A BE@(X), then ¥ (A) U ¥, (B) c ¥, (AU B).
e) If A, BEp(X), then ¥ (AN B) c ¥ (A) n ¥,(B).
f) IfUey, thenU c ¥ (V).
g) IFACX then ¥ (A) € P (¥, (A)).
h) If AcX, then ¥, ,(A) = ¥, (¥ (A) if and only if
(X=A)n=((X-A)¥)™
i) IfA€I then'¥ (A) =X—X"
) IFACSX 1€l then ¥y (A—1)="¥,(A).
K) IFACSX, 1€l then P (AU ) =¥ (A).
[) If(A-B)U(B—A)E€l then¥,(A)="?,(B).
Proof :
a) From definition of ¥, operator, ¥ ,(A) = X — (X — A)".
Then ¥,(A) =X — (X —A)* >X—CIH(X—A), from the
theorem 3.1.(d),
A*w c CIM(A).
By using the theorem 2.2, Let (X, 1) be a supra topological
space and Ac X. Then Int*(A) =X — CI*(X — A).
Hence ¥, (A) > Int*(A).
b) Since (X — A)*wis a supra closed set.
From the theorem 3.1.(e),
A" is a supra closed set.
Then X — (X — A)™ is a supra open set. Hence ‘¥ ,(A) is
supra open.
¢) Given that A< B, then (X —A) 2 (X —B).
Then from the theorem 3.1.(b),
A c B implies A" < B*, (X — A)**2 (X — B)* and hence
P, (A) € ¥, (B).
d) Given that A< (AUB) and B € (AU B), then (X —
A) 2 (X—(AuB)and (X—B) 2 (X— (AUB).
Then from the result, A < B implies A" < B™, (X—
A)r2 (X—(AuB))*and (X—B)*®2 (X—(AUB))™.
Hence ¥, (A) < ¥, (AU B) and ¥,(B) < ¥,(A U B).
=¥, (A)U¥,(B)c¥,(AUB)
e) SinceAnBcAandANBcB,
From (c), If AC B, then '¥,(A) < '¥,(B).
= Y, (ANnB)c¥,(A) N¥y(B).
f) LetU € p.Then (X — U) is a supra closed set and hence
CIH(X —U) = (X = U).
= (X —U)*™c CI(X —U) = (X — U).
Hence U c X — (X = U)™, so U < ¥ (U).

g) From (b), If A< X, then ‘¥ (A) is supra open, ¥,(A) €
v
From (f), If U € y, then U < ¥ (V).

= ¥, (A) € Py (Pu(A).
h) Let¥,(A) =¥, (¥,(A)). Then,
X=(X—=A)H =%, (X=(X—A)H) =X—(X— (X -
(X =AY = X — ((X = A)"#)"™.

= X-A)"=((X=A)")"".
Conversely,
Suppose that (X — A)* = ((X — A)**)* hold.
Then X — (X — A)'r = X — (X — A)™»)™
X=(X=A)yt=X—-(X—=(X=X=A)"))nt=X—-(X—-
P,(A))'%,
Hence lI’H(A) = lI’u(‘I’H(A)).
i) Since ¥, (A) = X—(X—-A)r=X-X"w from the
theorem 3.1.(K),
Forlel, (AU )™ =A% = (A—I)™
j) SinceX—(X=(A-D)*=x-(X-AuIl)™
=X—(X—A)"
From the theorem 3.1.(K),
Forlel, Aul®=A%u=(A—-1)"
SO ¥, (A—1) =P, (A).
k) Since X— (X—AuD®=X—-((X=A) D"
=X—(X—A)*
By using the theorem 3.1.(k),
Forlel, (AU )™ =A% = (A— 1)
Thus W, (AU 1) = ¥, (A).
) Giventhat A—B)U(B—A) €l,andletA—B=1,,
B—A=l,.
Then 1, and I, € | (by heredity).
Andalsothat B=(A—1;) U I,.
Thus ¥,(A) = ¥, (A—1;) =¥, (A= 1) U l,) =¥, (B).
Example A.1 : A set A which is not supra open set but
satisfies A © ¥, (A).
Proof :
Let X ={a, b, c, d}, p={ ¢, X,{a}.{a,c,d},{b,c,d}},
I={¢, {c}}
Then for A = {a,b,d}, ¥,(A) =X —{c}»=X-d =X
Here A < ¥ (A), but A is not a supra open set.
Example A.2 : Show that ¥ ,(ANnB)="¥,(A)n ¥,(B)
does not hold in general.
Proof :
Let, X={a, b, ¢, d}, I ={d,{c}}.
u={¢, X.{a}.{b}{ab}{ac}{ad}{b,c}.{b,d}{abc}{ab
d}{ac,d}{b,c.d}},
Then, Supra open sets containing ‘a’ are:
X,{a}.{a,b}, {a,c}, {a,d}, {a,b,c},{a,b,d}.{a,c,d};
Supra open sets containing ‘b’ are:
X,{b}.{a,b},{b,c}.{b,d}.{a,b,c} {a,b,d}.{b,c,d};
Supra open sets containing ‘c’ are:
X, {a,c}{b,c}, {a,b,c}, {a,c,d},{b,c,d};
Supra open sets containing ‘d’ are:
X,{a,d},{b,d}, {a,b,d}.{a,c,d}.{b,c,d}.
Here,
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Consider A = {b,d} and B = {a,d},

then ¥,(A) = X — {a,c}» = X —{a} = {b,c,d}

and ¥, (B) = X — {b,c}» = X —{b} ={a,c,d}.

Then¥,(An B) = ¥,({d}) =X —{a b, c}
=X —{ab,c,d} = ¢.

Hence ¥, (AN B) #¥,(A) Nn¥,(B).

B. ¥,- C Set

Theorem B.1 : Let (X, y, I) be an ideal supra topological
space. If A € p, then A € ¥, (X, ).
Proof :
From the previous theorem (f),

IfU€ey, thenU c ¥, (V).

It follows that g < ¥, (X, W).
Similarly,

IfA€y, thenA€e lI’H(X, .
Hence the proof.
Example B.1 : Show that the reverse inclusion of the above
theorem is not true.
Proof :
Consider X = {a, b, c, d}, p = {d,X,{a}.{a,c,d}{b,c,d}},
I={¢ {c}}and
Then for A= {abd}, ¥,(A) =X-{c}v=X-p=X
Here A € ¥ (A),
Hence A € ¥, (X, 1) but A ¢ .
Which shows that any supra closed in (X, W, 1) may not be
aY, - Cset.
Example B.2 : Let C(u) be the family of all supra closed
sets in (X, ). Show that any supra closed in (X, W, ) may
notbea ¥, - c set.
Proof :
Consider, X={a, b, ¢, d}, I ={d,{c}}.
H={¢, X.{a}.{b}{a,b}{a.c}{ad}{b,c}.{b,d} {ab.c}{ab
,d}.{a,c,d}.{b,c,d}}.
Here A = {d} € C(w). Then ¥,(A) = X —{a,b,c}*
=X-X=¢.
Therefore A € C(u) but A & (X, W).
Theorem B.2 : Let {A, : o € A} be a collection of
nonempty ‘¥, - C sets in an ideal supra topological space
(X, 1, 1), then U, € AA, € ¥, (X, ).
Proof :
For each a € A, A, € CI*(¥,, (A,)) € CI*(P, (U, € AA)).
= U, € AA, € CI*(F, (U,€ AA))). Thus U,€ AA, €
P (X ).
Example B.3 : Show that the intersection of two ¥, - C sets
in (X, W, 1) may not be a ¥, - C.
Proof :
Consider, X={a, b, ¢, d}, I ={d,{c}}.
H={¢, X.{a}.{b}{a.b}{a.c}{ad}.{b,c}.{b,d} {ab.c}{ab
,d}.{a,c,d}.{b,c,d}}.
Here, Consider A = {b,d} and B = {a,d}, then
¥,(A) =X —{a,c}» =X —{a} ={b,c,d} and
¥, (A) =X —{b,c}y* =X —{b} ={ac,d}.

SoABE lI’H(X, W), but ¥,({d) =X~ {a, b, c}
= X—{ab,c,d} = ¢, and {d}& ¥, (X, ).

V1. u- CODENSE IDEAL AND p - COMPATIBLE IDEAL

A. u - Codense Ideal

Theorem A.1 : Let (X, y, I) be an ideal supra topological
space and | is p-codense with p. Then X = X,

Proof :

Given,

Let (X, W, I) be an ideal supra topological space and I is p-
codense with p. Then X*» € X is obvious.

Conversely,

Suppose x € X but x € X* . Then there exists U, € pu(x)
such that Uy, n X € I.

That is U, € 1, a contradiction to the fact that un 1= {¢}.
Hence X = X",

Theorem A.2 : Let (X, y, I) be an ideal supra topological
space. Then following conditions are equivalent:

i) uni={o}

i) ¥,(d)=o.

iii) iflel,then lPu(l) = ¢.
Proof :
(1) =(ii)

Giventhatpnl={¢ },
then ¥, () = X — (X — ¢)** By previous theorem,
=X—X%=¢.
(i) =(iii)
() =X — (X—1)H=X— X"
By theresult, forlel, (Aul)™" =A" = (A—-1)"",
From the previous theorem,

=X-X"r=¢
(iii) =(i)

Suppose that A € un |, then A € | and by (iii),
¥,(A) = §.

If A € |, then by the theorem V.A.1(f),

IfU€y, thenU c ¥, (V)
=AcY,(A) =¢.

Hencepunl={¢ }.

B. u- Compatible Ideal

In this section we shall discuss a special type of ideal and
its various properties.

Theorem B.1 : Let (X, y, I) be an ideal supra topological
space. Then p ~, I if and only if ¥,(A) — A € I for every
AcX

Proof :

Suppose | ~, I.

Then, x € ¥,(A) —A if and only if x € X and x & (X —
A)" if and only if x € A and there exists U, € p(x)

such that U, — A € | if and only if there exists U, € u(x)
suchthatx e U, —A €l

Then,

For each x € lI’H(A) — A and U, € pu(x),

Uy N (¥, (A) — A) € I by heredity and since p ~ |,
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hence lI’H(A) —A€l
Conversely,
Suppose that the condition holds. Let A € X and assume
that for each x € A there exists U, € p(x) such that U, n
A€l
Then, ¥,(X —A) = (X —A) = A — A%,
Thus, A€ ¥, (X—A)—(X—A) €l and hence A € | by
heredity of 1I.
Corollary B.1 : Let (X, y, I) be an ideal supra topological
space with u ~, I. Then ¥, (¥, (A)) = ¥, (A) for every A
cX.
Proof :
Since ¥, (A) € ¥, (Yu(A)).
From the previous theorem, ¥,(A) € AU | for some | € |
and By the result,
IFACSX, T€l thenW,(AUl)=¥,(A), = ¥, (¥u.(A))
=¥, (A).
Theorem B.2[11] Let (X, 4, I) be an ideal supra
topological space with p~, I If U,V € pand ¥,(U) =
Pu(V), then U = V[mod I].
Proof :
Since U € u, = U € ¥, (U) and
Hence U-V < P, (U)-V=¥,(V)-V € | by the
previous theorem.
Similarly,
V—-UEel
Then (U — V) U (V — U) € | by additivity.
Hence U = V[mod I].
Theorem B.3 : Let (X, W, 1) be an ideal supra topological
space with p~, I . If ABE B.(X, W 1), and ¥ (A) =
¥,(B), then A = B[mod I].
Proof :
Let U,V € psuch that A= U[mod I] and B = V[mod I].
P, (A) = ¥,(B) and ¥, (B) = ¥,(V) by the result,
If (A—B)U (B—A) €, then ¥, (A) =¥,,(B).
Since ¥, (A) = ¥, (V) implies that ¥,(U) = ¥,(V),
hence U = V[mod I] by the previous theorem.
Hence A = B[mod I] by transitivity.
Theorem B.4 : Let (X, W, I) be an ideal supra topological
space.
a) IfB eB.(X, 1 I) -1 then there exists Ae p—{ ¢ }
such that B = A[mod I].
b) Letuni={d } thenB e B.(X, Y I) - lifand only if
there exist A € p— { ¢ } such that B = A[mod I].
Proof :
a) LetBeB.(X Y 1)=1 Then B € B.(X, W, I).
Suppose,
if there does not exist A € u — { ¢ } such that
B = A[mod I], = B = ¢[mod I].
= B € | which is a contradiction.
Therefore,
there exists A € u—{ ¢ } such that B = A[mod 1].
b) LetA € pu—{d }suchthatB = A[mod I].
ThenA=(B-J)Ul,whereJ=B—-A I=A—-Be€l

If B €1, then A € | by heredity and additivity, which
contradicttopun I = ¢.
Therefore,

=BeB.X -1
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